QUANTUM MECHANICS 





















Quantum Mechanics 


BY 

ALFRED LAMDE 

L'HOFES&OH: OF PHYSICS* THE OHIO STATE UNIV ERSITY 


prni \\ v\ m.ismxt; mwoiminM 


NEW YORK 


TUBON J O 


U DON 


TtKUSHKQ 


All righti rcBCrvod 
11 


Amrittinlf.it C'ttinpaiii** 

^|IL Fmjm? Pimm A Ltd. 

L»Eirlusi iFohjinntfsbijre 

SlU T&A,JH3 PlTMiW ft SUITS ((.I'i.SillJt LTSn 
Toronto 


ERRATA 


tinc r p. 23. A wave sign niiewing over the last letter on 
I8M line, p> 20, AM factor dr on the right of etp (Hgj. 

2K/A line, p. 28. Replace “photons’* hy “atoms.” 
liSnf Jifje, p. *3. Add faetuf A in eq. i iMk»)„ 

SiA line front bottom, p. 86, In eq. (Slit) flam matin] i subscript r" foi / 

.1 £1/A line, p. Ml. Tin; dettrminanl reails — £' r H r j 

8 * -E'\ 

Uni line from bottom, p, 07, In the last formula read i ] for l t , 
th lint, jh H'i In cq. (37<I) read E for E a . 

"~\hth Hutu p. 131. The proof holds only when tji hue. the form 
3f -r f.v where \! and N ftlV rent. In general 
replace ij etc. by jjj (transposed) or bv tf (tuR 
joined) where i} jt — >) tf and 

1 2-i'Ath Hu*. p„ 132. Omit. 

-m d tntd 14^ line. p. M>4 .Replncf — t by -\- i in t he exponent in 

eq3. flitig) und (6dij. 

13?A Une, p. 11)7, Replace - by — on t he tight of equation. 

25th linr, p, 2l>fl, Replace zmt by rtflit zero. 










PREFACE 


The present, work is intended to fulfill a demand for an introduction 
which pate more emphasis on the physical background of quantum 
mechanics and its close relation to classical evpedenoe than on a rigid 
axiomatic formulation of the mathematical method. Whereas the latter 
procedure often produces a mood of frustration, at least in the initiate, 
our aim is to keep the rentier in close contact with the accustomed 
modes of thought and thereby make him more uouscious of the funda¬ 
mental differences between the new conceptual aaheine and tlie classical 
one, A number of standard examples are carried through, so far as 
this lias been possible without going into extensive mathematical 
calculations. The reader who looks for complete solutions—tag., for 
the exact determination of normalizing factors even in such simple 
examples as the oscillator and rotator—must be referred to other texi ■ 
books. Frequent allusion* to the historical development an- designed 
to keep the student aware of the transitory character of alt present 
theories, rather than to present him only with a beautiful but rigid 
picture of axiomatic perfection. 

The book begins with u discussion of several standard experiments 
of an essentially ulussatud nature. The two viewpoints of waves and 
particles are shown to lit' connected by certain rules of translation, 
and the quantum theory is gradually developed by the method of 
induction. Through tins approach, it is hoped, the student will obtain 
n clearer insight into the conceptual background of the quantum theory 
than can be gained from such quotations as that “electrons, instead 
4 if having laws similar to the classical laws, obey the laws of wave 
motion” or that "light is corpuscular in nature, at least when it 
interacts with matter. ‘ The technique of matrix mechanics is devel¬ 
oped, again in an inductive rather than an axiomatic manner, starting 
from well-known elementary experiments. Considerable space is 
devoted to the quantum theory of non conservative processes auch as 
collision and scattering. It. also seemed imperative to include the 
Dime electron and the elementary theory of radiation, The last 
chapter on the meson may he welcomed us a prepare lion for the vast 
literature on nuclear forces. 

The slightly repetitious style may be excused, as a concession to 
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inquiring young physicist* umch as those met wit It in a three-quarter 
course on quantum mechanics given at The Olno State University. 

Particular thanks are owed to my friend, LK X, Kundu, for hi* 
many critical remarks and Ills careful reading uf the mtuiiiserijif and 
to the editorial staff of I lie Pitman Publishing Cor poral ion for their 
splendid co-operation ill making thin edition possible. 

Alfred 1. \Nmk 
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PHYSICAL CONSTANTS 

(partly from H. Birgm ftev. Mod. Phy* r . 1&41) 


Velocity of light 
Charge of the electron 
Ma^ of the electron , 
lliiiw of the proton „ 

Ratio of protun and electron 
masKes . 

Avogadro d number 
Boltzmann constant 
Gae constant . 

Planck constant 
Fineatnicture const, jit it f^/Ar . 
Rydberg constant for H . 
Rydberg txmatAnt for co niaas. 
■First Rohr radius ft* f fie 3 . 

Eolir magneton sMf'ltu' , 
lilectric? radius of the electron . 

Compton wave length of the 
electron . 

One mass unit 
One electron volt . 


c = 2.00770 x lO^eee-i 
f = 4,8020 x I0- 1B eau 
ft = 0.0107 X 10-« g 
M p = 1.0725 x KH* g 

MJft = 1830.5 

N = 0.0228 x H>« mole- 1 
X- — 1.3805 x 1U -1 * erg degree “ J 

if ^ 8d]R K 1 (I 7 erg degree’ 1 
mole -1 

= 1.0805 cal degree -1 mole -1 
h — 0.0242 x 10 -iT «rg eec 
a - 7.283 X 10“*= (137.20^ 
= 100,877.681 cm -1 
J? x = 100,737,303 cm -1 
= 0.5202 x 10 -S cm 
W( — 0,11273 x 10“*® erg gauss -1 
, r2 //iC’ = 2.82 x 10 * la am = 4 75 Mev 

ft/ftf — 2,42 X 1 O’ 1 ® cm = 0,511 ilev 
031 Mev 

1.6020 x Id -11 erg 


| l-'or additional constants refer to the table in Jill2.2,] 
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INTRODUCTION 


Physic* ban heen described as sin inquiry into the objective world 
hidden behind the subjective world of sense perceptions. The objective 
structure of the world is supposed to manifest itself in regularities and 
rules controlling the phenomena perceived by our serisoa. Critical 
analysis shows, however, that the regularities and rules of nature, if 
they .ire not mere conventions or definitions (the law of inertia merely 
define a framework of trajectories called si might lines ), are strongly 
colored by our own. minds whose very function it in to conceive and 
digest llie perceptional material in the form of sequences selected 
according to the subjective principle of simplicity or economy—e.g., 
symmetry, algebraic proportionality, geometric linearity, and the like. 
To the ancients it was an empirical fact that the .stars are arranged in 
constellations determining the fate of mortal men, and that the plan 
of nature was based on sacred numbers and on the harmony of spheres. 
.Modern theoretical physics in its search for simple mathematical 
relatione continues the old constellation and number magic, with & 
more critical evaluation of experience and a more modest goal of tolling 
the future, it is true, but still relying on an arbitrary selection and 
arrangement of material. Thus, the variation principles of mechanics 
and thonnodynomies deal with quantities defined by operations com 
verm-ntty chosen so as to reveal a fancied economy of nature. Yet, the 
study of those selected, operations which produce certain minima has 
proved to be of great practical value, and our technical skill consists 
to a large extent in repeating selected minimum operations. 

Having selected and arranged empirical data from the viewpoint of 
mathematical simplicity and economy, we often strive to visualize 
sequences of data by familiar mechanisms. Newton's mutual aeonlora- 
tion of mosses won “explained’' by a fictitious force of gravity and 
visualized by invisible arms or strings, later changed to the inertia 
in accelerated elevators. Atomic sipectra were ascribed to jumping 
electrons, later changed to vibrating charge clouds. Models and other 
Speculative constructions (theories) aid us greatly in predicting and 
controlling natural events, and our confidence m their truth ” increases 
with their practical success. It is futile, however, to expect- all pheno¬ 
mena to be capable of being explained by, or even to bo comparable 
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wit3i f familiar nioehani.Kms. Nut only have model? and theories 
changed whenever new facts were discovered, blit one arid the gaunt 
est of data has often led to conflicting models. We refer to Huygens’ 
undulatory and Xcwton’s emission theory concerning 1 he “rent nature " 
of light, fco the various mechanical models of electrodynanuan, {>r to 
the half-doze 11 different explanations of Planck's radiation law. Those 
recuntng eo nfl iofas hive gradually shaken the naive belief in simple 
visualizations, in particular when applied to smbmicrpscopio pheno¬ 
mena. But why construct a anti then believe in, large-scale models of 
micro physical events altogether? All we can do is establish mathe¬ 
matical relations between more or less arbitrarily selected phenomena. 
Even when these relations do nut permit an interpretation in terms of 
models, they still may aid us in predicting and controlling empirical 
events. 

The foregoing considerations have a particular significance for 
quantum mechanics Whereas classical physics taught that the 
exactness of observation and the predetermination of physical events 
could be improved indefinitely, at leftist in principle, imornphysicul 
experience aa condensed in the quantum theory has revealed that 
there is a definite limit to causal debermm&cy (§1 -l?, This result leaves 
us no hope of visualizing micro physical processes by ruuml eia^ioal 
modeh, lie they met’]no deal particles or waves. 


Chapter I 

THE EQUIVALENCE OF 
WAVES AMD PARTICLES 

§ L Uudulstory and Corpuscular Theories 

1.1. Mutter. After the groat auctsfeSH of drta&icuJ meehaniofi in the 
prediction r>f terrestrial and celestial jibrnomena it seemed quite 
natural lhat one ought to apply the name classical principles also in 
the microphysical domain. This program met with great initial success 
us attested h y the kinetic t henry of matter which wan capable, with the 
air! of a priori principles of probability, of deriving the number of in 
visible atoms per mole from the visible motion of Brownian particles. 
A few skeptics {Wilhehu Gstw&ld) still considered the statistical 
proof as too indirect to accept an atomistic structure of matter , 
They were silenced, however, by the evidence of electronics and 
radioactivity. Here we observe individual matter particles by their 
tracks in a cloud chamber, by their click* on entering a (ledger 
counter, and by l heir balancing effect on oil drops in electric 
fields. 

The kinetic theory of matter particles wm shaken, however, when 
Davisson and f termer 1 11 found that the reflection of slow cathode rays 
from crystals gave rise In maxima and minima of reflected intensity 
similar to Bragg x-ray diagrams, and when G, P. Thorntjois? obtained 
diffraction fringes atmilar to Debye-Seherrer patterns from the trans- 
mission of cathode rays through thin metal foils. The natural con 
elusion seemed to lie thal catln.nk' ray*, and matter rays in general, 
are waved subjected to the principle «>f interference, in confirmation 
of the earlier hypothesis of L. de Broglie " We thus were confronted 
with two apparently contradictory aspects concerning the basic 
structure of matter. 

1 0, fiavLaMn and L. Ilommr. i‘Ay¥. fler, 30, #0y (]fl27), 

3 0. P, Tbancuidii, free. Hoy. Sob. {Loti dan) 117, MM (I USB). 

' Ij. da Broglie. pkyn . 3, 22 (I0!2£). 
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1.2. Light. Optical phenomena lead to a simitar dilemma. The old 
controversy between Newton's emission theory and Huygens 1 undu¬ 
late rv conception of light seemed decided in favor of waves by the 
discovery of diffraction and polarization, 

The wave theory failed, however, in its application to photoprocesses 
such m fluorescence, photochemical reaction, and photo-ionization. 
The basic rule controlling these phenomena is 

v > i' c Stokes* rule, (la) 

or, in words: fn older to produce the desired reaction the incident 
light frequency is required to surpass a certain critical frequency v 
If the photoprooess were induce*! by periodic light wavert one would 
expect a maximum effect for a certain resonance frequency i* 0 sur¬ 
rounded by a range of reduced intensity for i 1 > v Q as well as i 1 < v 0 . 
Furthermore, if the incident light consisted of a continuous flow of 
energy, sensitive particles ought, Lo react only after a certain energy 
accumulation time, after which all particles ought to react at once. 
But even in the- ease ol very weak light no such retardation interval 
has over been fnu ml, Tbotopro wsbcs rather take ]■Laee in a ~tatistica.ty 
ruled fashion, as though light energy were condensed in finite quanta 1 
or photonA distributed at random, over the incident ray, so that an 
atom reacts to a photon only when the energy if of the latter surpass 
a certain atomic threshold energy E a according to the energy relaE ion 

Tins would explain the rule of Stokes when it is assumed that the 
en&rgy of tile photons in a monochromatic light ray is proportional to 
the frequency v according to the rule 

$ = hv '■ (Id) 

Under this assumption one can derive the value of the factor h from 
Stokes’-law experiments, in particular from the pEiot .eEe.-trb effect. 
The experimental value of k is 

h = (U524 X H) - * 7 erg see = Planck's constant. (Id) 

Further evidence of Einstein's photons may be seen in the Compton 
effect. During a (clNdon uiib a free electron the incident energy 6 
of a photon decreases to if'; the energy shift M — <T then 
corresponds to a frequency shift dv — y — C according to eq. (le). 
Those who questioned the reality of individual Compton collision 

A- Eirmtoui, Ann, Phyiii IX 132 ft Wifi), 
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processes were cunvimwii by tin* ('unipLim-Simcm* osp rimcttl showing 
idmiiltaiieiiuH primary anil secondary electron tnii'kii whose direction 
and point of origin Agrpnej in all dvliidhi with the mechanical euUiHiun 
theory I,Fig, 1,1)* All thin evident is in violent contradiction to the 
classical wavo thrnry of light. It secured, us Bragg remarked, ha 
though master anti light bohavtd a* tffti'M on Monday. Wednesday, 
and Friday, and ilh part icles t.li-e neat of the week. 

1*3* The lit At (j f Quantum Theory. It is the task of the quantum 
theory to reconcile the contradiction I nr tween ! he two i*lu.ssieal eonveptso 
This is achieved, in the first place, by the proof that the t wo classical 
th Curie a are ilot quite so centred ic- 
k>ry as they ap|i«ar Lit. drat flight. 

Rather, the two theories hIictw ji 
certain t'quival&rict., insofar flh many 
phenomena eon be described in 
mechanical terms of particles and in 
wave terms os well. For example, 
it was believed that the Doppler 
frequency a I lift is a typical wave 
phenomenon Incapable of n menhuni 
cal explanation in terms of photons, 
whereon the Compton effect seemed 
to be explainable ill terms of mechanical enllimms only, a strange 
'ContrailictiejI indeed. However, we shall sec taduw that the I Jo p pier 
effect can also fje explained ah the result of eonaervat.ion of energy and 
momentum ol particles whereas the Compton effect nni-y also lie inter- 
prcif'd in terms nf (he Wftve iheoiy, Even the ndective reflection of 
x rays from crystals, considered since Lane &a the wtrongetd argument 
In favor of t he wave structure of x-rays, can be derived front mechanical 
collisions bet ween the incident photons and the crystal (§»}. Thii 
reconciles the curdrOYoray between waves and purtitiEes, Indeed, If 
cither theory is capable of explaining one arid ihe same phenomenon 
"all days of the Week/’ the two theorieR are nn longer controvurtiial hut 
are equivalent, and noil her theory can claim to Im 1 true in any absolute 
-ense. the sit uni km i> un in parable with the controversy between 
various real avs turns for the propagation nf light, solved by (ho recog¬ 
nition that different inertial systems are equally fit to nerve um retd 
systems. The equivalence of waves and pari ides finds its axprctioiim 

* A. H. Odinpkin und A. W . Simon* J»Ve. B 5 , lUMi (]$£&), UH'i-f, ntao, tij Compton 
■tint AUlsuri, X'Rajj*. ill 4 (iLC’l.'i): A, >(c»fl'« jin^ }f l>j}jr<ini l «TVeff' J P&Vsih B 4 , find 

ims). 


L 

E 



I'lU. 1.1 Tbo I ’oinpt-oii- 8 imern ex- 
■fS'nmt'rK. Tin' dotted lines BLpmfy 
ijiwratbh photon pulbs, the -olid. Unt.<e 
nm viaibltS'uii'i’tron t-nailcs.. 
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in u certain of translation nr trail sformatioii. analogous to tlatj 
Lorrntz Invn^fnrmfltkui from one rest system to another, The best 
known i-nsnfllsirticm rules ant 1 


and 


tl hr Planck's equation 


■lei 


p ... ftp = hj/, 'b' UrogUes equalimi 


Of) 


with j> iiioim nium. P I//. - tl • number uf wn v e.- pun.. - 

mid r the number of waves per unit time. The meaning of the 
two equations is : tj a certain phenomenon rn rr h< explain*} m f- r/n.^ 
oj portit it, h ttj (ttrt xftf t' mid momentum p, then tifti mmr phenomenon can 
ttho tu- explained hy wave* ctf frequency a» — Kfh umi ini!> ttumfur 
9 -- p(h, und aire t'mn. This ut&ttimtinl is far removed from PlanrU's 
origiiutE hyi*othe8W that oscillations of frequency r take pbw-- with 
quantized energies A — nhv. 


§2. Deflection of Matter Rays 

We dow l urn to ii systematic discussion of the ryn i/xti* t uf ' ■ ■■ ' a ■■ 
classical thenries. considering m uur first example lie- deil-m i.-v, . 

homogeneous my of matter from its rectilinear ]vat h 

2,1, Parin'h Theory. Farttflfcaof msea p jiiai be aent with energy K 
bhmngh si force Held in which they Have potential energy' I (r'UV- 
The path of a particle between two joints .-I and if then i- iuntndled 
bv the prmrtpff oj left at Action. A^ lu-tirm one define?- the iiumrnd 
jpd# along any path, p being rhe momentum. According to the 
least-action principle 

f ii 

| ^ pfjci//?) d# = extremum (2a) 

along the actual path, as compared with the integral earned along 
adjacent paths between .4 mid IL The moment ill n p in the integrand 
is the following function of the co-ordinates ; 

p\x.ijz) = pv = V 2/i 1 j/lU 18 = V%p[J $— V{x$z)i\. <2h| 

Kxjunple; A bullet abut from A to // with given energy fC has two 
possible pait-hrH, u flat path uf least action and a steep path uf maximum 
action. 


2.2. I Pure Theory, The name curved path from A to B may aho be 
described as a wave tr ain through a medium with an index ui refraction 
varying: from po tut to [ to in t - For a no ■ nuehrot tm t i u fre quen ev v ' be m vt 
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number ? =i If A will be a- function of jyj. The actual patii of tlie ray 
between ,4 and H tlien is determined by Finwl's pri/uiple (if the 
"least optical pafch/‘ that in. of the loa.<f, number of ware period*: 


J '* P{tijz) d# — extremum, (2c) 

Fermat's geometrical ray optica ie ivatrietcd. however, by the condition 
that v must not vary too much along one wave length. 


&3 + If Itofch eqs. (2a) ami (it-) arc to yield the same observed path, 
there must be a proportionality between the mechanical momentum 
pixy*) of tlie particle*, and the wave number f(-rys) of the corresponding 
waves., namely. 

p{*pz) =* h ■ Hxi/t) (2d) 


with a constant factor h. The twofold interpretation of a deflection 
experiment confirms the equivalence of waves and part ides; the 
absolute value of the factor h cannot be determined from macroscopic 
deflootion experiments alone. 

Suppose the potential energy t of particles of energy E is normalized 
so that f ,, = 'i Jin free space, The phase velocity of waves of frequency 
t in Free apace may he denoted by u 0 . The index of wave refraction k 
at il point ry- then is related to t be potential energy ■' pur tide* 
fit xyz by 


**=* = p = ( E ^ IJ V t 

A P 0 pa ' l E ) 


m 


Snell's law of refraction is a special cmw of Fermat's principle. The 
wave theory ascribes it to different wave lengths in the two media for a 
given frequency; the particle theory ascribes it to a discontinuity of 
the potential for iv given energy. 


§ 3, The Doppler Effect 

3.1. [fart Thtinry. Alight source id* frequency r moving with velocity 
r is observed with frequency 

v* = 1 * f 1 + j COS a j ( 3 ft) 

where x Ls the angle between the vector r and the radius vector from 
source to observer. The relative frequency shift 

ir v* — y r 

= - cos * 

c 


i' 




Ob) 
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is explained by 1 3i«- changed number uf vibrations \a't secern I aweepiug 
aver the observer. The Doppler effect has always been considered 
ns n convincing pmof of the wave structure nf light. 

3,2* Ffirtick Theory. The same Doppler frequency sliift may alsu 
fieri reel from purely mechanical considbrations.® Suppose an atom 
of mass M at rest is aide U> emit & photon of energy £ = E v — E, when 
ita internal energy changes from the higher level E t to the lower level 
E t . The recoil velocity is small if M is sufficient ly large. The photon 
energy 8 then measures the change of the internal atomic energy only. 
Suppose now that, the same ah mi changes its internal energy bun 

E x to E.. w hen in a state of transition 
from the original dr-direction velocity 
r, to the final velocity V s in the direc¬ 
tion of p (Fig. Li)* The photon 
ejected hi the direction of x will 
have energy eT different from the 
former 

The momentum of a photon, accord¬ 
ing to relativistic electrodynamics, isi 
its energy divided by c. We thus have the following equations for 
the conservation of energy and of the x component of momentum: 

£' 

Mr. ^ M p a cc* + - cos i, 

" e 

If J/ is large then ft will Ik? small SO that we can replace cos ,i by 
unity. Writing 

<? = E t - if* 64 = 

= flj, — %. (-■ — 1(1?! H- r'l), COS ^ — 1, 

the former conservation law* reduce to 

4 ! 


Fia. Lit, Ths DoppJ* GfFrHH, An 
ntnm riuuigof? it^vptwUj frum r, ffl 
i 1 , whnn crrmtmg it phuisn JT. 


J l r = dfi and M 6v = cos x : lienee 

c 

M 64 o 
— or — = - cos 
44 c 


( 3 c) 


This, however, is simply the corpuscular translation of the Doppler 
formula ( 3 b) by virtue of if = hv and 4 * = hv\ The constant r was 
introduced as a factor of proportionality between the meehtuucoj 


■p. SdJiP-dUltugor, Pl> yjii 1 . Z. 1$. y-JJ 1 i. 
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PiKTgy and t fj>- momentum uF it photon, $ = r.&, not ilh the velocity 
of light waves. 

The Doppler effect nifty serve jik hh example of the method: of 
quantum theory, Instead of deriving dr directly from the wave 
theory, ns Usual. one may first derive M from the mechanical eon- 
serration laws, and then transit the result. Af into the carresponding 
Ar without ever using the wave model itself. Or one may lake the 
opposite way, A different between the two explanations of the same 
Doppler formula ecmflMts hi that, according to the imdulatoiy theory, 
every light source emits radiation simtlltanttouflly in all directions, 
whereas the mechanical 
model considers the observed 
radial ion M3 the statistical 
effect of many individual 
photons ejected in various 
directions at random times, 

H- The Compton Effect 

4J, M rch tmical Theory. 

A 1L Compton discovered 
that x-mya incident on a 
body containing many 
almost-free electrons arc 
scattered in all direct sons, with the scattered wave length larger than the 
incident waive length A by the amount dA — const. (,) — ooe *}, where x is 
1 he angle of scattering. The constant factor turned ont to have tho va tue 
hffic, where ft is the neat mass of tho electron. A ivave-theorutieal 
explanation did not seem possible at first sigiir (sec below, however); 
so Compton and Debye 5 resorted to quantum theory, that la, they first 
cunaidtucul m mechanical model of collision between photons and elec 
tronfl, and then translated the final result into wave terms by means 
of PI ancle's equation, in the following manner, When an x-ray photon 
of energy £ collides with a free or n|most-free electron at rest, tile 
latter reooiJjti in the direction of ;i (Pig. 1,3) with velocity r. whereas 
the photon is deflected with diminished energy (■V in tho direction of 
The mechaniea of the collision process may hern be derived on u nuiv 
relativistic baala. under the assumption that p<g^c. This condition 

satisfied when the wave length of the incident x-rays is large com¬ 
pared to the eoroalled f '(.impfrm imrc length of the electron, defined as 
ha = hfuc = ii.42 x 10-w'em, (4a) 

“ A. H. C&tnpton, J%f. 2*t>. Jfl, 4S3 (J923F. P. Pubyfl, Ph V nt. Z 34. hJl {1023), 



Flu 9.J Tlv." (jompuiri effacl. At» iim’hIi'Iiii 
ptiolcn !*■ homiiis with energy ef J Ej-tutij «n 
efbolroa, which recedes with mauunliun fit. 
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The energy of the incident photon then la small compared to the rest 
energy of the electron, < F ■£ px". Lai lliis approximation the dl here nee 
M — if — T r will ha m small that the momentum vectors tffc, tf'fc. 
and pv (Fig. 1.3) form an Isoecelea triangle, ami the angle of scattering 

a. ia bisected by the line perpendicular to pi* t yielding ^ + j3 zz [Hi . 

The process may now he aom pared with a reflection of the phot on 
from the plane bisecting lln- angle x. The momentum cumponeui of 
[he photon normal to this* plane deCreoMss in the direction of ft, i.t%, 
$ a 

from \ to -sin —; the momentum of the electron must increase 

c 2 

by the same amount, hence 

4 s . 

jtv = «m - (momentum conservation). 


On the other hand, the small kinetic energy, £pr B , acquired by the 
electron requires an equally small energy loss of the photon: 

ip. 1 ’ 3 M (energy coti sensation )- 


These are tint equations for dA> and a. They yield 




M 

pc 


snr 



cos *) t 





lib) 


Sin (ft/-} niay be replaced by cos fl. Translation into wave terms 
gives 

— = -^-{1 — co* a), or HI = — (I — cos at, (4c) 

r jUtr pe¬ 


lf = 


2Ai' „ 

- Sill 

pc 


■x 


(4dj 


Ecp (4c) is Compton’s result for the wave length shift. 

The derivation above was nonrehtfiviatic. The same final result 
can also be derived rel oli viatical I y (UKte) and remains valid for the 
scattering of hard y-iava as long m the spin qualities of the electron 
are negligible. 


4.2, Waif Theory. SchrorJinger® has derived the Compton effect from 
a reaction between light waves and matter waves. The electrons 

* E. Schrii dinger, /I Tirt. PhyaHt Sj r 2 J 5 " |LU£ 7 ). 
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recoiling in the direction of p with velocity i arc replaced by n plane 
{□Al ter wave traveling inward jt with 


Frequency .V — Efh = 11 r: i f2fi , wave length A — hf t uv : 
phase velocity u = N A = Jt 1 , 




The phase velocity is only half the velocity of the corresponding free 
particles. The initial state of the electron with c ( — o corresponds tit 


ail initial matter wave with 
X 4 —'K \ 4 = 50 , = It'i — 0 . ( 4 f> 

The two matter waves interfere 
and give rise to beat maxima, 
located in parallel planes of 
distance \ and traveling with 
velocity u in the direction of ft 
(Fig. ! ,4). 'The deflection of the* 
incident light, toward the a-direc 
lion may now In? considered as a 
Biu<jg f?jkc\>m from the parallel 
planes of lattice constant A- 
Indeed, the rejection not only 
satisfies the ordinary reflection 



Flo. t .4. The Cejcmpton effect, Tlw 

wnVn I -Ti fjStLt=Ll[ JJtl litffllUlltU ll H'll-i’l ifr[k *>f 
lho jin ittant Li^frt wnoe-i frtiiu, n wt iif 
nuu-ditigt pljuies foifimJ |iy mattfir 

wixvnwh 


5 

rule, - -+- jtf 00°, but also Bragg s interference nib. £d ■ sin U = k 

Jm 

ft'.f. }B) ( which in the present case, with 0 — ia, reads 

2A ■ sin {i/2) = a, (4g) 


This condition i* satisfied, indeed, with 



ftv V 


and j; from tup (-Id), The mechanical transition from the initial velo¬ 
city r, — 0 to the final c translates into a strj>erpositkm of the two 
corresponding matter wave**, eqs. (4e, f). [The superposition intensity 
of the two interfering matter waves is often referred to an the tmnmtim 
density of the matter from the initial bo the final state, ] 

The Compton frequency shift is due to the fact that the reflecting 
Bragg planeti hr- receding. Reflection from a moving anrface can 
be derived from the Huygens conception that the reflecting surface 
carries rreafiatOHi which emit aecoadtirv waves whose envelope repre- 
aente the ndiectorl wave front. In the present case the resonators 
are seated in the Bragg planes and travel with velocity u in the direc¬ 
tion of/?. They are illuruinated with frequency v, henna they vibrate 
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with frequency = v ^ I — * $qh J and are observed in the direction 
of a with frequency : 


so that 


r = r a I 4- - oota (* f fl] = v tt ^ 1 — ^ cos p j| 
v ^ I — - ecm G£ v { — — ooa p J, 


bv 2u _ *Jw . * 

— — — ooa p = — Hiii —. 

ip c r 2 


Now choose h according to nq. (4c) 


w = itf 

with y from eq. (id)* This yields Compton's formula a jam. now- 
derived from n wave rnodmiiisin according Lu SchrftdLnger. 

The observed fiiimiltanenviH Compton Scattering in various dirt*cT4■ vii■? 
(t r , - « * ii ascribed m wave theory to the nitnneons presence 

{induced l>y the incident light wave) of Bragg planes of various normal 
directions /?\ /?"* - ■ ■ with corresponding' lattice constant: A A , 
- - ■ arising from the superposition of the "initial" mat tor wave 
(A =• oo) and various "linn I' 1 matter waves. 

The Compton frequency shift may abo he derived frpin tin- aasun p.mou 
that free electrons exposed to the incident light wave become secondary 
soureoft of light emkaion and aro moving in the direction of the incident light 
with velocity e _ jtyfipc, A twofold Doppler effect, similar t" the proven 
described above then yields eq (4c } again for the frequency of the light 
received l-y nu i>Wrvrr &\ tr^i in the direction of si, Alth mgh r hi- ftg.-uuqv 
tion is simpler thaw t-liat of the reflecting Bragg plane sets, it dues not have 
a general significance. The Sehrtidinger idea, however, that tran*itwn of 
parfede^ correspoads to .i u}&rpti*itio-it of waves works in all and rvpn ■ 
sents u general principle of quantum theory. 

It may be noticed that uq* (4b) iloea not contain Plauek'n ■ on-'amt h. 
vduTivt- 1 4c ! dons. However, u| >; [< i i - o mixture "i parifek (,-ti -in-i 
wave elements (*), bo that the translation quantity h is involved. To obtain 
a pure wave formula fnr dv, corresponding to the pure mechanical formiilu 
{4J)j for drfftF, one may introduce a '' wave-action rmuw 1 " fi definud by 

/* = A£ f (4t) 


in analogy \a £ - hi- and p 

6 v 

v 

and no longer contains fr 


Ajf Compton'H wrtv v furmula tl u-\ i rt.d- 
v 

= —„ 11 — coh al 
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§6. Diffraction through Crystals 

5.1. fl (in: Theory. The diffraction of x-rays through crystals, dis¬ 
covered by Laue in ID! 2, may In-* described, according to JJrsyg. a 
selected reflection of light waves X from (systems of parallel [attics 
planer of distance d according to the condition 

2d ein 0 » nX, (Sa) 

where 0 is the angle between the Ifttlioe planes and the incident as 
well as the reflected x-ray, llmgg'd reflection rule is usually Ascribed 
to the interference of waves reflected from successive planes (Ftg. 
L5). ft is the order of difraction. The 
intensity maxima are very sharp due to the 
enormous number of on-operating lattice 
pianos- [The intensity of the ath-order re- 
1 loot ion maximum \n proport ionul to the in 
tensity of the «tli Fourier component of wave 
length A h = dfu, obtained from a harmonic 
analysis of the matter density parallel to the 
direction of d. if the density were purely 
sinusoidal, the only Fourier term would bo 
Aj — ri, and only lirst-order diffract ion would 
occur,] X-ray diffraction in crystals lias long 
been considered as direct evidence that fa) crystals arc periodic 
lattices, (h) x-rays are periodic waves, 

|ft is keeping within the domain of waves when we consider the 
matter dUtribution in the periodic lattice as a supposition of matter 
wav « with d ™ ™™ "Of' 11 * 1 “ d "•*» lengtlM 




Fio + l ,6, Diffraction. T^hj 
patli wnven 

rotSfOliHl fn im Uriitfp; 

ptimi-h* ii r (IkHnM tt ii it < il 
= id ■ niii 0 , 


To derive the velocity of these mutter waves we consult mechanics. 
Since the crystal us u whole, rather than an individual lattice point, 
is responsible for the diffraction, the mass .V of the crystal as one giant 
molecule figures as a mechanical unit whose kinetic energy hi the 
direction of d is E n = 1*^/2 M. According to the translation E m — hN rt 
Rtld P n = ft/A*, this r<irresponds to u wave frequency 


A r 


+i 


2Md* 


(51,) 


The phase velocity of the rath matter wave is u H = A\A„ = hn.j2.Md 
and is only of order 10 _l ® ciu.scd when M ^ 1 gram, d — ]©*■* cm, 
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and n is not too large, The mutter waves constituting a periodic 
crystal mare forward so slowly that it would take a million years to 
t ravel over the distance d.] 

5.2- Dwm's Particle Theory. 9 The incident st ray now may 
of photons of momentum p = hf We must find mechaniesl reason * 
for the selective reflect ion of the photons. 

When eq. {5a] is divided by hi anil multiplied by h one arrives at 

h h 

2 - ain 0 = a ^ 

A d 

With the introduction of hf/. = p — motnenium of the incident phoom 

and hfd — P t = characteristic momentum 
peculiar to the crystal, the last relation reads 

*lp sin 61 — t\P x {Duane's equation). i-‘*dj 

equivalent to (5a), On tlte left we now have 
(he change of the momentum comp:ment of 
the photon normal to the reflecting lattice 
plane; the right-hand aide therefore repre¬ 
sents the momentum acquired by the cry* 
tal normal to the same plane. This ojo 
lur-ntuni is an sintegral multiple of i bask- 
momentum P t hfd, and we arrive at the reault that from the merit 
aniunl point of view n fn/stal im ntftttem rrhrfh ran rhauy. i?« wmi> 
rmhj by certain quantized nl\ = P m — n/tjd. hi arUun wUrltd 

fiinctivM. The order of interference a in Bragg s wave theory now 
appears jib a quantum number, I)uc to t fie large nue- of the crystal 
sa & whole, the oorreupondinp changes -d the kinetic energy are 
imdgmftcant* 

The same result may abut be expressed in terms of the rtriproeal 
lattice, when the latter is drawn not in units of reciprocal lei - h but 
ill It times larger iinils ho as l-n represent- a taffies in mnnu nfum .-ye- 
with « t d24 x H'- J7 gr cm,'sea as unit momentum. In tii-■ wHI-kr. 
Ewnkl sphere construction (Fig. l.fi) the vector MO then represents 
the momentum of the incident particle, to which is added the vt-ecor 
OH from one point of the reciprocal lattice; to another so as to vie I 1th-: 
final momentum vector of the particle, MH = JfO + OH. Th© crystal 
appears as a mechanical svidim capable of changing its momentum 

* W, Dujuki, Pra*. XML Acad. Sti U,X, 9. lfifl l\ Epm-fm w- ' V Ehrcni—i. 

&id. 10, m (LB44J; 13. (1927), 



votaDtniL'tion- ft tintt II P-rw 
pwin-lw Hlf 11J f■ HMLlpHMMll IaV- 
tifia .1 f 0 — MH iwo 
lytw -if niyh = 
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by nmounts and in directions indicated by vector* OJJ from one point 
to any other point, of the reciprocal lattice Ln momentum space. 

Dunne’s explanation of x-ray diffraction, perfected by Epstein 
and Eiircnftst, tt^umeR a new mechanical activity of a crystal which 
may look rather artificial However, if Davisson and Cornier had 
found the diffraction of cathode rays he fort' Lftuo m discovery, the 
Duane theory of selective reflection of electrons would have been the 
logical consequence. We realise that both theories are equivalent; 
both lead to the name Uragg formula. Other example* in which 
particle ami wave theories yield the name results are Rutherfords 
scattering formula for matter rays ($33), Thomson A scattering formula 
for light- rays ($100), the normal Zeeman effect ($24), the anomalous 
ratio between magnetic moment and spin (pti.3). and other result* 
which do not contain Planck's h. 

g6. Breakdown of the Classical Theories 

6,1, Thu foregoing considerations have shown that both waves amt 
particles can explain deflect ion. diffraction, Compton scattering. 
Doppler effort, etc,, so long as we uio interested in the intensity distri¬ 
bution averaged over considerable lime and space intervals. So far 
aa the deviations or fluctuations from the average intensity arc con¬ 
cerned, we have to distinguish between two limiting cases. 

Low intensity. When matter or light ray* art- observed m great 
dilution, in fi~, or y-mya, the energy flux is zero during most of t he 
time except for sudden high peake observed as scintillation* on a 
screen, or tracks in cloud chambers, etc. The statistical distribution 
of thane flaahiike maxima seems to suggest that the rays consist of 
independent particles distributed at random. Such observations are 
often taken as convincing evidence of the corpuscular structure of 
matter and light. 

Hioir intensity. Matter ami Light in high concentration display a 
different type of intensity fluctuation, much larger than those expected 
from a random distribution of individual particles; they behave as a 
superposition of waves with random phases. 

We thus lincl a systematic deviation front the classical behavior: 
The wave theory it adequate only at high concentration, and the 
particle theory only at great dilution, with a gradual transition between 
the- two. Quantum theory yields a general theory of fluctuations and 
other statistical phenomena (Chapter XI) valid at all concentration*. 

In spite of the wave like behavior at high concentration it tu 
thought that particle® are ‘'real, 11 and that waves have a more or 
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less academic lvalue m guides of particles, This one-sided point of 
view is baaed on the feeling that only experiments at great dilution 
should provide us with n reliable picture of tho nature of matter and 
light. However, t-lie object of physics* and of physio*! soience in 
general, in not that of finding the “true nature of tilings, ' whatever 
that means, but the establishing of general rules and formulas according 
to which observed phenomena can be classified and new phenomena 
may be predicted. 

(LEL The two classical theories fail in still another res j wet—nanmh 
in very small dimension.!*. 

pAitTioLEa. If we wish to locate the exact position of a jumiele we 
must lot it react with rays of very short wave length in optical or 
electron mioroBCopea. Such ray's have largo uorpuscular fluctuations; 
they modify the stale of the observed par tide in an. uncontrollable 
fashion. The resulting iincertainttf will bo discussed in Chapter [II. 

Waves. It is not possible, either, to observe exact wave data. If 
wo wish to locate the exact phase along a de firogiitj wave, the best 
method is to produce interference with a test wave of dimflnr wave 
length and known phase distribution, and to observe the ] ■ siti >n of 
the reuniting beat maxima. Their position can he Located with 
comparative exactness only when a considerable number of heats i? 
available. Yet the do MrogUe waves inside an atom have only a few 
jwriods whose phase distribution would remain uncertain even if wt 
possessed a teat wave of known phase distribution. 


Summary of Chapter I 

A conflict between waves and particles srews to noeui in the rfeifer 
lion of rays, the Doppler and Compton diVctw. and the production of 
diffraction fringes. These phenomena cun he interpreted, however 
in wave fashion # 1 * well as in terms of mechanical particles, i here fore, 
the I'll inch constant can l>e dispense!L with as long ns one stay- strictly 
within the wave or within the particle theory. Planck’s h is u#ed only 
for the purpose of tmnslaiinig from one theory to the other 1 he 
sometimes strange-looking assumptions made For waves ana translation* 
of natural particle qualities, and vice versa, so that the two theories 
are in close correspondence, Energy corresponds To frequency, 
momentum to wave number, transition to anparposition. 

As soon eus one enters the Held of Hunt nations or deviation* from the 
average, both classical theories in general, fail; they hold only in 
limiting cases of small or large mmriensatiun of matter and light. 
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17. Jeans Proper Vibrations and Gas Quantization 

Although the basie conceptions of the older quantum theory are 
untenable, most formulu and predieifckma of the older theory are still 
valid. In particular, many mathemu t-i cu l deductions can be retained 
without, change if the physical menu jug of the mathematical symbols 
is revised. Refer in this respect tu the old and the new interpretation 
of tbo formula E — hx at the end of § 1, 


7.1. Jeans' Xtimfwr. Of grert.1 value in the derivation of many quari 
turn results is the Jrmtet ntunh-t of ditlerent standing waves or proper 
vibrations for a given wave-length interval within a given volume 
S'.. The volume may be anemiied to be rectangular, I — X YZ A 
proper vibration within V aatudying the boundary eondithms, is 
deneribefl hy the amplitude function 


jafaf&if^lrinfamK^V (7*1 



characterized by three integers* klm , The wave numbers, i.e.. the 
number of ]K!riudH per unit of length* along the edges X. V, Z are 



The vectors r form u rectangular lattiuc m wave number apaee. 

The number of different vibrations within the positive wave-number 
intervals dv ± , di, dr, theirfcrrc is 

d3? = dk <U dtu dfjdFtfiv ,X 3 Z d f - I = Jeans number 1 (7c) 

where if f is a volume element in fi P e -apace, This formula is valid 
for any shape of the volumes V and d f in particular for d f = Trri^d?. 

* PftwjtivH mid nrpjitivi' klm j’ield thn aura Jeuiiii number* in do potulivn Latftg&ri natl 
poi«ifeiv« tudf-intogfera, 

1 J, R, k!i l jl3]h, P/iiL May. 10, i>( [ HKhDi), 
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Electromagnetic vibrations have two independent transverse vibra¬ 
tions for every so that, with v — tv ( 

of if* = V dr for light waves, (td) 

c 3 

A standing wave has eight, wave normals with directional cosines 
x _=. ± p g fp i etc., produced by reduction of progressing waves from 
the walls. 

7.2. Wc now translate into particle theory. From p v = hr, there 
followa, owing to eq. (7b), that a particle in 1 oan have only the follow¬ 
ing selected (quantized) momflntuni components : 

kh lh fit A , 

P» Pv ' P* 2i " ,e 

The selected vectors p form a periodm lattice in momentum space, and 
the integers klm appear ns qwinh*tu irunfa.F9 of the mnuiE-nl nm com¬ 
ponents. Momentum and energy of a particle in ! — X YZ are 
quantized beamm the corresponding wave* have select id frequencien 
and wave numbers. The word beettuj? Indicates that this is <tiuvtyn so. 
or that there is a general principle according to which w ave qiifilitii - 
mav be taken as a sufficient reason for, or ih an '‘explanation" ■ ■;. • •inv- 
sponding partiole qualities, and vice versa. 

Translation of eq. (7o) with v = p/h gives 

V V 

d ! 2 — — dpjtprfp' = 4it pHp <■«> 

for the number of different (distinguishable) states of & particle an the 
volume V within a momentum Interval. The states arc quantized" 
so that the six ^dimensional phase-volume element dV— 

(with dd’* — element in momentum space) contains 

1 dY 

(7g) 

A 1 A 3 

different quantum states. Ow quantum state requires the range 

dF ■ dV r = A*, or dx ■ dp m = ft, etc., (7h) 

En the phase space of six or two dimensions respectively* The smaller 
the apace range, the larger is the cormpanditig moment urn range 
reserved Fot one quantum state, 

In conclusion i The wave picture leads to waves with selected 
frequencies anti the particle picture calls for particles of selected 
energies A? t in the volume V. Jt is inconsistent, however, to imagine 
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that, the wave* of frequency r* have i[limiti7.ed energies hv ti or that the 
particles of energy fi t . im the volume oscillate with freipienuieH v k . 


i 8. The Kadiafcion-Eiiergy Spectrum 

The radiation energy in a volume I of temperature T ia distributed 
jimong the various frequency range* in a thermodynaniicaliv controlled 
fay [lion do that the energy density pn - unit ftequenuy interval denoted 
by jj„ ib rt definite function of v anil T. Various efforts to derive the 
funotion i/J7\i are closely connected: witll the birth and growth of 
quantum theory. 


8.1. The Bai/lri'jh-Jranx Ruduttioti Law* Every Jenna proper vibra¬ 
tion of given polarization represents a linear oscillator of one degree 
of freedom. The probability of nuoh an oscillator having energy of 
value l$ r according to Maxwell-Boltzmann,, is 

const €~ (8a) 


where k — < Iu -111 erg.degree is the Boltzmann COM tan t. 

average energy i& defined as 


^ - 


^A' 
--A 


The 

m 


Tlassical statistical mechanics of the oscillator replaces the summation 
by an integration over the two-dimensional! phase space (J, p,), with 
the result (using hi — up~ -f kr*) 


E my = frT- (So) 

Every oscillation, irreapeeti ve uf its frequency, obtains the same mean 
energy share. b’l\ This is the clussieal wpEpartition law for oscillators, 
ti. is a special ctee of the general result that every mechanical degree 
of freedom of a system Ilba average kinetic energy hk'T ; in ease of an 
oscillator the mean values of the potential and kinetic energies are 
the same, hence E mV = kl\ 

‘The energy carried by the d£T Jeans proper vibrations of the interval 
dv in V then becomes d3t * ftT ; ho nee 


Win 4 

tt r dr — - k f = " kT dv — the Rayleigh-Juana radiatiou law'. (8d) 

V tr’ 


This radiation formula Lh correct- only in the approximation of small v 
and large T< or more specifically, for smalt hvfkT, If eq. (64) were 
correct for eiJI frequencies, the total radiation-energy density, jajfa. 


i U tjl Rayleigh, Phil. %. -Jfl. -I3ii (JOWL. ■' H Jenna 10, fll jlWGj. 
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would, be i nfini te. The cquipartition formula- (feu) and, in general, 
the application of classical statistics to vibrational energies leads to 
the “ultraviolet catastrophe/' 


8 + 2< The Wien Radiation L<nr} Meat we approach the problem of 
the temperature equilibrium from the viewpoint, that radiation eonab.U 
of individual photons. A photon may have energy if and mu i tie nt toe 
p of value rf/c. The number of photons in I which belong to the 
momentum range from p to p 4- dp, according to classical statistics \< 

{IN = C e~ *^ T dpApsip* = G e" * fkT 4 irp^dp (He) 

with a factor of proportionality f■ left open. When wv substitute 
p — &/r, and remember that there arc two independent photon -rase* 
of orthogonal polarization, wo obtain fur the energy carried by lhe 
dN photnna of the interval dS 


2dN£ = 


c fer<W J *;«r 


(Sf) 


In order to have u comparison between thil phot on-energy distribu¬ 
tion law and the electromagnetic vibration-energy distribution law, 
we replace if by fa and obtain per unit of volume 


Ujh ~ 



S T *- 




The factor in parentheses is a dimension less must ant. When we 
assume it to be unily, that is, when the Fftrtnr < ' in tup ("e) L= chosen 
bo that YfQ = A®, 

then oq. |rtg) represents the Wien mdfatim law. However, WienV 
law is correct only in the approximation of Large hvfkT The appLk a- 
tion of cl apical sl&ltisticfl to particles EcjuIb to wrong results. 


8,3.. Planch's Radiation Law* Rayleigh*Jeans 4 and Wiens law# are 
limiting eftse-s of the Correct Planck radiation law 


u,dv = 


fbit a 


fa 


dr — Plane kb law, 


m 


# exp '(hvfkT) — 1 
valid fur all hvfkT Integration over nil ftvquanoic# yields the total 
energy density of radiation 


rfe tD 



s--\l - 
I . ..-"'A 1 


T 4 = aT\ 


(fii) 


i W. Wien, I Vi*I. Ann. 58. <302 (tBTCi 
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known as Stefa n - Holtz iw im s f<iu\ The TMaw can be derived, apart 
from the undetermined factor a. from general principle* of thermo- 
anti eJeetrodynamics. Fig, 2.1 allows the energy density E• plotted 
against ?. for various, temperatures according to meaauromtmtw rif 
Lunimer and Fring&heim {w/fr =■ Egil), 

Planck obtained his radiation formula 
by applying a sort of particle statistics to 
oscillation energies. Later Hose deprived 
the same formula by subjecting photons 
to a kind of wave statistics, 

§9. Derivations of Planck’s Radiation 
Law 

9,1 F Jertiui-Dehye Derivation , 4 Planck's 
radiation law may Ite derived by ascribing 
particle qualities to the Jeans standing 
waves. Light waves of frequency 
“carry” photons of energy 6 — hr, SO 
that the energy of a wave y is that of flu 
integral number of photons : 

E n = jmT — nhv — 0, I, 2, + * (&*•) 

The probability of a standing wave (Jeans 
viI j ration) carrying energy E is, in gene- 

'jp = const e’ acoordlng U> Fiu, 2.L TLi* Pluirk rudia- 



Till & 

Maxwell Boltzmann, flic average energy n ,n b™r, ^ ljC 4 Mur ^' tlunsity 

. ■ it - * ii w fi per unit HUL'ts-taiiLT.h Interval 

l wr qminUud Jons vibration at temper- b fllt t.mpo™ 

ature- T then is a quotient of two sums tura. 

ZMtfiT s *l*r 


jr _ WA 

O'lli 


Sn^e" _ %ntf* 

v, 


m 


and because of eq. (Da) 

^• v ~ v e - n*fkf = & v^t. ^ 

with the abbreviation z — *■ tfi l , Summation from n =□ 0 to *xj Yields* 




^av — 


4 1*. JJobyt?, Ann. FA. ,*ii- 3&. 7M 1 15H2), 
* Thfi dmHxmkuktcir ia . ( I — xy 


exp {$}kT) - J 


m 


- *r * 


The nuicHimtcr i« IkTi-r * 1 — a; — X / 11 

tiH 


x(l — i) -1 , Tina quoifont beOCmfla r(l — r) -1 


e-r- 
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for the average energy per Jeans oscillator. Multiplication by 
Jeans number ifJ' of eq, (7d) five.- for ujlv = E ns tl'£ the l'binck 
formula (8h} when finally we replace £ by hr. 

Another derivation given by Bose (§87) tine* exactly (be name 
mathematics, although resting on the opposite \ iewpoini that photon^ 
.ire subject to u wavelike statistic*, 

9J2. Einxirinit Lhrimtkni" (modified), 6 The radiation in a volume of 
temperature 2 1 may lie considered in the result of KtaUati cully batainvd 
.minions and absorptions of photon* by matter par tide.* located 
within I’, Bupp 0 ®® there ore u great number of like atoms which 
possess the energy levels E t and E t - E t . When the atom pas--- 
from E t to E s it emits a photon of energy 

# = J?i—JJ„ t»e) 

and the reverse transition occurs with absorption of i\ photon f 
There uniat be statistical equilibrium between emission and absorp¬ 
tion of photons to and from every individual Jeans proper vibration. 

The number of atoms in the energy levels A\ and E s are assume-! to be 
A'| = const t~ K,iir and A' , — ootifrt. p~ Ef f t7 (ftf) 

respei3tiveiy t with the ratio 

X J = jt, - = ,*!*?. (fl g ) 

*V t 

Emifision and absorption processes are supposed to occur under die 
following probability rules: 

Absorption. The rate of absorption of photons from n Jean* 
proper wave is proportional to 

(rd the number A * of atoms tm the tower level ready to absorb 

(Jj) the average number w, of photone ready fro l*e absorbed. 

Emission , The rate of emission is assumed to be proportional to 

(a) the number N t of photons in the higher level ready to emit, 

{b) the number 7b f L 

Altogether Einstein.'* coadiiion of equilibrium i? 

tffit = A’Jn r H- l ) Tor E, < E t . (Wh) 

The factor* % and 4- l) in this equation nn- not unite so me 
symmetrical as they look at first sight. Indeed, a t mi, the left Ls 

B A. Kfoatoin. dnD, Ph^iL ££. JSB (UBT(. 

• A. I<niKlA AVwm F» FtfyisJWwh-j *Kr Qu^nlenthoorir 1 . 24 ||jt*i|jK^ r . 
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thf average number of photons in the Jeans love] before Lite act of 
absorption, inehmitk of the one photon later absorbed; {n t + 1) on 
the right is the number of photons in the same level hteitmtw of the 
one photon added later by the act. of emission- The factor ( n r -j- 1} 
may also boooi lie plausible by a comparison with the class leal theory 
of the radiation equilibrium. Here we have an atom which responds 
to the surrounding radiation * by alternately absorbing and emitting 
energy due to aooidental phase differences between d h own vibration 
and those of the radiation. These emission and absorption processes 
induced by the radiation correspond to the products N/J g on both 
sides of eq. (Oh), But even in the absence of any radiation a classical 
vibrator emits radiation xpfmtam&ualy and thereby suffers a radiation- 
damping of its amplitude. The spontaneous emission corresponds to 
the term Nt - I on the right of eq. (Oh). 

Now combine oqs, (Bg) and (9b) into the one equation 


which leads to; 


n * + j _ |g fji!T 

% A i 




1 

exp {ffkT) - l 

as the average number of photons in the Jeans level r _ fifh, 
average energy of this lave I then been men 


m 

The 


E " ~ **’ (eip AjkT) - 1 (tlk) 

which agreed with eq, (9d) fluid yields the Blanok radiation law, nq„ 
(Sgb na before. Eq. (Ok) replaces the classical equi partition law; we 
write it in the form 

jb 

E = - , for linear oscillators. (1)1) 

exp {hifkT) — I ' 

It approaches t he dasdcnL value k'T for small hvjkT. 

The reader who has followed the discussion of Chapter I will not 
fail to recognize the contrast between the physical pictures of the old 
and the new quantum theory. According to the older theory, electro¬ 
magnetic and matter vibrations of frequency v take place with such 
amplitudes that the energy' 6 of nbraiioti is a multiple of hv. From 
our present viewpoint the energy £ in question belongs to photons 
or gaa jjarfidw in the volume T. The wave theory is needed only 
to show why ihc energy £' of a photon or gas particle in I" is confined 
to a discrete quantized set. of values £ M = whore v, is one of the 
proper frequencies permitted by the geometry of the volume. The 






Qf. AXTf M M& U l-V/r .s 


m 


;tu 


idea, howev er, I hat ideetrouitignotic vibrations m Vtteuo, or matter 
wave* * in a gas, "carry" quanta, hv is just o-j Wrong hs the opposite 
concept ion t hat photons or gtta particlee of energy £ vibrate with 
frequency r — £fh. Both ideas represent confusion* of wave and 
particle concepts which ought to foe taken m inadequate working 
hypnt heses fc 

Energy of Solid Bodies 




10.1. If the Plane]? quantization of the oscillator energy i* correct, 
it ought to have a direct hearing on the thermal qualities of solid 

bodies, as pointed out by 


Fill. .2,2, Tli" *■511'i'llk lio.il ol ii ilii Em. Thi'. 1 ratio 
cfali tsf plotted n- ii fiinetion "1 ifTfhr* wlu-rr 
tlu‘ fc.'i luorn.'j.- ol the utemut :si l.lm «i»lirj_ 


Einstein (ItfoiT). I^et us 
accept a very idealized pic 
ture of n solid foody as con¬ 
sisting of individual atoms 
ur molecules which can 
vibrate with a certain 
natural frequency r 0 about 
their position qf rest The 
L'lasdcal average nf the 
energy nf these three- 

dimensional dscilhitorH 

, or $RT 


would tie 

I net mule, yielding a molar spedhc heat r v — 'tit. This vat tie. known 
from the Dwifmg-Ptiiit rtfk. is appimimately confirmed for high tem¬ 
peratures., Eipetietioe shows, however, that -% at low T deviate - from 
the constant value :tj? vs shown in the recurve uf hie. -L‘. Thin 
curve U explained by the quantum oscillator formula 


Emw ~ 


*lln 


exp(hvJkT)^ i 
which yields the specific heat per grum-inoleoub- 


am 


- ~ l.Vf;, v ) - 3 R - !)*■ UOb) 


According to this formula nf Eiiatein the specific heat has value 3if 
only at high T, or rather. At small values nf the dimensionless quantity 
hifJkT. wluTPag at small hr n ftT the r,-curve approaches ztro quadra- 
tically (Fig. 2.2). Substantial deviations from the constant 3^-vahie 
occur at temperatures where hv^kT i.s larger than iiuiLy. 

The proper frequency r a of the particles of a solid body usually U 
so small that the quantum deviation from mat let's only in a 
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tempera U tro mi i igo wol I below th at of nrdiinary ex perienoe. An ex caption 
i& diatnmd whoso q f is «o large that the specific heat is considerably 
below the classical value even at room temperature. The behavior 
of bodies at low temperature was studied systematically by Neraut and 
bis collaborators and has Jed to the discovery of the third law of thermo¬ 
dynamics, one consequence of which id. the vanishing value of c v at 
the absolute aero point. Nenist'a theorem disproves classical statistics, 
but is consistent with quantum statistic*. 

10,$. Einstein's original picture of a solid body aa a system of inde¬ 
pendent oscillators of common frequency y 9 is t(K> idea I toed. A mom 
realistic theory was developed by Debye as well as by .Bom and 
Kantian (IIH2), iti analogy with Jeans' derivation of the radiation law. 
A volume I filled with solid matter carries dW — ITriffldp elastic 
waves in the interval dv. The two electromagnetic polarizations are 
now replaced by three elastic-wave polarizations, namely* one longi¬ 
tudinal and two transverse vibrations of frequencies tv and *' t respec¬ 
tively, all belonging to the same v — 1 /Ah These elastic waves are 
quantized in the same way as light waves in Jeans-Debye's theory of 
radiation, that is, they carry the average energy of eq, The 

vibrational energy in the interval dv then is 

■ tftmu) 

j fiVt 2As\ I 

= 1 (exp (hrJkT) - 1 ' exp { faJkT) - ll {W0) 

where iq and v, arc certain functions of the elastic constants and of 
the wave length. The total energy density is obtained by integration 
of eq. (10c) over lift. The limits ni' integration arc determined by the 
consideration that A = I f$ must not he smaller than the lattice constant 
of the body. T he specific heat, r v is obtained by differentiation of the 
energy with respect to T. 


g 11. Bohr’s Theory of Spectral Emission 

11.1. We continue with our short survey of quantum phenomena and 
their preliminary explanation in the older quantum theory. Direct 
evidence of selected energy levels is offered by the selected frequencies 
emitted by various atoms. Rydberg and Kitst showed that the many 
observed spectra) frequencies v can bo represented as differences or 
''combinations 1 ’ of a number of spectral terms in flic form 

v y n — Kydberg-Ritz to m hi nation principle. (lift) 
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Niels Bohr (1013] explained this formula by multiplying both sides 
with Planck’s h in the form hr ~ hv m — b' n , or' 

& = E m ~E v (Uh) 

In words: When on atom drops from the energy level h r m to E n at 
omits a corresponding photon of energy 6, Tn wave interpretation 
this yields the frequency 

v (fi m — Ejjh - Bolir frequency condition. {i k i 

The simplest spectra. are those of the II-atom, the He - , Lt ‘ “ ions, 
and, En general, spectra produced by one elect-mil in the field of a 
single positive charge Zt, Their frequencies are described In the 
generalized Balmer formula 


r — 



= Balmer ■* formula 


(Lid) 


with the Rydberg constant R. Comparison with Bohr h formula (IU J 
suggests that the H-atom has selected energies {we anticipate their 
negative values) 

E„=- Rt&Z* -. (He) 

n 3 


Since the Rydberg R constant- also cttmlroh tin* spectral frequencies 
of other atoms, it became obvious that R is a universal constant. 
Its eompoaitioa in terms of the basic constants e, ft, *•. and h w-i.s found 
bv Bohr in his theory of spectral emission: When 1 he electron describes 
a circular orbit about the proton, it satisfice the equilibrium condition 
between centrifugal and centripetal force 


~~ = — t hence E 
r* r 


= (no 


Definite valuer of r and E were ■ blamed by Bohr from the p^s'ubte 
that the angular momentum of the orbit in jl multiple* of hf r lir 

pvt — “ = quantum condition, (llg) 

2w 

The last- two equations together determine the quantized values of 
r and E for circular orbits 


hW *fiZ*e* 

U ' ^Z?' h " ~ hW 1 

Comparison with eq. (Lie) shows that the Rydlwrg constant is 


(Ilh) 
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Hommerfeld (JIJIU) generalisrad Rohr's circular to elliptic orbits, with 
precession flue to the relativistic dependence of the mass on the 
velocity i lie thereby explained the fine st mature of the H -lines (ex- 
uept for certain anomalim di&ooYierecl and explained recently), in 
□onreLativUiio approximation the major holf^axis a„ mid the time of 
revolution t„ of a iSomrnerhhl elliptic orbit agree with the radius 
r tl and the period r n of the circular or hit of the same principal quantum 

number n. The minor half-axis is ft = ~ a, with i — I. 2. * - * n 

n 

known Ay the azimutfcd quantum number and determining the angular 
momentum of the orbit, Ik /2m The elliptic orbit \a thus eharac tarlm rl 
by two quantum numbers n end l; n determines the main part of the 
energy, whereas different Is yield dLUorant small relativistic corrections 
which become considerable only for large nuclear charges Zb. Tlie 
BoJir-SomuierfdJ theory of the spectra of II, He + . etc., U the prototype 
of the theory of atoms with mere than one electron, stnoc the spectral 
lines are due to the transit ton of a single electron from one state (n r f) 
to another. 

11,2. The Bohr theory of the hydrogen spectrum rests on the mediani 
cal condition [eq, (1 Ifj] and on the two quantum conditions [eqs, 
(lie) and (I lg)], Although these conditions are acceptable insofar as 
they load to the correct formula fbr the spectral frequency, the physical 
picture underlying Bohr's theory is inconsistent with the basic prin 
ciptes of mechanic-; and electmdvnamics, Indeed. Bohr's theory of 
3"J13 asks us to accept the thesis; 

(«) that an electron describes, a quantized orbit of radius r, t without 
simultaneously emitting radiation. According to classical electro 
dynamics, however, a charged particle in accelerated motion ought 
to emit radiation continuously. The electron ought, there fore, to 
spiral into the nucleus rather than carry our a sudden transition from 
the -nth to r he with orbit ; 

(ft) that Light is emitted (lining n sudden transition from one orbit 
to another. Such an abrupt transition ought to produce a white flash 
rather than an almost monochromatic spectral frequency i\ whose 
observed natural breadth (un certainty of v) is of the order ftr = lb* 
smt 1 . This would indicate that the act of emission lasts a time interval 
di of the order of 10 H sees; during this time interval the electron 
would carry out about live million uninterrupted revolutions, which 
oontradiute the hypothesis that sudden jumps are responsible for the 
spectral lines; 

(r) No logical connection existN between the two quantum post til ate**. 
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eqg, (llo) and (llgj. The two postulates are accepted merely ad 
preemptions which happen to lead to the correct, itjeuit in the ca^ nr 
a single electron in the field of a nucleus. 


11.3. The most paradoxical feature ot' Bohr a theory in Ms then is t ii it 
the spectral frequency v, which ought to coincide with the frequtmcs 
of revolution of the electronic orbit according to Maxwell's theory , 
actually is the differenoe of two orbital energies divided by L The 
paradox is mitigated, however, by the fact that there is u certain 
similarity or between the orbital frequency and the 

observed spectral frequency, at least in the limit of large quantum 
numbers. As an example, take (.lie Bohrdlalmer formula 



1 


(fl "h t) 2 


with k = 1, 2, 3, 


niji 


and suppose that n is large and A is a small integer. The expression 
in jiarentheses can then be approximated by 2kfit and the emitted 


frequencies are 


^=l — k, with k = 1. -2 , 3, 


(ilk) 


They represent a fundamental frequency with it- higher harmonica 
iiohr noticed that the fundamental frequency, ir\ coincides 

with the frequency of re volution of the elliptic orbit of principal 
quantum number n, and that the harmonics coincide with thofce 
contained in the elliptic motion if the latter is subjected to a harmonic 
analysis. The elliptic motion would thus emit, the same spectrum 
|eq. (J lk)J, according to classical electrodynamics, which is actually 
emitted, in the limit of small kjn . Tf kftt is not. small we do not have 
a coincidence but a mmwpondtnce between the tin<sical frequencies 
[eq. (Ilk)] and the actually emitted spectrum [eq. (llj)]. Whereas 
the various harmonics k arc emitted dmultaneoualy according to the 
classical theory, the corresponding spectral lines arc attributed, 
according to Bohr, to transitions (?a -T A) —* n one at a time, 

A similar correspondence applies In flic emitted hitenziti* When 
the motion on the ellipse (n, t) is subjected to a harmonic analysis, 
the various Fourier terniF k occur with various amplitudes which 
ought to determine the amplitude* of the emitted spectrum [eq, 
(Ilk)] according to classical electrodynamics. The actually emitted 
amplitudes produced by transitions ( 7 * + k] - n coincide with (he 
classical amplitudes for kfn <C ] ; when kjn in ant small there -rill ii 
a correspondence between class lend and observed amplitudes. Similar 
correnpondenee rules held for the polarization of the emitted light. 
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Various efforts to replace tie qualitative pnedietioiifi of the corre¬ 
spondence principle by exact quantitative laws were crowned by the 
establishment of the new quantum theory in 3£126, Modem quantum 
theory reate on two foundations; first, the equivalence of waves 
and particles leading to Schrddinger's nave mechanics; second, the 
conwpondenoe between classical and observed frequencies and inten¬ 
sities leading to the qwnttvm Mechanise of Kcisenberg, tk>rn, and 
Jordan, also known as matrix mechanics. The two branches of 
quantum theory proved to be equivalent*; they are different aspects 
of the same fundamental principles. 


Summary of Chapter H 

The equivalence of waves and jiarticles breaks down in the statistical 
domain, and Piancks constant. is indispensable for the explanation 
of the ajNectrnJ energy distribution in, te mJJerature radiation /Plan ok 
radiation formula), The equilibrium between atoms and radiation is 
derivable iron] the Einstein probability rules, l/lanck's formula for 
the average energy of an oscillator also controls the energy content of 
solid bodies, according to Einstein, Debye, Dorn, rind Karman. The 
link between the older quantum theory and classical mechanics is the 
correspondence principle of Bohr, 

1 V. Eakart r ph#* Rtv, 28, "IS (IK0), 
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12.1. Quantization of Orbit*. A free particle in a rectangular volume 
is restricted to quantised momentum components becau.-<e of the 
selectivity of the corresponding stand.ing waves in V l$7j. Similarly, 
when a particle runs along a circular path the angular momentum is 
quantized because the corresponding wave* are select tv-' Indeed, if 
the first round of the warn tram were out of phase w ith ? he ^ ' "nd 
round, and so forth, the resulting amplitude along the eircu nforenrv 
w'ould be zero by destructive interference. Only when 2-rr oaitains 
an integral number of waves, L&. p when 



il2ai 


can there be a Hid to wove amplitude ids Broglie 1 i The translation 
p — hp leads to the quantized linear momentum along the circular path 

nh 



and more generally to the angular 

Pw 


momentum 



(12b) 


Bq, .(12b) is the quantisation nde underlying Bohr's the "tv of electronic 
orbits. Whereas the older quantum theory introduced tin* rule as a 
separate postil la to, we now have rj, physical ciplanatkii n;i trie integral 
number w as n first step towards wwpp mrcJutni&j. 

The velocity,, v. of the particles and the phase velocity, tt . of die 
corresponding waves do not agree. Rather 


v E _ — U 

P p pv 




and u — -Ji v for free parti ales, The phase velocity n — r* ol n de 


1 L. -do Brofllio. Thim t PioLh (3 Ul l 4 ■ 
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Broglie wave is ei purely academic concept and can never be observed 
as u velocity. Indeed, to observe a certain phase traveling forward 
one would have to identify that phase somehow; the most sensitive 
method for this purpose would be to let it interfere with a test wave, 
preferably one of similar frequency and wave length, in order to locate 
the resulting be ala o_h phase indicators. However. this would bad only 
to an observation of the beat or group velocity. We shall see in the 
next paragraph thru it is the group velocity of the matter waves 
{— velocity of the beats; of two waves v and v f <b in t lie limit dv — 0) 
which coincides with the velocity r- of the corresponding particles. 


12,2. Group Velocity* Consider two waves with adjacent frequencies 
ek. 3 wave numbers in superposition ; 

aid [2ir{ftc— v/)J -i- ain [27r(t’ 4- f/F).r — 2v(r 4 

-(•+?)«} 

The sine factor represents a wave of practically the same v a iid i' as 
the two original waves. Tlie cosine factor provides tluLs wave with 
an amplitude of small frequency f>/2 and small wave tiumber fr/- 
whose maximum travels forward with velocity 


The sum may obo be written as a product 

-** [-" f )] ■ ™ [ 2,r §* + %) x 


bfr dr 

ft = bh- ” Jv~ gre li p velocity. 


(lid) 


Jn order to compare g with the comesponding particle velocity v we 
tmiialatti v — Efh and 9 — pjh and obtain j — dEfdp t in ptni.icular 


- i, E + D *** ) ] 
d , . 

ff= ^ M=e = i- 



(bound particles) 
(photons in Vaduo). 


im 

()2v r ) 


For charged relativistic particles in a field of potential A t f one has 

E = itr 2 -f- f^ . p — pv 4" fvl/r, 

dE — dp — vdp -\- pdv. 


and 


f 


dE 

dp 


c* 

r + pdvfd/t 


(relativistic particles in fields), 


< 13 *> 


ndnoe dvjdp - (tr fl and since the terms with A and y) drop out. 
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In all cases 


di> d.E p 

\U — T ~ JT — ~ = v - 

dv dp p 


111 miii’lwsioh, w»m t/roup rrtorily find ptliiirlt velocity eartteidi, 


112!.i 


12-3< Wave group maxima move- through a medium of given index m 
refract ion with the tonne velocity iik partiole.H move in the coire* pontine 
force field ($2), Thits d one might ooaie to lbe conclusion that what 
we cttU a particle b? hut a high group maximum in a field ■ it' matter 
waves. This idea is untenable, however,, since heat maxima tint ten 
in the course of time, whereas a particle holds together sit all time- 
Bom, 1 therefore, proposed the following statistical interpretation of 
the matter waves. Thr, irore i ntensiii/ nmr rj point 1* mai-tur** ffo 
probability of u particie. nmr P, For example, diffraction maxima 
calculated according to the wave theory of mterferenue are plates of 
maxi i in]] n probability for particles, and observed as sein till at ions in 
ease of great dilution. It would be wrong, however, to think 13i.it 
“ particles tire guided by wave rules/ 5 or that “light i* realiy n stream 
of particles; the waV&s are mathematical expressions of the uay the 
particles move/" or that “the photons of a beam of light do noi 
Newtons laws of motion but the laws of wave motion** lot ttion^ 
from textbooks). Actually, the intensity maxima are explainable m 
terms of wave interference and/or in terms of part kilo obeying 
Newton'u laws (§3). 


5i 13. The Uncertainty Principle 


13.1. fiaruumit Re.itthing Pqmt. Suppose wave of fi- -|U-nv 
coining from n monochromatic source is cut short to the duration A 
by means of a time abutter, If the amplitude function f\t\ 1=5 analyzed 
mathematically according to hairier, nr if the wave flndi is malyy.ed 
physically by means of 11 spectroscope, it shows the original frequency 
surrounded by a frequency range <%. The width of the resuhny 
spectral line is 


dr 





where s; indicates the? fuller of magnitude. Fur example, light 
emitted by unperturbed atoms had & spectral width of <b- zr In - vib ~>re; 
this indicates that the emission takes place ii] a time interval 


' vi Bom, /■ Ph}i«\k as. Hi?a r lnanj 
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:to 

tit l(>- s nee, according to tho wave theory. The spectral width dr 
signifies that l ho exact frequency of the wave Hash is rtrtfi'f/etm, with 
margin the 

Eq. (13a) is also known as the relation of the faroN/mcr resolpibtgr 
/juiptii*. When we vvisli to determine the frequency difference tiv 
between two vibrations received in Ruperposition, the im>s1. sensitive 
method is to count I he number of (feats: per second, since this number 
is identical with the frequency difference tiw For this purpose we 
need, however, a time allowance of ut least one bent, i.e,, the time 


tit - 


I 

dr 


(iSb) 


T’iiin is the inversion of oq, (13a)* 

Relations similar to eqs, (13a, h) hold between the wave number ? T 
and the ar-range permitted for the observation of v*, namely 


w '=4- 


(13c) 


or, in words: The ray amplitude 11(01114 the ir-axis may bo a function 
m vanishing outside of the interval id*. When /(.c) Ik analyzed 
according to Fourier, it proves to bo a superposition of sinusoidal 
Waves belonging to u wave-number interval (13c). Any W&Vb number 
attributed to the matter aggregation of width tix will alwftyu be un- 
cwtaht with margin (f3c), Vioe versa, two wave numbers having 
a difference AF, can lie resolved only whon one Is allowed to scan the 
v-eixis along an interval 


A.J* Z5t. 


A?/ 

The HJime rotations hold, of course, for the i 1 /- and z-direotionH, 


13.2. Multiply both sides of eqs, (13a) mid {13cj by h and apply the 
1 rimshi tion rules of Planck and de? Uroglie, The resulting 


„ „ h , ( h 
tit jzl ■ and 'V, — t~ 1 etc. 
Af bx 


(13d) 


are the wiGWUiinty n'fotiwa* of Heiganbeig. 3 When a time allowance 
Af for determining the energy of a particle is given, the energy 
£ reinaina uncertain with margin (J3d), When a particle is: co nfine d 
to the range rlr, then p x remains uncertain with margin (13d). It 
would be quite futile to ]i h:■ k for any dynamical expkfcnatkm of the 

* W. HeL«oi»ir^ t Z Pbiml- 43, 172 (lffl2Tp 
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uncertainties of E, p^, etc. Quantum theory considers the uncertainty 
jelat ions justified, because f hey are trftiislfttiQJis of the two wiWr 
relations fl3a) and (13c). 

Eq, (I3d) tells us that, we never can simultaneously identify both 
^-position and ^-momentum of a particle with exactness. When 
observing a particle through a slit of width 
te t thereby narrowing down the uncertainty 
of the £— 00 "Ordinate to At, then dp* is of a 
magnitude to yield an iinct'rtainly product &s5p, 
of order h. To illuatnite this situation graph¬ 
ically, one may use an Jr, jvdiagram (Fig. 3,1), 
A point in the z ? p^-plane signifies t he jj-popition 
and j- momentum of a particle in the classical 
sense, in short, a classical state j*. p r Quan¬ 
tum theory considers two states as indistin¬ 
guishable when they fail into the same- rect¬ 
angular area h of the x Y /v plane, The Jeans 
number of quantum stales within the phase 
space interval dV6V W is dZ = dVdV 

A qualitative confirmation of the uncer¬ 
tainty relation hetween position and momen¬ 
tum may bo seen in Bragg’s x-ray experiments: the incident and tfie 
reflected rays have sharply defined directions and wave lengths, cor¬ 
responding to well-defined momentum components of the photons. 
To obtain Bragg reflection it is necessary, however, for the x-ray to 


<«) M 

k 

Fib. 3 . 2 , DiftratlLtm into a oanti of solid ungle fv, with - = - sin-^ - 3 * - coe 3 , 

have a large cross section covering many periods of the crystal lattice. 
This Implies that the position of an individual photon within the huge 
cross section remains un pertain, 

[13,3, Heisenberg’s original derivation of the uncertainty relation ran 
as follows: To observe the exact position of n particle locator! 





Fiu. 3.1, Thf imr*ir. 
tainty rein lion. Tl>f? ftfO- 
duct of i]i<» imtwiffljnly 
riinpf^ nnd fipt ynlif-i 
the ronp- h in phitwr. 
apac*. 
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somewhere on the jr-axis we view it through a microscope from the 
p-direction after illuminating it with light of wave length /. in the 
*-direction (Fig, 3,2a). The miurosoope collects the light -scattered 
through (lie angle of aperture *u. The rule of the optical reaching 

m 

power. viz, T the wave relation sin (fti/2) ^ — (Fig. 3J2b), or 


<3s£ ^ 


2 sin (fri/ 2 ) 


(13e) 


locate the particle with uncertainty margin dx. The in certainty 
can be reduced by taking a smaller wave length of the I Eg Fit; this, 
however, will increase the Compton effect of impulse transmission 
from tlie incident photons £ (corpuscular theory of light!). When the 
particle is originally at rest it receives an 4Mmomentum of magnitude 

£ <T 

p m ==-cos 3t 

c c 


when % Ls the angle of scattering of the rebounding photon £ ' (refer 
to Fig. 1.3, page 15). Since £ and £'* are practically the same energies, 
and £ft = ftvfe = hjX, thu ImT equation becomes (wave theory again) 

h tx \ 

p M — — (1 — cos 


&0" - ^ nnd a, 

2 


The angle of scattering ia between x,,,,,, 
hence, p a is 

between ^ ^ 1 sin ^ j Jiml ^ 11 d- sin - ), 

amounting to an uncertainty rnargili 

. h ta 
op« — - 2 s,in —. 

A 4$ 


= &fl° -H 


w 

2 ‘ 


Thu product of the two margins of matter location is 

d&djij z=: h. 

The Heisenberg derivation freely uses the translation <f/r — hf X for 
the light my. H owtvor, if a translation in adopted as a sufficient proof 
it mi ght aa well be applied directly— namely, to the matter wave, relation 
1, Heisenberg's proof was of value to those who wore familiar 
with the equivalence of waves and partiutes for light- but did not know 
that the same equivalence holds also for matter.] 
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1$,4* The classical idea of particle breaks (town under the impact of 
the uncertain ty relations, li 10 tm physical to accept the idea that 
there arc panicles possessing definite penurious and momenta at nny 
given time, and then to concede that these data can never be confirmed 
experimentally, aa though by a malicious whim of nature. This 
in 00 ns Latency ia avoided by t Eh- following formulation of the uncertainty 
principle given by Bohr 1 : 

"When an experimental arrangement or shat* can be interpreted in 
terms of porticluB whose positions nre defined with margin &s. then 
the same arrangement or state cannot, be interpreted in terms of 
particles with momenta defined more exactly than 6pj2^hf6x, and 
vice verba." The emphasis ifl on the word interpretation, in contrast 
to any insistence that there erre particles. 


§14, Causality 

14J, According to classical mechanics the present potation ami 
momentum of fl particle determine the past and future position and 
momentum. In quantum mechanics, since the present position and 
momentum are not exactly defined, the future position and momentum 
cannot bo predicted either, although sertatn ]robabflity predictions 
are still possible. 

There is an analogy between an a-particle within a Eta-nucleus and 
h classical gas particle in a vessel with a given opening. In both 
cases one calculates the probability of an escape for the next second 
or the next hour, etc. The difference, however, is that the classical 
theory takes it for granted that we may determine tine initial position 
and momentum of the gas particle if we should take the trouble to dr> 
so, and thus we might prudiut the exact, time of escape. According to 
the uncertainty principle the initial position and momentum of an 
a-particle within the nucleus can never he determined with sufh 
accuracy to predict the time of escape. 

Ih it true that this reliance on probability prediction- represents a 
breakdown of the strict law- of causality 7 Before answering this 
question we have to specify what we menu by this law, for which 11 1 
least two different in ter pietat ions exist. One of them reads: ' When 
a state A is once followed by a state ft, then A ia always followed by 
the same state B.” Vice versa, if we should once find A followed, 
by a state B' ■-?- ft, wo then woifiil have to conclude that this time the 
initial state was A' y A. However, ejuianlity m this form is not a 
statement whose truth or falsehood can he decided by experience. 

4 N. Bohr, Neiun m t feu 
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indeed, Jiny tost of whether A and A* are really different would con Hist 
in haring both A and .4' act on tin mstruui&rU : if the instrument 
yielded different readings, C - C\ this would lx- 1 he empirical test 
that. .4 =f= A’, However, we therein' use the vyry principle,. (" 
hence A =± A \ which we wanted to prove experimentally. The 
statement “different effect* are due to different causes 11 jh not the 
result of long experience but rather a matter of terminology.1 and 
A 1 are dtjiw'ri a* different when followed by different states B ? B\ 
nr by different. Tendings V -/■ C*. 

14.2> If the law uf causality k to have u. physical meaning open to 
empirical confirmation it is necessary to define initial state* .4 and .4' 
as equal or different not from their future effect l>ut in the light of 
previous exparimsmtaj conditions* \\o define two like object*- O and 
O' aa being in like state* A = A when they have undergone the 
same experimental treatment during very long time*. In classical 
physios then* Is a gradual transition between like and unlike states 
and. like and unlike treatment*, whereas in quantum theory there is a 
finite difference between like and unlike. Thu*, two 11-atom* arc alike 
when they have the same quantum numbers. (This definition applies 
also to the hyperbolic orbital states with a quasi continuous energy 
spectrum ; two such states nt-il! belong to different dements h' A in phase,-: 
space.) Similarly, u sharp distinction exists between like and on Elko 
treatments. A Ra-atom bombarded with neutron rays has undergone 
a treatment- different from one not bombarded; on the other hand, 
slight differences in. heating are like treatments since they do not 
produce transition probabilities to other nuclear quantum states, 

The question then presents itself; In it true that like treatment* uf 
Like objects (which assure like present states A - A s by definition) 
lejid to like tutu re states Ol' like readings on analysing instrument* f 
'Hie answer is negative. Two Ha-atom* treated alike may emit an 
■i particle at different- times. Two photons emerging from the same 
slit may turn in different directions. Two stoma in the name field 
may choose different space-quantizations. In general, two like object* 
treated alike and thus being hi the name state by definition may react 
different ly to analyzers. " In this sense like mu#e# tmy hi follottcd by 
different ejferi'a The effect* are ruled by probability lows only, One 
also may express this situation by the statement that the act of analyz¬ 
ing may prruitice a variety of different linn I state* from the same 
original state. 

Hence, we are not cun fronted with an 'objective fJ state A supposedly 
existing irrespective of its observation, but with the data which an 
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observing instrument (analyzer) records. Then# data, however, depend 
nn the previously observed stole of the system a* well an on the 
kind of analyzer, and are of a statistical character, insofar as the 
analyzer might record t ns well an €\ 0* t etc., with a probability 
distribution. 


flS. The Range Expansion ol Matter 


(*) 


15J. The priori pie of uncertainty or indeterminacy manifests itself in 
simple objective facta which we shall study now. 

Suppose we have an aggregation of matter, e.g.. a very diluted gas, 

whose jmrts art not exerting 
any forced on one another. 
Suppose, further, that at t — it 
the goH nampk is confined to 
it small range at t — 0 it 
may be piuvring through a 
narrow slit of width Ar. Dur¬ 
ing a time interval ( the 
sample spreads Otlt to the 
larger width fac\ irrespective 
nf whether or not. the par¬ 
ticles have » -component of 
motion (Figs. 3,3a anti b), 
AF has order of magnitude 

Ar' (15a) 





Kin, 3.3. Tlia mnjpi nsjjajiiiiaa of matter. 
The oripirvwl to itu - ' durjfijj t. 

tin the inft th« rny tmvuls Uie difetmu-i- v f t in 
the ^s-Jirr^tion; CU tin 1 right i? ( = i(. 


fa 


where ft. is a rnnstent factor depending only Upon the kind of matter. 
Actually, fi is the mass of the matter particles divided hv Planck's h. 
anticipating a corpuscular explanation of the range expansion. For 
the time being let ua take eq, (15a) us u description of an empirical 
Fact, leaving dynamic*) explanations to the following discussion. 


15.2. Wui? "J'hwjtf. In the case ol Fig, 3,3a the range expansion can 
be explained by the wave theory of diffraction. Along the perpen¬ 
dicular distance the width of Lbo central maximum expands ht 
fa", determined by the proportion (Fig 3.4a) 


ds 


W: , 

mt -— or fa ^ 
vj 


Xr v f 
fa ' 


Comparison with the empirical result, eq. (15a). compels us to put 
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pi 1 ,. — l f ?. t which agrees with dc Broglie's tii\ — hjX when we identify 

{ 15 b} 


fi = hji. 


Thi' case of Fig, 3.3b is also represented bv Fig, 3.4b. showing the 
widening of si- maximum from fir to &t f during L because the harmonic 
Components of the maximum travel with different velocities, namely* 


different group velocities, The range 
of the group velocities 


in 


»-*£)• 


produces a final 6x* — t&g from the 
initial &x ™ 1 fhv. The observed 
range-fexfu-Livsicm Law, eq. (16a), tlm^ 
leads to the our wins inn 


(IK* 


or integrated, with omission of an 
additional constant: 


^ = 4 — dieperaiori law for 
v ^ matter waves. 


(15c) 



I’n], 3.4. Ths 3-nijjjf expikHflion 
ne«!filing to ihfi wnvo theory, filth, 
diSbrunoe $/. on Lbti tefl . JiLroatlttniDg 
of the r«agv from &c t o ikr' on the right. 


This law not only explains the 
spreading-out of tin 1 wave aggrega¬ 
tion from i4.r to Ax' hut is of genera] 
dgnificanco for wave meahames. Kq. (15c) gives a special value to 
the diaperaiun quotient dvfdP. 


15,3, Ma:hunktjl Theory. In order to explain the empirical rt^uJt, 
eq. (loft), in terma of free particles confined within dr at t . U t we 
have to assume that these particles have velocities upread over the 
range tiv t &r'/V, banco over a momentum range Ap t — tidx'ft. Com 
parisun with eq. (15a) then shows that this momentum range is 

Ap x ~^- (15d> 

nx 

when, again, we use the translation p — hfx, Thus, the range expan¬ 
sion is direct evidence of the uncertainty relation for particles. 
Altogether, the discussion of the empirical result of eq. (16a) can 
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be lifted for deriving, first, that matter waves obey the dispersion 
Jaw of etj. (I5c) t in which the Constant fi is related to the particle 
miifty by eq. (15b); and secondly, that matter particles obey the 
uncertainly relation, eq. (I5d). The dispension law m a direct t-mns' 
latioii of the Hieohanioal relation dEftip - pfp a-lion the tni.nslnt.ion 
laws of Planck and do Broglie are supplemented by orp (15b). 


110 , Uncertainty of the Electromagnetic Field 

16 >1* t nccfiahtii/ of Mfunurrm* »t with <1 Tfi-it i'hinjr. 'lit determine 
at a given Instant the eornfiunentH E hi id H nf the held within h 




L'lii. a.ft. Hie unueirtiunly of tbo i'WiriimuiMi<‘l.ii laejltl, Eli-uLruiw an* -*-ril it» (tin 
4.* mid - j: din‘*tifHTa thro ugh aiit« tf. Pliny m ■ |uin* uri tingiitar differm* i- 1 nf ilirL’iljon 
■Jbng fix. 


small volume A V t an electric test. u|large 1 or a Iteam of particles e 
may he sen I in the jr-directi' <n. The observed detledion toward the 
^-direction may bo due to both E. and H e . Only when two beams 
nf opposite directions, 4 - * and — x, are sent through the field, the 
angular difference of their doftactmn will *how the magnitude of H 2 
alone, If the beams have 4 ^direction at 2 = 0 and travel during 
At through the distance, bx, the field H will produce a force 

F 4 - ■ i.H. r an acceleration iv - — - r H , and a //-deviation 
c jtc 




which belongs to ft difference of direction (Fig, of the two beams : 

Ay 4 ty '2tH z fa 


a — 2 sin - = 2' -~r- = — L 


$ ■&£ tp. 

The same difference of direction will develop irrespective of the 
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■■n<v of an electric field E„. The uncertainty of the H,-deter mim- 
fcicjn jji therefore re hi. tt.nl Lu r,he uncertainty of the angle at, namely, 




CPm 

2eto 


<>a. 


(l«al 


If jj b the width uf the slits through which the he*m are admitted 
to the volume Ithe unoertainty of their direcfcfe.ui due fco dUTraatiati 
through the slit* b of the aider 


X Sml 

d-x 2rr - —-, 

V t)P* 

Substitution in (mj, {l (la) yields the uncertainty ofH.. 


(UJb) 



■nhc 


(itV) 


On the other hiiml. them in mi uncertainty of E„ due to the (Vmlomb 
field between the two be&in* wlmse distance b uncertain by dr -- m 2rj. 
Since the (Ytulotnh field is f jr, the field uncertainty is 


6E B = & 



‘If 4stj 4fi] 

S? ® - ™ ~F ~ W 


(L!kl) 


The product of the two uncertainties becomes 

Ha nop, tlit- mow exactly one tries to determine H- by widening the 
slits (lie mure uncertain liedomCs E tff and vice versa. The >j nailer 
the volume d V, the more uncertain became itm held components. 


Unrr.it■•uniif Ihir to Field Momentum, The electromagnetic field 
within Lhe vulume M' carries momentum whose ^component is the 
vector product 


dY 

l\ = - IE. Hh 

4irr 


[ts uncertain tv is 


bP m - 6V — f[E + m H + mi- [B. Hj,} 

4?re 


= W — {[*E H|. + [E. m\, + m, mi.}. 

4nr 


Therefore ftt',. in <fJ U'fi-d an, large rtw 


I 
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or of the order 

I 

&P r a* 6V — flEidH,. f 1 OF] 

4ttC 

On the other hand, the some uncertainty rip, fo also of order fifth r m 

that we obtain again 

(,6 *> 

Summary of Chapter HI 

The quantization postulates of the older theory are reduced to 
natural wave restrictions, namely, boundary conditions '-r conditions 
of sin glo-valued ness, Quantum dynamics may he dev doped fro in 
the fnndamentJiE experience of range expansion of an aggregate of 
frets matter from the width to to to' a* tffidx during f with the trails 
Cation ji — hfi, corresponding to p = hv and, E = b The wave group 
velocity coincides with the particle velocity, and 1 hr;- wave intensity 
with the particle probability. The dispersion law of waves is a trans¬ 
lation of the relation between mechanical energy and momentum. 
The mechanical equivalent of the wave rules of the harmonic reviving 
power is the uncertainty relation of Heisenberg, The uncertainty 
relation limits the predictability of future corpuscular events (such as 
scintillations, etc.) since not even i lie present state of no.-it inn and 
momentum of a particle is determined ; the classical idea of a particle 
must bo amended. Physical causality in the form that like present 
states arc followed by like future states breaks down in favor of statis¬ 
tical laws. The uncertainty principle applied to the electromagnetic 
field shows that, a sknultmioous determination of E,,. and H ; is not 
possible. 
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S17, The Schxtidinger Equation 


17,1. The ©equivalence between particles along a path of iciest notion 
and wave rays of leant wave number {$’2) is valid only within the limits 
of geometrical optics, namdy 1 when the variation of the index of 
refraction along one A is small, It, was Sehrddtnger (102$) who devel¬ 
oped the de Broglie theory of linear rays into u general theory of 
matter waves in space time, by introducing a wave amplitude function 
yixifzi) subjects I to (he genera I wave -equal ion 


3*^ f$ 2 yr L t> E ^' 

Si 1 3|f* a* ?t' A 


in which a is I, lie phase velocity , or in the usual notation. 



(17a) 


Of particular interest ure those Bolutionn y* which are periodic m timo 
with frequency v, ho as to represent either a progressive wave 



function, esp [i(2Tnrt - - ■ ■)]. Whenever y 1b periodic, y becomes 
— and eq. (I Taj, with m = rA, reduces to 


V s * 1 + -J7 V — O' 


(lib) 


A is considered as a function of ryz, onrresporuling to u refraction 
index dependant on xyz. Usually, however, a(xijz) it* not given 
directly, hut the matter system is described in mechanical fashion 
witli a given potential-energy function U(.c[fZ), and the frequency is 
replaced by the energy according to the translation rules: 



VL£- UiTtfz) j 
ft 1 


tm 
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Substitution in eq, (17 i:•) kudu to the equat ion 



<1W> 


T]ibi is the famous wave equation of Sekrodingerd If the system 
consists of N particles of m metes /q^ 2 + ■ p /i#, with 8 A" co-ordinate 
(^ 1 - 1 : x&fa* * * *) and potential energy Ufa * ' ■ %), then yi «> 
a function of the 1LY co-ordinates has to satisfy the generalised equation 



(ITeJ 


with the understanding that the wave is periodic with frequency 
f = Efh* The translation (l7o) entered in the pure wave equation 
1 17b) Inns transformed the resulting NHiriwtinger equation into an odd 
mixture of wave- and particle elements* A cla&doal state is teterauned 
by the position and Telocity of its parts at one ^ and hence at all ■ A 
quantum state is defined by the amplitude function y. 

17.2. Frm Pur title. Let us apply eq. (17d) to a single free particle 
in free space xyz. With U = t> the .Schrdduiger equation reduce- to 



u-n 


The siinpleBt solution is a plane wave with directional cosines 2 , v, 
namely 



where cl 3 ■+- 0* + y* = L Substitution in eq. {I7fj shows that I he 
wave length A has to satisfy the condition lfir - tuEjh"- = :/>//• 
The general solution of eq. (I7f| for given f-value is a auperpopition of 
plane waves of comm on frequency and different xfiy*. Whereas a free 
classical particle of energy E travels only in one direction at a time, 
the wave function y may he a superposition of waves In different 
directions Kunultfliieously, 


$ IB* Simple Eigenvalue Problems 


18.1. A Particle in a Bax. Lew trivial results are obtained when the 
particle is confined williin & finite valium which for the sake of sim 
plioity we assume to be rectangular, V = X YZ. One then has to 

1 E. SchrfidiivnpW, A W- Phywik 79. 3fil* IS-y 
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impose on the ^-function the n&tiiriil boundary oondition, y — 0 uloiip 
tin walls, yielding a standing wave (omitting the periodic time factor) : 

y{xyz) = sin {kkjc) sin {tefty} fin (sy*) ( l 8a) 

wi Hi = 2rrfl and 


Jfew 

*« = '^1 K P 


lit mit 

*7 = ~Sr 


r 


Z' 


(i8h) 


whore k r L vt an? three integers nr "quantum numbers". Substi¬ 
tution nf e(j. (18a) iti eq. ( ITf) yields x- = '' E ; hence, with 

« 

( ho boundary condition thus (earls to quantized values nf thu energy, 
obcuikCtenzed hy the throe numbers A, /, m„ Eq. (I be) represents tho 
of the parl.icle energy within tile volume A YZ t and 

ifixyt) = aiii {kn an (^h y r ) sin (uitt (iHci) 

are the corresponding eig&ifuw'lions in the same volume. 

18.2, The Rotator in a Flam. The classical model of a rotator m a 
particle of am&i p revolving with variable azimuth p on a circular 
path in a flawed piano. The potential energy is zero, Since tp is tho 

l 

only co-ordinate, y is & function of® only, and v a y reduces to „ 

T l drj 1 

After multiplication with r* the Sehrijdinger equation Lie comes 


d a f 8 ir*IE 

V + “IT*' 


0, 


(!*>) 


where / = pt' 1 , 
such aii 


The equation is solved by functions periodic in m t 


r/' t — Sill (fy), COB Up), e^, f '* v 


tiar> 


provided that the parameter it is chosen so that A’ 3 = that is t 


A- 


when 


E - E k = 




im 


On the other hand, the functions ofeq. [ I8f) are required to be ninyle- 
valmd, i.e., they have to satisfy the condition tp[ip} — ^'<7' 4- -xrj; this 
condition, which replaces the former boundary condition in case of 
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angular eo-ordinates, is satisfied only when A: is an integer* ( i®g) 

then re present* quantized eigen values of the rotator energy 
The four functions of eq, (1 sf> are not the only sigenfunetionfl 
Udonging to A\, Any linear combination of the four eigenfunction a 
with arbitrary uoimt&nl fa 0 tore i? also an eigenfunction f L belonging to 
the same However, various eigenfunctions y^ of the rotator can 
be expressed linear combinations of only hro linear independent 
eigenfunctions* and £\ then is said to have a fivofofd. dnjw Piracy, 


§10* Orthogonality and Normalization 


19, L Eigenfunction* of the SchrbtUnger equatim i belonging to differs tit 
eigenvalues A'are mutually ortJwgmtal. be rl they satisfy tire 
condition 

— n k* r Em & E«, (lUa) 

where yi is the complex conjugate of y f and >1V is a volume trieim-Jit in 
3iV-dimc*n@ionat apace (% • ■ ■ *jv)- Eq. (10s.) inuy be proved as 
follows: Multiply the SchrBdingor equation 

VV„+ €?(*.- V)Vm=0 by 

and the complex conjugate equation 

V a V« + U)y n = 0 by 


subtract, and integrate over space : 

mv*Vr» - fmV*9J*V - C{JB m - EJSfwl 1\ i l»b) 

The integrand on the (eft can bo written aa the dittrgrnce of the 
3 jY- dim ensional vector (y.u.V P*— VmVP™}- ^ be space integral over 
div transforms into ft surface integral over the bound tv of the minner I 
component of the same vector. The surface integral wntiht* since 
the eigenfunctions either vanish along the boundary. or, in case of 
angular co-ordinates, have the same value at the boundary >- — '> as 
at the boundary <f = 2?r of the integration range, from the vanihLng 
left-hand side of eq. (19 b) it follows that, the right-hand side ds-> 
vanishes so that eq. (19a) is proved, provided that E n =£ E m . 

The integral of = | v-,[' bus a Unite positive value. By in¬ 
cluding m y M ft constant “normalizing factor. 1 " one always can obtain 
unit value for the integral of \y\~ » that 




— I for n- = iff- l 
= 0 for ft ^ jh,| 


\,m.) 


When the function is normalized lo unity, then ,y n |V[ may be 
considered m the probability of the co-ordiFifths of the system being 
found within the volume element d I 
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Different- eigenfunction* belonging to the name eigenvalue {in case 
of degeneracy) may be, but art' not necessarily, mutually orthogonal. 
For example, the eigetLfu notions t iIr and c~ iki <jf the rotator are 
mutually orthogonal, and so are the two eigenfuneLions sin (%) and 
cos (fy); however, the function ^ ilT is not orthogonal to sin (A.yb The 
two functions t** 1 * and e can be normalized by factors l/Y2i r, 
and the functions sin (fep) and cos (Jty) by factors lj\ rt. 

19.2. Let y* ■ - ■ x x be « linearly independent eigenfunctions belonging 

to the same E,.. hut neither normalized to unity nor mutually ortho¬ 
gonal- An orthogonal *e.t of nannnliztd f.irjenfimctiuiiJi ■ y* G*n 

bn constructed by linear com hi nation in the following fashion, known 
as the Schmidt oiThouo Finalization method. Put 

ft = ] 

V*t = a 1*1 + b sZv j t 1 ® 4 ) 

n = "aft + + CsJfjJ 

etc., and determine the coefficients by the conditions 

Jlml'w = i, I 

J|y-,|W = 1, = 0. (lOe) 

/j*]W = 1, JVaVirfC -- 0, J'ftftffP = «J 

etc. This is one equation for Oj, two equations for u % and 6 3l three 
equations for fi A . h s , e Q1 etc. A mora general method for eonstmeting 
ortbemorma] sets y from eigenfunctions y is discussed Li gUU, 

19.3, It will 1 m? noted that there is a close formal relation between the 
classical energy equation of a system 

(£-P) = « 

and the Selirtidinger equation (L7e), The latter is obtained when 

p k is replaced by the operator — ih ™, (IDf> 

assuming p k and q k to lie canonically conjugate variables; that is, the 
oLftsaio&l energy equation IJ{q t p) — E is replaced by the wave equation 

// ^? r - in ~j y = By. 
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£20, Hie Harmonic Oscillator 

&0,1, A linear harmonic oscillator is dussiculity defined as a particle 
□f muss it vibrating with natural frequency rr, Its potential 

energy is U (j ] kutjifjx*. The Sehroi linger equation. becomes 

^ + -jfi {&- <-<*) 

The boundary condition *p = 0 at x = ± oo for the ei^en function! b 
necessary in order to obtain integrubfr yj-funel.i rms. U'i* first simplify 
eq r (20a) by introducing the dimensinnleB& quantities 

' - st a,Kl * = (x) * (20b) 

so that y(jr) becomes a function ^(-Y) «ubj octet! U» (life equation 

4>* + (2<f- = 0* (20e) 

where is the second derivative with jv--['w-ct ti» X to -■ 11!-■ 
solutions ^ vanishing at ,Y — ± yj wo ennsidet the last equation 
at large |„Y| where it reduces to $’ — X*cj> - 11 and has the :vlutinn 
$ = exp (± $X a ), Only the minus sign agree? with the boundary 
condition. Wu therefore introduce the exact solution of eq (2uej in 
the tentative form 

MX) = exp (- i X*) ■ u(Xl (2ud) 

whose substitution in eq. (2dc) leaves for «(Xj the dillervothtl equation 

u m — 2JKV 4 (2<f - l)a = (X {2m 

We try to solve it byjfr/ii/e power series in .Y since infinite rie- i light 
jeopardize the boundary condition. 

The simplest power series is 

/. it[X) = L 

Substitution in tq (20c) leaves (2/ I) = iJ t hence tf = i and B 
= Wo have thus found the first eigenvalue ami eigenfunction 

rot*} = <M ^0 = exp (— IX*) for E 0 = ( 20 fj 

Aa the next power series we try 

«{Jf) = 14 a Y. 

Substitution in eq. (20e) leaves X {— 3e? - 1 %&o ) - 1 - (2^ — I j = H, 
There i? nn poteible □ hoi os for £ and a £H> a* to make both brackets 
vanish for all X'e, unless n — u. which is the former case «(X) = E. 
II will be shown below that only a aeries with oven powers of X or n 


CHAT, TV 


/!? L EM t: v f -i /? r ;r .4 rif fit -jj a xst 's 


ftfl 


Rerifls with odd powers of A' is apt to be uii ni^eafunction, so tlmt p is 
either oven, v^-) = V't - odd, — — ?'<— .c). 

We next try the odd power wrier? 

/ 1. w.(Z) = X. 

iSiibutitution in ex| (20 d) leaver A'(2^— 3) — 0, which is .satisfied by 
<f — 3yS. We that find 

£i(Z} = exp f— IZ 1 ) ■ X for JS t — £&v 0 . (20g) 

The even power series 
lit u{X) =\ + aX* 

leads to 

- Tm} + (2a 4- 2*f - 1) = 0. 

In urder to hold for all A*. either bracket. must vanish. The lost 



Fkj. 4.1. ^I'funotiniiB rif Lhfe lmt'iir tmnrujliic OHK-illi^r-<lr- Tim flw lowest ^i.Ljcnfima- 
liciiaa have t>, 1, 2, 3 k 4 iimtuj, ranp#x:ttvtil5', 

bracket. Vanishes Tor <■? — |(1 _<j), Substitution in iha first bracket 

yields u — — 2, fiance £ — ft/2. We thus find 

4(A'J = asp {- - 2A Ta ) for E. £ = (flOh) 

Altogether the eigenvalues are 

E n = (n 4- for 'K a O, 1,2,* * * (20i) 

in contrast to Planck's assumption $ n — nfw> u . The eigenfunctions 
dtX) belonging to the five lowest eigenvalues are pictured in Fig. 4.1. 
The wave functions range from - X to -f- go, whereas a classical 
particle oscillating with energy E„ would remain within a certain 
jimUs range of the /-axis. 

So fur we have found eigenfunctions mid eigenvalues by trial and 
error. We now turn to a systematic solution of the differential 
equation (20e}. 
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20.2* Let us put 

u = ZAfK*, hence u* = ZAijX 3 ” 1 , (s>Oj) 

= XAtjij- - Sd, + t ij + 2)(i + 1).V J . (20k) 

Substitution in erp (20e) yields the condition 


V,Xi[A s + fi (j f 2)0 4 - l) - A f {2j + 1 — 2J)] = 0 + (201) 

To hold for nit values of A" the factor of on eh A J must vanish separately, 
y {elding 


Aj+t 3H 
it (i+3Ki+ ir 


(2<hn) 


Tins is a recursion formula for the coefficients. Aq determines 3,, 
and A 4> etc., end A t determines A v rind I r> , etc. The first t»o cc 
efficients, and d t , may ho chosen at will, i'hi^ is oemnectcd -with 
the fact that eq. (20b) in a differentia] equation of the second order. 
The choice Aq = 0 yields an odd power series, and j. == i,i yields mi 
even power series. When we want A t A 11 to he the Ju-nt nuuvanUMng 
term wc have to provide for A„ to be zero, which o the ea>? F 
according to eq. (20m). when 2 n + 1 — M = 0, or 

& = n + 4; hence, E — + J) = E n . (20n) 

U'e thus have found h general formula for the - j.yrm /,..,i of the 
oscillator. 


20,3. Next we turn to the eigenfunctions. .Supl Ml ^ ri in eq, (^un) is 
even. The even power* in rr(A’) then break off with A n X" but the 
odd power terms will go on indefinitely unless tip choose A t — u. 
Vice versa, when n is odd, we have to ehoq«e J Ll = 0 in order to obtain 
ft finite power series. Thus, w(A’") must he either :u> even nr an odd 
finite power series, called t;„. 

The coefficients A % in the power series n n may Ih- denoted a.' .1,' 
Tile nth eiganfimertion then roads 

MX) - exp (- (20o) 

whose coefficients satinfy the recursion formula, using = 2 ji 4- 1, 


A\ u l t _ (2J+ l)-(2« + 1) 

- u a m + 1 ) ’ 


W 


When choosing A n I nr A t L, respectively, one obtains the series 


MX) = 


X 1 2X l 


X - fZ a 


1 - 4X* + 4 A'* 


etc. 
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Apart from constant factors th^s series am identical with the Hermits 
jmiytmmuila for ri =* 0, I , 2 ‘ * ■ 


tf.(X) - 


IX 4 X 2 —*l 


HX : ' - VIX 


16Z 1 48Z* -j- 12 


etc. 


generally defined by the formula 


^(.V) = (- If ft 


“i .JO 


<T 

nLY f 




fSOq) 


Alter supplying cmmtHjat nurtmdiaing factora the nunnaliaed eigen¬ 
functions are 

e/j 0 (X) = exp {— 14 2“ [)“' ! *H n {X). (20r) 

It may Iie left to the reticle!' to derive the even and odd power series 
tcj'A' ] simply from the Condition that </j t Ls 
orthogonal to <fe r and ii 4 is orthogonal to 
and <£ fr etc.; uml that c^ is orthogonal to 
and r/S, a is orthogonal to <& l and etc., using 
the formula 

3-r. ■ ■ ■ (2 n- J) 


J 


c ^ \ 

r ^rf^dx = V if 




Kvcry even i/j. is automatically orthogonal to 
every odd ^ 

The probability density j K |- is Unite at all 
x {excepting the nodal points) in contradic¬ 
tion to classical mechanics which allows a 
particle of energy A r to oscillate only along 

«sr 



\*\ 


i^i it) 


Fm. 4.2. Tbs annrgy 
IovgSm of ttw muillutur.. The 
horizontal lines within tin? 
PivtuTki Lie potint iul-anwpy 
rurvo uHlkcoto 11n* ,r-nangu 
of a eland aal piirtick>. The 
ipananga BJitcrulR from, tr — 
- 30 to + 3G. 


so as to secure a positive kinetic energy K E — U. The dassicaJ 
range is indicated in Fig. \ 2 by the solid lines drawn at altitude E„ 
between the tf-eurm There is ovidonoo, however, that particles can 
“tunnel through” a dftasicftlly forbidden range {§‘21), 


& 21. The Rotator in Space 

21*1. The classical model of a rotator with a free axis in space is a 
particle bound to A Sphere of radius r. Wave mechanic’s requires the 
rotation energy E to be an nigenvalne nf the ►Schriklinger equation. We 
tiral rewrite V’l/ 7 in polar co-ordinates, by virtue of the transformation 
X — >' win ti cos 7 ,. y - r sin 0 sin I = t ooa 0, 
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and conversely 

¥ = arc tan (y/.r). ft — tire co* [zfr) r r = (x a -I- }/)' \ 
from which follows 

<hp <Nf 5^50 dr 

5s 3x 30 5ic 3r3T Ke <Jr ’ 

and finally 

#* - M 1 (*" *) + r> Ui i (“" s s) + 5)- 121,11 

[Starting from the elas&ioal kinotio-aneigy expression 

4^«^ + aS}]i 

the simple replacement of p by ihN/Sy would lead to eq.. !_ tn) oiih 

when the olnsgioal ^ is first written in the form “ p r - r-p and the 

F“ 

I 

d&wiciil jFjf in the form ;- p 0 sin flp#.] In the present CftfiO. w here r is 

ern ft 

constant and is a function of (t and f only, the Hchrodiager equation 
reduce* to 

(sin 0 + .. VJ -f Cf = 0. (21b) 

\ 98/ ' sin 1 ft iV 


am ft 9 ft 

with the abbreviations 

3 pr*E 


C 


on* 


■ T hence E — —with / — pr**. 
h £ 21 


(21c) 


21,2h hit]. (21b) can be solved by the meihoti o/ reparation, considering 
0 , ^) as a product! 

As a further specialization we assume $ la be a ibigio-valuod function 
exp {ittup ), w here m ie a jloai tive i *r negative integer i iid t 1 ■ ling zero VVit h 

= vt**»p), <3id> 

eq. (31c) reduces to an equation 


i 


d 

--- sin 


. -in 9 S 0( 9) + (' C! - ) 0(0) = 0 (21c) 

sin ft dft dii \ sin* 19/ 

for the unknown function ©(Ah It re convenient to introduce the 
variable 


% — cos 0, tit — — slin Odft. Pfs) = 0(0) 
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Eq. (21o) then rcadH 


*«*-■*> 


p'i i- 




0 , 


tm 


A closer investigation rtf l.ii-e singularity at z = I and z = — I shows 
that P(s) must be of the form 

P(3) - {l - (2lh) 

Substitution in eq* (2Lg) leavea for P{z) the equation 

(I - z 2 )P' - 2(jm| + IJsP* t (V- [»| — ™ a >P - 0. (2h) 

To solve for P(+) we substitute power Hcratvn 

P = J lA*i. r = 

F TA tit) 1)*' = - SJ, * t i) + 1HJ + 2)J' 

in oq, (21 i) uml arrive at, 

MU + w + *m, t«+ [c- o + M)U + H + i)M ( |=o. 

The factor of A for every j uniat vanish separately, hence 


A 


i * _. 

A> ' 


(j q- «r|](j 4 \m\ -!- ]) — t 1 


(aikj 


fi + w + a) 

Tliis isn recursion formula for the La particular., and A t may be 
chosen ttt will. With A i 0 cine obtains an even j tower series for 
and with = o, an odd power serins. 

Tit seen re yr -fun et inns without r- i ii^ru 3 n. rit l<l j m the power series are 
required til break off. with A 1 mb the last, non vanishing term, and 
with A t A t . |. etc., vanishing. _ a = 0 it? satisfied when the 
numerator in eq. (21k) vanishes, i.e., when 

C — (£ 4 4 |w| 4- I), or V — 1(1 4 If 

where we have introduced 

l — k 4 I** 1 !; henoe, nr = J, / — I, - ■ — l, (2II) 

The energy, eq. (2 Jr), of the rotator now becomes 

It m typical that the eigenvalues are obtained without explicit knowh 
edge of the eigenfunctions, 

S1.&. We now turn to the determination of the* eigenfunctions of fC f , 
Substitution of eq. (211} in eq. (21k) yields the following reeur^ion 
formula for the coefficients at given I and m: 

jifit (j 4- MXj + M + ») - Ut + 1) 

w .(j+w+sj 


(21n: 






flu 


VFJ 'HASIf .s 


PS 


with as the hwi non vanishing coefficient This recursion formula 
leads to the following power serins P{z} for various l — £ r |w| anti 
|w|, indicated by the symbols to be used in ecj. (21h): 

n - i t j*=*, p* = its** ~ i h n = 

P\ = I . PJ — / J i = |{ I Si* - 3) I 

Pf = 3, PI = 1 o? J 


md m forth. The coefficients l„ and are chosen mo that tbe I*' are 
the Ugiitdre polynomials . The “associate polynomials'' A™ arc 
obtainable from P( by the differentiation 

j|»l ! — 1J* 

P1 " <3) = f>?M ' wl,ero = T& W '• ,a,p) 


The complete eigenfirnction is eharaaterfeed by the two q uantum 
numbers / and m and reads (with z — nos U): 


- e'**P(t) - ^(1 - r*r' j ■ fl" f=}. 

= s 1 ^’ G) 

to be supplied with the normalizing factor 

'2/ + i (*- M)P % 


(^1 


■•[-; 


2 (id- HhJ ‘ 


f'ilql 

(2 If) 


For one value of f there are t( r I different eigenfunctions 
Whereas the quantum number t determines the energy and the augukr 
momentum .4 = \ 2/ E, the spatial quantum number m determines 
the SKSomjKHient of A, namely. % ~ rnli with 2i' '- 3 valuer ct m, 

The general eigenfunction belonging to E t is ft linear comb in uion 

r) ~ '?)- 

The theory of the rotator can also be applied to any system without 
tortpii'. e.g. k a rotating dink or a molecule. The energy, eq. I - I m K i* 
con finned by the hand sjyr-atrft of diatomic molecules. 


$22. Central Field; the Hydrogen Atom 

22.1. A Central Forte FiHti. When the potent]til energy F’ ilepemU on 
the distance r of the partide from 1 he wm }wdnt only, the Sehrihlmger 
equation may bo solved by the method of separation, assuming 

v (r T 0, rp) = (22aJ 

Substitution into eq. (17d) with yty replaced by t?q. (21ft) in polar 
co-ordinates causes the equation to split into two separate equations. 
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Indeed, letting the product DH be a solution of 



requires V =7(1 + I) and 

O < 99 ) - ( '*"•* and @{0) = sin lwl 0 - ^'(eos ft} 
of eq. (2Ic|). For R\r) ime is left with tile equation 


(22b) 



(22c) 


[When one introduces 



tq (22eji silnipliticM to tlir- following equation for u\r\ ; 



1 Jj Case of a Coulomb potential, eq. (22c) is more convenient.] 

22.2. Coulomb PoiuUml, In the special case of / ,T (r) :.c„. 

for tin electron in the field of a nucleus Z> eq (22c) Juts the form 



with the abbreviations 



(22g) 


E > 0. For positive values of the energy ft 1 , that is, for jjosit.ive 
A t the equation at large r Kob the aoItttkfU (t>\ .]) which in periodic 
at' infinity ml iter than vanishing, hid live energies are not restricted 
by boundary conditiorm and they represent a continuity of values, 
similar to the nrntimn ms energy sjientltim of thoSotUnicrfcld hyperbolic 
orbits, 

ft 1 < 0. When E <: ih one W*y introduce 1 he dirnensioalcsB real 
and positive quantities 



Eq. f22f) then read.- 
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The solution for IdTge x vanishing at infinity is exp (— l.r). We there¬ 
fore 1 substitute the tciuJ soliition 


into eq. (2'2i) and obtain for r(i) the equation 

7J-1 l{l+l) 


im 




S-O'+D 


]• 


i 7* 

Introduction of the power series v{x) — Xrj 3 .;r J yields 

- I - 1 +- n,utj - 1H 2j—W + 1 11 *' '} = i>. 

(-hanging (he summation index in the stiound purl we may write 

instead, 

Sj»* '(«((« I - j) + fly + ,[(./ 4- l)(j + 2) /(/ 4 I 111 = 0, 

trading tit the le curs ion formula 

«j + . D-U+l) 


«* Ht+ I>(j + W 

ft, determines rt } . ,, and set forth. However, eij. (221) yields 

«i I) — l 


tm 


i 


0 


hence. a t , must vanish [unless D = l r in which ease the relation 
«J<i{ _ | — 0/0 would indicate a breakdown of the method of solving 
uq. (22k) by a definite power series]- S imila rly from 

0 «i-1 J&— (|v- 1] 

= = W+ 

it follows that *ij m must also vanish, and* in general a } - o for j - : L 
We thus arrive at the result that f?(#) is a serifs beginning with x l : 


{22m) 


i + * 

c(*) — X a t xK 
< 

If the series is to break off with x* ' ‘ ns i ho highest nun vanishing power 
we 11 must require fq _ A . t = 0; or. no cording to etj (20]), 

!>=*+*+ t. (2211) 

bo that the recursion formida reduces to 

off , _ l + k-j 

«f nf+ 1)-(/+ iKj+sy 


(22m) 


with j running from ! to I 4- k\ When one introduees the integer 

»■ = t + A‘ + U (22p) 
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the condition riSud, namely /> n hceomv.s. laee&UHe of eq. (£2h) T 


E 



2tfV£> 1 
ft* ' n' 


V22 i|) 


The elected eigenvalues depend on the principal qm-nhim number n 
and are in agreement with Bohr > value. Aeejfjrrlmg tn eq. (22p), I runs 
from (1 to n - 1 when k runs from n ] to 0* 

Turning now to Liu- fdgenfiitiet ions, thi-recursion formula (22id it< 

a f'< i _ "~(J'+ n 

<’ w+i)-y+iM/ + « 1 

and leads to a power soricw (with ft == a — f - E): 

^ - a** 1 = v„*fr)= j ,f £?; i ( 22 a) 

r 

the lost factor being till' 1 (2/ + I jst derivative of the {u | /jib fMffu&rrt, 
pnUpwmial /.„ , u) -= L p f,rj, where 


p 

0 

1 

2 



(*C) 

] 

1 - j; 

2 -hr + j? 

tl - l&t + ttr 2 — -r 3 

id r 


*nd, in general, 

L t {x) — e* -j— {** t~*l (22t) 


The quantity j- from tup (22h) in 

,- 2Z 

4 = r ■ $V — A = r ■ —, [22u) 

aa B 

where ti 0 is the first Bohr radius. 

The eigenfunction^ belonging to the discrete negative eigenvalue 
are (omitting nor.mii.lty.Eng factors) 

vu*ff. 9- r) = -Rn,i£r) ’ ®f. J0) ■ $Jv) 

= e~ ' sin ^ OPj^'fooH D]* 1 *** 

when? r ffi For a given prmeipal quantum number « 

there are /? I valuer of the azimuthal quantum number /, and for 
every f one has SI + 1 values of the spatial quantum number m. 
Altogether there arc? n* mutually orthogonal eigenfunctions 
belonging to the one eigenvalue E ri . 


22.3. The. Turu-partich Rotator. A mechanical system consisting of 
dio partirl&f id UUtsse?* , tl and /^ T res actively, with a mutual potential 
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energy fj(y) depending on their distance r may be treated similarly to 
the one partide rotator. The energy is 

E -= Wif + -) + W*s +•■■) + f(r> (22w) 

in tonus of the velocity components, We introduce the relfiUt-t 
co-ordinates Tyz and the co-ordinates of the cta.frr of \jrat'tty 
defined hy 


With 


sbh, etc., and f - ^ ^"'o etc, 

Mi + Mt 


(32s) 


the energy inay be written in the form 

B - + if + p) + l«(i* + ^ + i*i 4- tV> 

and tuuillv in the form 


E 




ir) 


= B* + B*> 


with P — momentum of translation of the total mass if, and /• — in¬ 
ternal momentum of the system relative to tit© center of gravity. The 
tiontMpondlng Schrodingor equation ia 



) in \Sr* 


4- 



T 3f®} — 0, 


The product solution 

’r - V-t^)' ztfniJ- «ntl E = E u + E m f-S2yJ 

w substituted in the last equation : it reads 




- * X 


+ 


* * [fj vV + $0* ~ )r] ~ u 


Tills equation is satisfied when each bracket is x*to separately. The 
first bracket become** zero for any plane wave 

x(ltyE) “ [ r ^jf : ■ **0J« 

The o.im^xmding eigenvalues of the translational energy and monif-n 
turn are 


with A 4 — (fcf 4 £| 4- The t’a may have any noniutegni I values. 
They are restricted to integers only in case of ll finite volume. 

The wemtii bracket equaled to zero is identical with the eigenvalue 
problem of a particle in u field of potential energy f'irj, except that 
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as 


[.hi 1 OOttatfrnt ti now stand* for l hr- tedwtd utn&s, siciinrciing Uj eq, (22x). 
This ia important- for the LumipFirim m of E Ite Hpoetm of Atomic H, He + 1 
iiiJcl Li 4 1 , pointed out by N- Bohr in 19 Ift on the basis of the older 
quantum theory, 


§23, H-Atom in Parabolic Co-ordinates 

23,1, We now solve the Coulomb field problem in parabulia Co¬ 
ordinates defined in terms of the rectangular eo-ordinates 

x = VW. ow if\ y — v^am v , a = ?ih (23a) 

y. is the azimuth about the saxis as before. The inversion of eq. 
(23n) isi 

Vi = r -f t, r/ 3 = r z, r ~ £(?, + (23bJ 

when /■ is I be distance from the zero point. The surfaces q 1 — const 
n>r (r 4 z) = const are paraboloids with —z aa principal axis: q l£ 
— const defines paraboloids with -j- z u.s axis. The volume element 
transforms to 

d T = tixAifth — + q. 1 'nlq [ dq,/itf. 

Laplace g operator in parabolic co-ordinates ti? 

. ^ 4 fi. 3_.A i_ "|, J_ i* 

V Vi + Vs Lrt^j * h 3fo Sfr 9 * J ' V 


(23c) 

(23d) 


Substitution in Sohrbdinger'is equation yields, after multiplication by 

+ 


2_ , _£ % . 4 (I , ijt 

4 \g, qJ-3& 


jpEUft-4- 9MB 4 = (23c) 


/ 


We apply the method of separation and split y into three factors; 

V - GifVi) ■ QM ’ ^ith ^ 

Substitution in eq. (£3o) and division by leads to an equation 

consisting of two parts, the first depending on q t only and the second 
on Vs only. Their yum is zero, hence each part is a constant, + h 
and — h respectively* We thus arrive at the equation 


f <i d 

* df, + 


tiE m : 

7T 




(Zr*, 


r ^ 4 


)j £i(Vi) = 11 
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and a almilar equation fur <fn. with —6 instead of + U. 
equations may be condensed into one: 


where 


<pq i m 

dq* q dq 




(23f) 


(is*J 


with plu^ sign for and mify nw sign for tj a . l 4 iq. (231) in -.imilwr in 
eq. (22ff and may be solved in iin analogous fashion. The condilioil for 
finite power series now reads 


H, |m| + 1 , _ B, H + 1 
V=A = — + ^'v^4 = 2 


(23h) 


where and % are positive integer's including zervo Summation of 
the last two expressions gives 

(Mi H- x — A = | m | + H~ % + I = »- 


Eq. (2-ih) with B l -f Ii s = ZftE*f T 2ft* yields the eigenvalues 


Zt'f* l 

' W ‘ 


(231) 


depending on n imly t whereas the eigenfunctions depend on the three 
quantum numbers n L njm in the form 

nw= Q.M-tKMJ 

in which |wq u L 


23,2, Acs tui example, take n = 3 where m has values 0, ± 1 — Si. 
In the two cases m — ± 2 there is atu.- ptfcMiljili.l v for (tq ■ iq), namely 
(€i + 0). For wi = + I thereare two possibilities, (fl f 1) and (I 4- M J 
Fur m — 0 there are three possibilities, (0 H 2), 1,1 4 1), and (2 - 0), 
Altogether there are 2 i l+ 2*2 4 3—0 different states tt^um for 
n = 3. In general, every eigenvalue E„ belongs to mutually 
orthogonal eigenfunctions y\..T hie is the sanio in fold degeneracy 
which we also found in ease of polar co-ordinates with quantum 
numbers Him-. Tn contrast to the states y\\ m . which are closely related 
to the elliptic orbits of the older theory, the states have no 

direct relation to the orbital picture. The solution in parabolic 
co-ordinates, with z as axis of ^yrmnetry, is of importance when the 
1-3 -atom is perturbed by an electric field parallel to the :■ direction 
(Stark effect, §32), 
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rn- The Normal Zeeman Effect 

24-1* The moimrntum of a dmrged partied? in the presence of n magnetiu 
field consists of h. kinetic and a potential part, 

£ 

p = j/.? 4- ' A, (24a) 

t 

where A is the vector potential from which the magnetic field U is 
obtained as 

H = cnrl A — V X A. (24b) 

The potential energy of the same particle is f I when I’ is the scalar 
electric potential, The energy of the particle in the electromagnetic 
field consists of a potential and a kinetic ^wirt, omitting the rest, energy : 

f-.F + Tft^-.F + T (■-**)* 

— r+ &~h* ■*+{}&)' < 34c) 

hi nonrdalmstic approximation. Let us consider a constant magnetic 
field of e-direction with components 

H. = 0 = H„ and H T — H. 

It can be derived by virtue of cq. (34b) from 

A. = — \yH, A„ = A, = 0. f24d) 

When the quadratic term is omitted, the only magnetic energy contri¬ 
bution in cq> (24c) becomes 

- ~ (A J. + AJ, + A,p,J = g ft®.-— |JiV 

where is the 2 -oomponent of the angular momentum. The energy 
of a system of electrons (atom) then becomes 

E pH 

#=p + s _^--. f „ me, 

where /' w the potential energy of the electrons in the atom, p K is 
the moment ran of the A’tb electron, and is the usomponent of the 
resulting angular momentum of the atom. 

24A Wave mechanics replaces 

a 


S24 
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With omission of the quadratic term, eq. (24o) then leads to the wave 
equation 


^ i-VVr 4- [& — U)y> — f J iti ~~ = 0. 


2cfi 


A'k 


i^f] 


When the trial function 


V'(r,r. 


Ms 


y 9-m ■ * o 

= 1 ■ * Ms ■ “ ■) e*P [&M K 9> K l ^4g) 

is introduced, the Inst sum in eq. (241) become* t(£»t £ }y ^ ri/i^ r and 
eq. (24f) reduces to 


SvW + ^t(-«’-tr)+ *»] V 


0, 


In order to leave i/> unafFoeted by a ulmulbaneeus addition i>f 2- to 
each ^ t (rotation of the atom as u whole), w must bti mi integer. 
With the abbreviation 

= S + ^ in*. |!!4h) 

due 


the last equation assumes the simple form 

+ P)f 


(- 41 ) 


The ^-function of eq r (24fj t-hue is identical with the yj nothing eq. i24ib 
but belongs to the energy 


(i+i) 


$ — gb mil, 

2^c 

Apart from different time factors, exp (■ dfr/A) for exp (— 

/>;£. y-/uaen'oiw ifliift jteM are (he. mme ns fArtse without jteM. 

'I'iie magnetic energy of a magnetic dijmlc of moment M in a field H 
is Lbe sctdttr product — |M ■ H) or* in D&ae of a s-field „ — M r ■ Af 
Etj. (24j) thou indicates that the atom in the Hold of inaction 
displays magnetic momentum components 


„ sh 

M = - -- tn 

2pe 


(24k) 


which are multiples of the mn<jnrion : 

quo magneton = eTi/^/te — 0,9273 x 10~- u erg/gausa, (24|) 

f^inw m has the values 1.1 - - L where l is the quantum number 

of the angular momentum of tilt atom, splits into '21 + I magnetic 
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levels spaced at intervales A<f = ■ — //, p r h tine ioomponent of the 
angular mechanical momentum and bus the eigenvalues* 

p = ml. 


(24m) 


The ratio between Mi and j> tjeeomea 

M r * 

p f 2ac 

The snrtie ratio follows also from the da*stc&l theory of the orbital 
motion of a particle (or system of part idea) of moss it ami charge e 
in a. field of central symmetry where both and M ; have constant 
values according to the principles of mechanics. Actually, the ratio 
is tj times Os large as in oq. (24in), where g is a factor whose 
various values are ascrihahle to the fact that the electron lias ft spin. 
Whereas the magnetic energies of eq, (2-1 j! lead to the normal Zee man 
effect-, the spin produces the various patterns of the anomalous 
Zeeman effect (refer to §&]), The discussion of the normal effect is 
continued in f Gli. 


§85. Transition Density 


26>1+ Tins normalized wave intensity |^(r||* of u particle in the state 
uf energy E may be considered a& a ('reduced) matter density bo that 
the mass demity at the point r fa ,«|v{r)| a and the charge density is 
Those who prefer a corpuscular interpretation may consider 
“dr as the probability of Lhe particle in. the volume element dY, 
and yfOl* ^ the p r^habi i ify dtiti s tty . This is Born's statistical inter 
prctAtion of yr, The total probability obtained by Integration over 
all volume elements is unity. When the system consists of N particles, 
the wFivc intensity at the place - - • in configuration space is 

MV* ' * * * - (25a) 


and this intensity may again be thought of as a reduced matter 
i family or aa a probability density in configuration, s-pacc so that 
| j “tf 1'jcl T' B - l ■> la the probability of the first particle in rff, nnd 
jdmult&necmsiy the second particle in d V v etc. The total probability 
of all pn&dbfa configurations is unity when v* is normalized. 

Consider nov iu physical quantity defined as a function F{r t r t ■ ■ -J 
of Due co-ordinate® of *V particles. 


■ In thp magnetic field, where p is the sum |S4 ji), th« kmajie part j«t IarrtMH we 
touch an I ho potarntiid pjirl l Afc daortMtsca, no that, = mh with (ir w-a junji PihJi] 



70 


QVANTVM MKVHA&H '$ 


4 


m 


Tn various configuration* rp-j • - • the quantity F has various values. 
When the special values F\ F\ ■ - ’ occur with probabilities p\ jr 
■ * - the mean or expectation value ■ >f F is 

Wf 4- F°[>* + • ■ • 

P'+P* 4 * * ' 

amE in the present ease, with eq, {2;la) as probabilities, 

(F) = /J^,r a * ■ -)| V ^ ■ * -WWjVt ■ * *, (2flb) 
Kince the denominator integral is unity, We write the last formula 
in the abbreviated form 

(i’) — /ff{r)F(r)irtirjtf l\ {25cJ 

where r stands for - ■ . a? T for d I ,f/ L ■ ■ and y is the complex 
conjugate of yi It is irrelevant whether 

y(r) or T(r, () = tfrje' “«* i±fo) 

is entered in the integrand since the time fn■ t■ .r cancels in yy 
Tike mean value of F in the state E is constant in time* 

An atom is found either in ti state of energy E without emit i Lug 
radiation, or in a state of transition from E to E when emitting or 
absorbing a photon of energy h v = E '— E" From the wave point 
of view, an atom may be in the slate of amplitude function T jE 4>%I|i 
or in a state of superposition of U.j wave functions so as to produce 
(he intensity 

IV, + Trl* = |HVI*+ rn-l' ¥,¥, - 'Tr-'l jr. (tSe) 

The first two terms are constant in time; the third and fourth lemim 
have periodic time factors 

]jy — [$ K 

and tr* vl , where m = -—^~ £25f) 

imd are known a* the superposition densities or tmuMiton d*:n-otuo 
from E r to E* and from E‘ to E\ respectively; 

r^V = fPi; ¥<r CX P [h'-vrr^ = transition density from F‘ to E 2%) 

The former probability density ('!', - is a special Cftae for ft "cruTihition 
from E' to itself." 

The mean value inf the quantity F(r) in the state of transition 
from E* to shortly pronounced the tmnnitfon imhit of F i- defined 
u« a gWkeraiiSal ion of oq. (thie): 

Fpe* = .f yj) Fir) p r (, r)d V * 6J£p ( iet eir t 1. 12®h) 

It is complex conjugate to One often defines f L £ . a* r space 

integral only, taking the time factor for granted. 



t 

m 
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25 Ah Mean ami transition values of physical qu Em ti ties of atoms in the 
■date of transition from E" to A ir {or to E') can be observed Take 
the quantity P_ ^ -(- .• r. — ■ - ■, which is the electric moment of 
:]]■• atom, It.s transition value is 

Pfir ~ ft!V t * 1 * * ")<fV 1 2 ■ ■ ■- (25|J 

At-curding to classical electrodyminmcs, the electric anil magnetic field 
vectors pioduced at the distance r in the direction of the unit vector 
r„ by a dipole m on tent P ere 

H — 4- [P x r a ] and E-|[P x r a ] x v 0 . £2Cji 

t*r E f 


Integration of the 1'ov nting vector over all directions yields the energy 
lost by the dipole per unit of lime 


- = d ipi» 

di 1 1 



t-5k) 


P- jiLso is proportional to the rale of energy absorption by the dipole 
in u field of frequency tu. 

Quantum theory rrplawji (hr quantify P on the tight by its transition 
fit fat , F r r mad dtf tm fitt Irft htj iht total energy toss of N particle# divided 
Kg A" due to {tyontamon#) from E* to E". A justification of 

litis procedure is given in Lhe general theory of radiation (Chapter XIII), 
If the energy loss is mwribed m the cm i as inn of photons flan eq. (25k) 
divided by Ibw descri Ik-h the 


transit ion probability par $ec — ---- P or 

u/tG 


(251) 


due to Bpdtitaneous emission of photons. If in apeeial eases tho transi¬ 
tion value P,.^. should vanish, the probability of such a transition by 
means of light emission or absorption would vanish; lho transition 
is ‘ forbidden/ For applical tons of thin general selection rule refer 
to §28. 


35,3, When the phyntedl quantity F is n function uf the eo-ordinates </ 
and momenta p of tile Hystem, the transition value* of F are defined as 

= SfAV) - *3> VVltf) dV > {85m) 

where we have replaced the momentum p K by the differential operator 

ih 1 . The operator f acts only on the function 
m- 


L 
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As an example, take the i-component of the magnetic moment, 

f. 1 

classically defined as M, — - - Replacing p v by — i% " one 

2/^ *\tp 

obtains for a particle in a centra] field with y ^ n/ (r. 

= SS«*r. #)*-"*'» (t- * xM r - *K"'w 

= ^ ■ y NrK¥ -dl 


= J y^ ™7 j for m - m* = m, V = J* «' = ,r 

' 0 for Ui'1'm') = (fi'iV). (25n) 

In contract to tJiK* electric- moment Fdwensacd in the nest paragraph, 
a magnetic muruml M U displayed only in stationary' (|minium states, 
not in states idtransit ion. The same holds for tlie angular momentum, 
and in general For those i jiiantities which have conservative vallies in 
states of const am energy, 


$26. Polarization and Intensity Rules 


26-1 ► Th*> liar monte OscJUtuterr. The transition value- of the idee trie 
moment P ± f# of the harmonic ostiiliator are formed with the real 
eigenfunctions derived in §20. omitting, ha imial T the pariodicr tune 
factor: 


(PA V “ f | 

All transition values of the electric moment vanish except those 
belonging to transitions with 


n ' f = n* ± 1, (l!Ga) 

The normalized ^-functions yield the following integration result: 


■*’<9.11 t I " 


+ i,« 


J 


{it +■ 
4 , 


-ft"* 


(26b) 


and, vi hen n es rep]act'd by n I . 


« - i,« 


= 



Radiative transition* thus take place only between ndjavent energy 
le v els of the oac t llafto r. Thei r trat \&i lion fret j Uency Li r — -- 1 — £ „ _ : j 
== that is. the harmonic quantum oscillator, similar to its e Us deal 
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prototype, omits and absorbs radiation of frequency r 0 only; the 
higher harmonics of r D whicli would belong to transitions n' — afj > 1 
have vanishing transition values of P M and thus have vanishing inten¬ 
sity. The probability of a spontaneous emission of a photon Av 0 
through a transition from £ a to aoeoMitlg to eq, (251), becomes 

transition probability per sec = ——5 w. 

aj*e* 

Mnttipljeataon by m ft gives the energy loss pc»r second. The hitler 
agrees, fnr large u where K approaches nwti, with the cUsataal result. 


£6.2. Tfu Rotatur. A rotator oriented by u weak magnetic held of 
'.-direction may be viewed from the transverse y-direction through 
n Xii • I which passes only the component of the electric vector E. 
E. originates from the =-nun pc men I of the electiic moment, 1*. — r.z 
— tr cos 0 r more spedfi sally from the transition values of (lie moment 
from the state hiT to ini'. The transition values of n, because of 
VW = are 

W T ■* ! WJ^T 000 <*(*"» 0)dtp 

= tr | V(fl) - cos h - (riUidteu* 0} -1 e *"'~"’»<&?. ( 2 fld) 

Jo J Q 

The second integral factor vanishes unless at' m". Only those 
transitions will send light in the transverse direction through the Nice] 
of ff-odentation w hich satisfy the selection rule 

(ei) # fj requires m* — m*. (’26e) 

When the Nice! is turned from the j- to t-hn .* -direction, Jiglit waves 
originating From the R, component are observed, where 

J\ — nr — f t sin U cos q ■= -Jr sin 4- f "’). 

Its transition values are simitar to those of eq, (26d), except that the 
first integral factor contains sin fJ in the integrand, and the second 
integral factor reads 

I ' 2 » 

j'pii#*' - nt* + ] V _|_ *•' ] N j|^ 

O 

The Lilt tr-r is finite under the selection rule 


p\*) o fur 


m r — m' + T nr 
m ' — hi ' — I 


m) 


Next, let ns consider light emitted in the longitudinal ^direction 
and viewed through mica plates plus Nicol so as to reveal 
the clonk wise and cuuntercluckwise polarized vibration components, 
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tf 1 ' and C~„ The linear ar-component of vibration can considered 
as & superposition of a c + - and a c "-component [two vector* circulating 
in a complex [x t iy l-plane], according to the formula x — r 4 ' + c~ 
(Fig. 4_TJ). The stilne vectors C ■ and t~ then yield an iy -component t 
iy — c + — c". Vice versa, 

o* — J{,r ± iy) — Jr sin &(oob ip + t am y) = Jr sin &t= iv . 

Multiplication by £ yields the circular components of P, For the 
transition values we obtain 

( rf± )ni>r — ^ r | 0'(l9) 1 ain ft - 0'(&)fif(ma G) I c* 1 ™' ~ m ‘ * (Mg) 

The second integral factor vanishes unless i he exponent is zero, yielding 

the selection rule of the circular components: 

(*ic + !i ^ 0 for m* = m* + J 

(ec^) 0 for m‘ ■= m* — L (2flh) 

The energy Hnx of radiation in the direction of 
0, according to classical dootTodynamics, is the 
PoyntlJJg value of the vector 
tf(0) == const + |p - | a J 

(1 4- co* a 0) + js| ! aiti* 0), mi) 
Since the moan value over the sphere of sin 2 0 is l 
and that of cos z G is J, the mean value of the class! 
eally emitted energy in all directions is 

^bwio — + IM 1 + i^l a > 

= const |{|x|* + \y\* + \z\*}, (2t3[) 

Quantum radiation is obtained by substituting the transition values 
of c+, x, etc,, in the classical formula. 

In addition to the selection rules for m there Are rules for the quantum 
number J; they arise from the values of the integrals over 
These integrals vanish except in the two cases 

r =r + i and i* = v “ 1, mk) 



oompunont of ribrn- 
lion in ttnpOscd 
tnt-o tWO circular tMlJIl- 
ponnnta, c 4 nnd o". 


where they lead to tlie following results: 


| f _ 4- — m ) 

l ' m1 E “ 1 '" 11 (21+ l)(2i — 1) 

n: I- + i.| [2f + 1){2I— 1) 4 

|i = ( g + w ~ W+« ) , 1 

+ l}(2f — 1) * 4 


furl^J-L (M) 
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Corresponding expressions hold for the transition / * l + L, with I 
replaced by I —f- t, 

[f there are many like aLums in the same .state l, but with random 
distribution of m bet ween - if and A- /. one observes only the 9 tun of 
the transition probability which is proportional to 


2Lk 


tri | I — 1, aii I 


- ¥ 


for l 1 - 3 


i 4- I are ^ (/ 4- 1 ) and 


"‘fnkjffl; 1 - i ,h h 1 | a “ 

The com-spouding sums for the transition l 
4- ! i, respectively . 

Since |-r| a 4- |,yj* — 2|c+ j a f l2jfc _ j 2 , one Further obtains by summa 
tion over all direction* of use ill td ion 


\tf t* + kh = f f™ 1 n 

— 1 4- 1 for l -+ I 4- IJ 


{■2$n) 


The lust two eases together yield I -f {l 4 1) = 2t + 1 as the total 
(relative) probability of ail transitions starting from the one state of 
quantum number L The int? (tMtiw of xjwntaneaus arc con 

1 rolled by integral quantum number#, their ratios are rational fractions. 
The intensity formulas [2til) ware originally derived from tie.' principle 
of correspondence of the older quantum theory by bowler, and the 
sum mbs [2Gni. n) by Burger and Dorgefo, 

Under ordinary circumstances of emission, the various frequencies 
belonging to different trausitiuna in -*■ nt and m * m 4- 1 coincide. 
Application of a magnetic Held of 2 -direction separates them* however, 
into the magnetic components 
of the anomalous Zeeman effect 
whose intensities agree with the 
t heoretiefil predict ion. 

127, The Tunnel Eflect 

27X The following one-dimen- 
sional example is the prototype 
of radioactive disintegration and capture of particles. Suppose a posi¬ 
tively charged particle is moving along th-e jr-axis through hobs in two 
condensers placed at x = uand x = — a and charged us shown in Fig. 1.4. 
An electric field exists only in the narrow spaces between the condenser 
plates. When the spaces are narrowed down to zero one has a 
potential barrier of width 2rr and altitude V r„ in the central region 
flanked to the right and left by infinite ranges with r - 0. A classical 
particle of energy E coining from the loft would overcome the barrier 


* + 




u*o 


U-0 


Flu, -J.+, \ pfiil-t'riMrtl luLmiT wUni; Oh 1 

X-axis product by two i!<mdnnson 
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with certainty when A' > r Sk imd il would be stopped with certainty 
when E < E7 r TnntelaW into wave theory this would moan that 
nn incident wave of amplitude L i on the left would be accompanied 
by a transmitted wave on the right of amplitude Ii l = Ly and by a 
reflected wave on the left of amplitude Lj — U when E > i p . whereas 
L„ would be equal to A,, and R t would vanish when E < t- n , Wave 
mechanic# gives a different result, namely, a gradual change between 
the two classical c>v*ss when. E is gradually decreased from larger l" 
smaller than r fl . ns shown in the following calculation of the wave 
amplitude yix) on the left, on the right, and in the central region, 
Hh t W 

The Sclirddingt'ir equation in the throe regions is 

y' -j- ttEf = 0 to the right, and loft, l l r >7u) 

y H -f k{E ■ U Q )f ~ is in the central part, | 

with k = "If.tfh-r Lot ns consider the ease of E < / r „. General 
solutions of eq. (27a) are 


y r = + R& iy4 _ 

with y = v1£k 

y r = V + V ' 

Vr = ty* + t\£- * with ™ V <*V E)K i 


(27b) 


to which may be attached the factor t ' " xi where m — Ejh. In order 
to have only one wave traveling toward 4- .r in the region to tin:- right 
we put the amplitude R t = fb Although tf“ in discontinuoiis at x — a 
and x — — a, we must require continuity of y and y at both x _ -4 ti. 
The continuity conditions at x -\- a read 


C t € ** + CjT * ± RyC"* | 
P(C,a +fl * - < ■>- 

hence 

+ |f) 

. 2 -_- ‘jy 


(270) 


|27d) 


Tile two continuity oondltkma at ,r — — n read 

t\e~ * -f- CV+ * - L x k + Xy +I * | 

* - C\c 1 **■ -* - 4e h *")J 

They yield Aj and A* in term* of t\ and C\* Expressing the latter in 
terms of ftj whh the help of eq. (27rl) one obtains the intensity ratio 
| Ajp/I Ai|* which represents the probability of trmi#nii'*sioit of the 
particle of energy E through the forbidden range f. > A", as though 
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the particle- could tunwi 
with probability 




h rough the potential barrier (tunnel effect). 


(37f) 


CljhIl- [2[ki) -f 


(y'-P\ 

\ tyfi ) 


ainh 1 (2;Ja) 


with [i and y defined iu eqa. (27b and d). 

A corresponding expreisskm fur the ratio of the two intensities can 
be derived for E ■ 1%,. Altogether, the ratio depteaera 

from t he value nnity fur Ep ? to zero fur E i it depends on 
the width tt of the barrier; the larger u i.s P the mure abrupt ia the 


from unity to Kero when 
prases the value f- r 0 . 


A 1 / 


\ E 

/ 
y ] 


Rt 

i X. 

M X, 

* 


Flu. i.l. A lluw-diiMrifiLtiruil ulI well. 


27.2. A more realistic 
ample in that- of an a-particle 
in a three-dimemnoriai field 
with a erater&haperi potential energy (Fig, +.#) whose outer walk 
arc sloping down according to Coulomb's law. V{r) — const jr\ 
Gurney-Con don and Gamow 11 wore able to derive from wave mechanics 
the Geiger-Mutt-all relation between the radii act i rv disintegration 
Constant A — reciprocal halfdtfe uf the *-particle within the nucleus, 
ami the range r measuring the energy of the escaping particle; 

log r — a log A -f- b (Geiger-N lit tall), [27g) 

whore a is a common and b is a different constant for the three radio¬ 
active families of uranium, thorium, and actinium. An a-partieie of 
mass M and energy E will escape with a probability proportional to 

"itj 


osp V2.lf[f'(G - tfjdrjj. 


A small increase of E produces an enormous doorcase of the lifetime. 
Each fa mil} has aafighbly different diameter E i} (between &-4 and 0.8 x 
K) -ia cm) of the crater determining the constant b , whereas a depends 
on the constant in the Coulomb law, namely, 2^(Z - ■ 3)f which is 
fairly constant between Z — SCI and Z — !>2. 


§ 28. General Formulation of the Eigenvalue Problem 

28,1* Hermit am Qpepuiirrj, Let us assume that the quantity 
F(q. p) has rmt mean miiir# in all state.’; described by uny function 

1 It, w ■ i unify anti E. U. 1 \>ndon, .Ya*,in 12S. 43V (IVSS). G, Guiww, Z Phy*ik SI. 
204 < LOSS). 
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normalized to unity and Hutisfying the usual boundary Conditions, 
that is, lei Us assume 

jF 1 ,, = ~F^ or jyFtpdrV = JpWydV, (28a) 

where F ™ F ' ijl and F — F -|- if< in. the integrand, 

F then Ik denoted lih a rml of HerwUiun uporaior. 

Without going into details we remark that classically identical 
expressions such ms F{q, p) — p^ = p*qp = T^P^P* — W®* represent 
difj\mtt oporfttorfl , wimo of them are f I rr mi turn, h<uuc are not. The 
operator V” f*' always Hermitlan, indeed, dno© - dtv tfVf) 
V^'V?'! ac d flinct. 1 t he space integral of div vanishes, 

tv a u = jvvt tv - - jfww tv 

is equal to it-K own complex conjugate, i.e., is rmt, 

Next we prove that the trtin&ititm mltu:x between two different abates 
<)■ mid f of n ruttl Hermit ism operator F always satisfy the relntiuti 

F — F (Hermit ian quality). 


I>et Z — 7 "H ¥ so that F rK — F XJ , as in eq. (28a). This rvdntiea to 
the equation 

J \fFffil -f 1 r = .fiipFiptl I' ^ jyA’r/W I' 

which has the form F,,„ 4 A 1 ,,, A"^. + A'^.or 

(« +■ ih) H- {v + id) = {a — U>) + (e — id), 

or h — — d, showing that the imaginary parta of F sv and are 
opposite. Similarly letting t» <p iy anrl parting from F — F,^ 
one finds that the real pails of F^ v and F^ are equal. Thus F fV is the 
complex conjugate <ri‘ F^, proving eq, (28b). 

28.2. Fitft nfmiciio-n# mid Evjr.u rulin'*. When the equation Ftp — /.$ 
— p with boundary conditions for y is solved by a function y~\ for 
s. 2., then tp n and A„ are known us an eigenfunction and eigen value 
of the Hermitian operator F. We then have the identity 

Ftpn — K<Pm — & (2 He) 

The funetinn if- „ may lie naanuied to he nornializc <l to unity. Mutt]ply¬ 

ing eq. (28c) from the left hy y„ and integrating yields 

Sv«F(pjrF = / ,,/f fl f/. rj d F, or F^ — X mt (2Sd) 

proving l.lnU the eigenvalue!* t»f a Hermitian operator are mi l, tiiitaely. 
equal tn the ' diagonal mat s ix dcm«nta” of F between q h anti q >t . 


CttA*. TV 
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Next consider the complex conjugate of the equation for 7 ^: 

Ffm ~ Lmfm = ft- 

Multiply this from the left by 7 and multiply eq, ( 2 fic) by f m , integrate,, 
and Subtract ; die result is 

-^■ji ^nm = — * 

The left-hand side vanishes Ijenuune o| erp lienee 

Sf&jr 0 wlw » ^ *«■ 

Tluirt, dgonfoiictions of a Hcrmilian operatur belonging to different 
ciigenvHltifri are mniually orthogonal. When lias a J-fotrl degeneracy, 
that in. when 1 here are l linearly independent eigen functions 7 ^. 

* ■ ■ •/,.j belonging to the same l n , one always nmy construct, by 
their linear combination r amfttaUi/ orthogmwf eigeiifn net ions of A h+ 
m shown in jjlu. 2 , 

28.3. Three Ent-Htnldtiom of ihz, Eigvmxdw Problem. The firat formu 
latlon is described in eq. (28d) in term* of a differential equation, A 
second formulation is obtained tut follows. Multiply eq* {2 He) from 
Else left by 9 "^ and latograte. yielding 

f ( Vm I' - IJfnfJ I'. o } 

where A ri . irj in the Kruiieetnr symbol; that is, the matrix of the Her- 
uhtiaii operator F between its own eigenfunctions is a ditttjonal matrix, 
«itli the rliugiKial elements being the eigenvalues of F. In ease of 

degeneracy this is true only when the r __ 

eigenfunctions „j ■ - - y nll are chosen as ,_ 

mutually rjrthognnftl; otherwise, the matrix 

of F will contain quadratic regions dong the_ 

ih.'ijoiia). a> shown in the accompanying L_ 

scheme. The problem id finding the eigen- _ 

values as id orthogonal eigenfunctions of a 
Mi•( iLtiaji operator F ia thus identical with — 

the problem of finding much function* <p$ } s* t (J \ 

etc., which uriU dittytmalizc the matrix of F. 

When starting out from a complete set of independent functions £j£ Sr 
etc., which are not eigenfunctions although they satisfy the boundary 
conditions t the matrix elements of F between the jds will nut l>e 
diagonal* However, by linear combination of the one may build 
tip functions (p which render the F -matrix diagonal. The eigenvalue 
problem thus reduces to one of linear transformation. 
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The eigenvalue problem may thirdly he reduced to the problem of 
finding such functions q which satisfy the variation problem 

ffFtp d V = extremum, with jq%pd¥ = l, (i!Hf) 

The proof ici given m §30. 


Summary of Chapter tV 

The Kclirddinger equation for matter waves is obtained by n partial 
translation of tlic general wave equation into particle toruaa p formally 
replacing p K by Eigenfunctions y r , and y „ belonging to 

different tsi can value s /l'„ ^ /i',„ are fimtuuU y orthogonal. WTieu 
is normalr? 4 xl to unity in the volume I , then |y.,‘\n" is the probability 
of the particle in d\’. The fSchrodingot equation can be generalised 
for systems of A particles. The eigenvalue E k us ic-fold degenerate 
when there are k linearly independent eigenfunctions 1 j - i/v, 
in the same E k ; these eigenfunctions ure not necessarily orthogonal. 
Examples of mechanical system* with one particle include a particle 
in a box, the rotator in a plane, the free rotator, the harmonic oscillator, 
the 11 atom, a particle in the held of a potential energy well or harrier, 
ami so forth. The probability of transition from the state E n to E„ 
is controlled by the transition density function iy„iy B . which leads to 
transition values of tbe ajfcetric moment in various directions re-spon 
Bible for the intensity (probability) of radiation procoa-*es. in particular 
for selection rules of radiative transition. Hermit-inn operators are 
defined,, and three formulations of the eigenvalue problem are- given. 



(JiapUtr \ 

APPROXIMATION METHODS 


§29. Nomlegeneracy 

29.1. tivccpmt't 1 Approzimatwtr There m uu typical |jerturbiitiun 
problems blither u system til' energy function //** is exposed to act 
additional external energy II : i«r tin- snarly // consists of a mathe¬ 
matically simple expression //" nuj^mentiHi by n more complicated, 
but small term If . Both cases are treated by the same mathematical 
method of successive approximation. Let us consider the more 
general case of a Hamiltonian // consisting of several terms of 


decreasing order of magnitude 

H = H* + H -+ IT -1- ‘ * s (2D4) 

The jrrtili eigenvalue and dgmifunction ul the equation 

Hy = Ef ( 29 b) 

may also he expanded into secies 

*.=«•+*; + *;+■•■ (2#=) 

Vh = li + * + ?’. + ••• (2«d) 

By gulMtitutiiig in w|, (3!H)} fttitl atjiiftlitig ter in a «f like order «f magni¬ 
tude, one oE.tninu the following -set. of oquiitions: 

(h*-m vm 

- i5!)< = - [If - E f M (29f ) 

(if*- K)% =-{H - K)fn-{H*~ Kut m) 


and so forth. Lot m assume that all unperturbed eigenvalues and 
all normalized mutually orthogonal eigenfuuotiom of oq. (20e) are 
known. They may bo substituted in eq, (29f)| the hitter then is an 
equation for and Continuing in the Harnc 1 way. the perturbation 
problem can be solvtfd by simoe^ive approximation. 

29.2, Th* Expansion Metfad.* VYV express the unknown functions 
etc., in terms of the known j/J u.s series 

¥V — eta- {mi) 
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whoso coefficients A aro yet to 3*? determined* Substitution in e.q. filif) 
gives 

s.-Cd* 4 - Kvl- W'ri- 

Using etj, (2&K we Me left with the first-onler approximation problem 

s t AM - *S)v? - Krt - “'A (Mi) 

I. When one multiplies from the left by arid Integrates over 
^&puce, the summands k -£ n on the left vanish because of the 
orthogonality of and «£, those with k — n vanish because of the 
factor' {E'l — £?), leaving 

0 -- KjfElP&fc ~ Si 

which reduces to the result 

K - I&TMg, or K = fC, (2flj) 

itesult: The first -order perturbation E[ l is the diagonal matrix dement 
of the perturbing energy function II between the unperturbed o''- 

II, To find the function ip n we must determine its expansion 

eoeftj - ■ i 1.111.1 . f < „. Multi ply eq. (2 9 i) by where m ^ n r and integrate. 
This leuveH on the left the one term A^iE^ — E"\ and on the right 
the matrix element — , hence, when t/r in dually replaced by k: 

A * = WrT£$ iott * n - (Mk) 

Only A'^ remains undetermined, we choose . I , Mi — 0, for the following 
reason of norm nlizati on; 

If the expansion of [eq, (2fih}] contained n tent! with factor # 1(1 
one Dould write in iirat approximation 

rf — 7V s i A «U + E * 4iiiri. 

where ^ indicated a summation omitting 4 = «, The absolute square of 
y„, when nil terms of flawuid order arc dropped, is 

Kl" = |Vn1 a d + ^ -j- tyn 4- complex conjugate]'. 

Integriitiut! over c-Apace and uaeutruofl that w" is normalized to unity, wv 

Sta.-'id + iTT^+ir? 



Hetioe, A f njl must be a purely imaginary quantify, sinnil of first order, 
which may Ik- denoted by ia'. Thus, (1 +■ .4 nj J — l-f = t rl in hmt 
approximation, and 

Vn = Vi** + XULVI 

Whether wo ditneo A n — i«. r , or 0. the difference would amount 

only to a slightly different phase factor given to y£ F which ia without physical 
significance. 
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29-B. Proceeding i" the second approximation, on© .NLibytitutSK the 
expansion of yg in e q (2llgj and proceeds m before. The Meoond ordfir 
eigenvalues become 


k - hi + su;x, = ic + k y. 


r. 


fill 


- AjT 


(2»l) 


This formula shows that even in the absence of a second order per¬ 
turbation /?*, there still would be a second order addition $* n to the 
eigenvalue. 

The second-order expansion coefticierLtfl become 


j H _ 

"to — 


I 


Hi + K 


iK 


[]* 
i'JH JJ IttPJ 


U 


ku 


A? — El E ?- 


-AP' 


( 2 &ro) 


Again, one may chose = u. It is significant ihat Af was found 
in eq, (2Sij) even, before the corresponding function yf was known. 
Similarly, cq, (20j! yields A" without using y;,. 

The approximation method converges under I,he ©audition that the 
,-lj„ Life small of first order, that is, £T must \itire transition values H' in 
small compand with the intervals between the unperturbed levels, 

K - K 


29.4. The Anharmmir. Oscillator. The energy function of a linear 
an harmonic oscillator may bo 

M 

in which l La a small parameter. The eigenvalues and real eigen¬ 
functions of the harmonic oscillator If n are known from §20, The 
additional energy E H , according to ecp (2£k'). becomes 

K = I * I V*(2) I *** «&- (29oJ 

J— ffil 

E n - 0 since x 1 is an odd function and |y*j a is an even function of x. 
The first-order perturbation of the energy vanish©#. Nevertheless, 
there is an additional function y' — SVlj^vE with coefficients 

hji-k) L*** <29p) 

A[. h can bo finite only when {n - A) is odd because then the integrand 
is an even function of x. 

Radiation depends on the matrix elements of the electric moment m, 


+ i/“<&*) + }jt = H« + H', 


i 2&n) 
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Whereas the harmonic oycilktur gives .1'^ ^ w only for m — « ± ■. 
i he onhamionic Oscillator has matrix '.dements 


where 


= M + viWv!. + vv) < 1 * 

+ * * % 


= +- * 


^ML4n + At»4m) 

** ■ •. - I N I 1, t ! fc “I” -J- L, - (. fW) ■ 


,-lj lf4 can be finite only whet* k— or Is odd, Hemet:, < nm be tiiiile 
nnly when n m La vent. The amplitude of the light emitted in 
these transitions in pr-u porfctonal to and small of first order, compared 
with the amplitude belonging to the transitions u to n ± 3. Duo to 
the perturbation Ac 3 the quantum oscillator omits ? 0 and Hue even 
harmonies 2i (|1 eta., in first-order approximation for siiin LI parameter 
L Only the second order approximation brings forth the odd liar 
monies, with amplitudes proportional to k x . 


§30, Degeneracy 

30*1* Trie unpcrtiirlxd eigenvalue iC l * is said Lo be i-Tuld degenerate 
when there are v linearly independent etgenfunctions xli’ z'Sur ' 1 * £«, 
to the same Startingfrom the set % one can construct v normalized 
and mutually orthogonal eigenfunctinriH a* in $1 l J.± 

More generally, one puts 

Iffii = «ii^i + «irifi± + ' *■ 

f!* = <hsxUi + + # ' * J ( a ®») 

P * * ' * * * * ‘ * ■ 7 

nnd detca'inines the v* coefficients ho that the y£ r -a satisfy the r Condi 
ttons of normalization and the Jr{i' — ! ;■ conditions of mutual ortho¬ 
gonality. Altogether these are r 1 — J-rfr — 1 1 conditions* so ns to allow 
,Vi'(i' — 1 ) additional conditions to be imposed on the yCr *- I bis 
freedom will be helpful in solving perturbation problems in case nf 
a r-fold degeneracy. We use r to indicate any me of the v eigen 
functions of coni men n. 

30.3. We ix^gin with the Hamiltonian 

H = ff* + W + B* ■ ■ % 
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To solve the eigenvalue problem ffy = My in cane of a infold degeneracy 
of E'l+ we let 


¥W = vlr H- ¥V + '■!, 
- £5 -h ^ 4 ' ■ J U 


I, 2, 


* ■ 


tSOtaJ 


The unperturbed A’J is written without a second subscript, The t 
unperturbed ^’a are supposed to form u normalized and orthogonal 
set- 

When ecj. (3ub) is substituted in fly.,. — M^y tn — n and terms of 
ctimmon order are equated, one arrives at the seeps nee 


= « £3U C ) 

(//* - = - <jr #„)?*, isod) 

01“ - K)fl - - 0“‘- Kr) tv - <«’ - (SOe) 

and &o forth, ns a general imtiod of eqs. f, g). 


30.3 > We try U\ solve etj. (30d) by the expires on (with K r 1, 2, * ■ * «) 

fW = %■***■, (^4) 

and substitute in eq, [Snd], with the result 

ZtAlr.riir* - £•)& - (K, - a'htr <»« 

in pamkigy to tq. (29i). 

/. First multiply eq. (SOg) from rI k* loft, by $J,- P where v ,w ^ v\ 
au that \h orthogonal i<> fl Integration over y-sptce leaves 
sero on the left. The factor of A',- on the right also vanished; hence, 

0 = J//' dq for Y" =£*% ( 30h) 

or in the abbreviated form of matrix elements: 

0 — for j-" =£ v\ (301) 

Eqs* (3db* i) are 1 } new conditions imjjosed on the un 

perturbed eigenfunctions. They are conditions of adfiptnfton of the 
unperturbed to the perturbing energy //'. Together with the 
Fortner ixraditions of normalization and orthogonality we now have 
r 2 conditions for the j ' 11 coefficients in eq. ($im) so as to determine the 
{adapted) unperturbed functions y^p* Uniquely, apart from unessential 
phase factors. 

//. Multiplication of tsq. {'HDg) from the left by ^ and integration 
yields 
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That is h the are to be chosen go u-< tu diagonalh*. i \v: matrix of 

IV t the diagonal elements then Fine the energy perturbation* E^, 

III. Finally, wo have to determine the coefficients ^ in the 
expansion (3Qf). Multiply eq. (30g) hy v'JV- where l # n, and integrate. 
The result ia 

*S) - - h'n-^rt dq f 

hi,i that we obtain (re.piu.eiug thn notation Ik' by 


A i~. 


for b n, 


tSOk) 


[Si-St) 

in analogy to eq r (20k). The coefficients A' with indices k — n remain 
undetermined; we equals them to aero as before. 

The second-order energy perturb® lion becomes 


■Env" — \,y T “ 


in generalization of ol|. (291), 




30.4. The reason for adaptation i.t\. diitgoim lizai ion of the H matrix, 
may also be expressed as. follows: Vfn inhonto$rneau4 o/\utikm (3E>df 
ran be solved when the inhomatjeneity [it* , the right-hand side 
of eq H (3dd)| i# orihopttnat to till st/futiint,* of Ike eorrntt**nd*ttij h&tno- 
gewmx rqiiatian (ftoc). Every y][ r , is to be artiiogoiud tu [It — E , r i.//, 
that iffs 

;^..(jr-jC)^^ = o f (3oi) 

which id the same as eqs. \ 31.li) and (3dj) for i = r and for r — v"„ 
respectively. 


§31, Secular Equation 


31.1. The perturbed values E^ in ease of degeneracy arc the diagonal 
matrix elements of IV between the adaplzd unperturbed v'L- It is 
possible, however, to find the Mfc, from any linearly independent set 
of eigenfunction? y" L * - ■ y(J, ami without previous eoafitnictiLm oJ 
the adapted net, Kq, (30a) may be written in the condensed form 

= = ■ ■ *). (3U) 


We assume the y m 'n to be normalized to unity as well fl=j mnUialJy 
orthogonal but not necessarily adapted to if. Substitution of cq. 
(31a) on the right- of eq, (SOgji yields 

z i ,AU.AW - K)A = (K, - n'^r.-xl- 
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Multi pi font ion by and Integration gives aero on the- left-hand side, 
si net? every jr*. in orthogonal to every v ! l'. b'r k r i, and leaves 

0 = X.* K =1.2,-- v), (31b) 

in whicli U Vr m-w is a matrix element of H' between unadaptod 
functions jfllp* hi cutlfcrust to eqft. (;iOh ( i), The last result represents 
1 he following net of linear homogeneous. equations for the ; 

" = a * l(^Ll — f'mw) ~\~ + a r n/^ll} + T ' ’ 

h = 4- E n s) -h n, s Hss + ' ' ' 

u = + ’ ■ ■ - O- 



The set can be solved for the unkno wn h’s only when the following 
determinant vanishes: 


A - 


[flu - E f ) 



* 

(fT a - S') 

K 

MMX 


«: s 


writ ton £ 

' for Si 



r fC - &) 


PUS) 


[IF WU had used eigenfunction* £[j f , which are neither normalized 
nor mutually orthogonal, the determinant would be 

in\ x - gf n ) (7/; 2 -£v; s ) 

(fin tfJu) 


A = 


where 


(31«) 


A = V yields j values for E‘ namely, the perturbation energies 

Ki. ■ * • <,■ (m 

When one of these values is substituted for E'\ t . in eq [31oJ, one obtains 
a corresponding set. of coefficients ffl rV * in particular, 

/i'j,| yields the set ffi Ul e l2h * 




e: 




%i "a, 


(318) 


and ko forth ■ the ids finally determine the adapted f“| t ^ 3 , etc,, by 
virtue of eq, (3 lay 

The 'f's autonin.tieally satisfy the uomiilloiiK 

= 0 for v r ^ v 111 , (31 h) 


T 






H* 
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to which one may add the normalization com lit km that the same su m be 
unity for v 1 — The y^ p then 10 present an orthonormal sat. 

It is tfigiiiriL'tvnt that t he perturbed E' n , are obtained from the secular 
Liquation A — 0 even kfore the aoriwpondingadapted eigenfunotiotia 
Ifil.- ^1*0 Jtnown, The adapted eigenfunctions are needed, however, 
for the transition values of the electric moment which determine the 
transition probabilities between the perturbed energy levels. 

31.2. The transformation from aa orthonnrmal dot y" to the orthosturmal 
riel, v 1 -" adapted to W by virtue of the transformation eq. [31 a) is 
analogous to the transformation from a set of vertical unit vectors 
A", in 3-dimensional *paco to u new get Y. "adapted" to a certain 
fUipaoid so that the Y t point in the direction of the principal axes of 
the ellipHoid . the latter represented by the i wo quadratic equation* 
Q ™ W r >- ■ = 1 a Y, t -fi^ v -tfr, (3 ii} 

The coefficients are the reciprocal squares of the holfaxes, 

and the coefficient d„ v in the transformation ^ r .fP K .„..r,. is the 

directional cosine between the X t . urul the Y f axes. The /f rV are 
the roots f$ r - of a .‘Jocular determinant similar to eq. (3Id). 

If the ellipsoid is rotiiii&n^ Lf %) when several of the coin- 

vide, E, — K.j. tiay, the directions of the Y 1 and of the ), axis remain 
indefinite, and one cannot determine definite oosbsejj a w and i%. 
i bis corresponds to the frequent. occurrence in perturbation theory 
that rcwjtw of the determinant (tild) coincide, - $ tri say. The 
coefficients o ]y and then remain un deter mi nod an that .,^ L and 
Are not uniquely determinable, fine now Luo* two function* ^ and 
Fils m well na their linear c^ciibinriti.-us adapted to H* for the value 
~ && that ih. the degeneracy pensixto in first order, Jl will persist 
even in second appnrxiniatioii unless, there fa a second-order term //' 
corresponding to an clllpuoid that is no longer rotational. 


3 32. The Stark Effect or Hyirogen 

The hydrogen atom is a system wit.lt degenerate energy In vela 
which are split- into several leveEs under the influence of an external 
field. Sjet us consider a constant electric Held uf s-direction. E~, 
Tlie potential energy of a charge r in the posit ion x$% then is 

— fife, (32a) 

32.1. We first solve the perturbation problem with the eigenfunction* 
hi polar coordinate. described in §22, These functions are 
not adapted to H* since some of the nondiagptml matrix elements 

^CWnKPi*" ~ ~' ! t’E^i y ^ Y (32b) 
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do iicut vanish, Indeed, with z r can. 0 wild with V'i.ft»( r ®P) — 
the integral Ipceoriie-H 

f a™ $ ' f 2 ^ f dating U) ■ /««"■" “ ^ dtp 

jlii'I hits finite vuluen for 

r = r ± l. m* = m\ (32o) 

n,' known from the selection mins of a rotator, On th* other hand, all 
dhiguDid elements with V — T and m' = nt * •. (rni&h. 

1 ^ insider tI ie; example a — 2 where (/, >n) ft>. d)(l„ 0)(1, 13 ( 1 ,— 1). 
The matrix of Ii between various states (fwO and is given by 

tiio following scheme: 


7 hi'. m" 

r«r 

o. n 

1 0 

i, i 

ii - i 


tP, 0 

ii 

K' 

n 

ip 


1 , 0 


u 

0 

ii 


L, 1 


o 

0 

ip 


1 , - I 

a 

0 

u 

i) 


according to eq. (32o). The eorreaponding secular def-enninant. for 
t< = 2 reduces to the product 

0 10 ” $ ) 


A = 


x (- jT)r- k' r ) t 


A n has the four snUitkiiu (remember that Il : in Hemiiliun) 
E* “ ± #J fw m r = tn* u 


E v = n 
E* = 0 


for rn* — itt* I 
fur m ' = fjj" — — I. 


( 32 c|) 


fjinw two of the solution** K coincide, fif" splits into a triplet. The 
full quartet multiplicity in brought out only in the second order, 
A’ 11 for n -- 2 Melh a nine-fold degeneracy and yields a quintet in first, 
approximation below). 


32.2. The same results can he obtained with the help of the adapted 
unperturbed functions in parabolic co-ordinates (§23). The 

unperturbed depends only on the quantum number n : 

71 — iq T % + Jin| + L (32e) 
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|m|„ 7i v and ra a may assume the values 0, I, - * * (n — I). The per¬ 
turbation energy E ' illiM is the diagonal matrix element of H* between 
the atid baa the value 1 

aft 

Kw =* e ^l *»K < 32f J 

with Ze nuclear charge. The various combinations (afft,w) and the 
correspomliiig (j^— a a ) which determine E* are given for n 2 and 
ti = 3 in the Following two schemes: 


w. 

0 

n 

i 

0 

D 

1 

I 

2 

0 

n. 

0 

0 

l 

i 

1 

0 

0 

d 

2 

m 

s - 

- i! 

0 

i — i 

1 - 1 

d 

0 

»*— "i 


0 



- t 



2 — 2 



0 

0 

I 

0 

«i 

u 

0 

Q 

l 

m 

1 - l 

d 

0 

*i^*i 

0 

1 

-1 


Degeneracy in first approximation is indicated by braces joining several 
states of common w, yielding common E\ In this approximation 
one obtains a triplet inatoad of a quarto! for t< — 2, and u quintet 
instead of a nonet for n — 3. 


$3<b Scattering o! Charged Particles 

33X A stream of charged particles of momentum p 9 and kinetic 
energy plf-u represented by a wavr y u may travel in the ,r-di ruction 
on a broad front. A fixed charge center located si the 0-point acids 
the potential energy f Tr {rj cjonwirlered ns a pe 11 urbaiion. The result iTig 
yi h ia the amplitude function of a scattered wave, f/'(r) may be 


assuniod to be Integra ble so (hat 



i i I' is linitc. This oondif ion 


is not satisfied when TT is a Coulomb potential. Wo therefore assume 
that for large r the potential energy decreases more rapidly than l/ir. 
The unperturbed wave equation 


vV + fWV = o* with (*•)* = 


(33a) 


has the solution v |U — ■ which represents, an incident ware in the 

a;-direction representing particles of momentum p 0 — kjt. 

Since ^i° is not normalized to unity, we have to divide by a normal 
izing factor bdbr< L applying the gen era I formula (!d 5+j), and obtain 

*< _ <F mht 

A - ffi> \*dl ■ ,33b > 


1 E. S^hriKlinppr. Collected Paper* «n Waw Mtohunicj, HI. Btuekw (102$}. I\ S. 
Kp*t*tn. Ant,, Phynlt SO, 4*9 (1916). 
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E‘ turns oui to be zero, since the denominator increase,^ indefinitely 
whereas tine numerate) f ataya finite with, increnting volume, 

Itl spite of K' — n, the perturbed function y/ doeds not vanish, 
Rather, it is » acdiittqn of the general equation (26f) which T in the 
present case, reads 

VV + WV - (33n> 

To solve E-hi.-i equation wr- (irat- introduce the abbreviation 

jirii, 

= — ht ■ ET(r )«***, (33d) 

so that c*q. (33o) assumes the standard form 

VV (W <33e) 

known ns the Poittatrn i/vivt equation. The goluttoo at a point- A r YZ Eh 
f'(XYZ) - Mnjz) ~ dV. (33f) 


where R is the distance of the volume element dV = dxd*j dz From 
the point of ubwerValkm XYZ. With a of eq. (33d) t his becomes : 


v /iA YZ) 




(S»g) 


E q- (33g) is the quantitative formulation of the Huygem principle 
applied to matter waves: The incident wa ve gives rise to secondary' 

ho li rces in the v a i it n is vol t ime e Ic meuta dl ' ; 11 toy v i brat .c wit ] i to m piex 
amplitude the Becondary waves acquire an additional pi Ease 

factor r. : '- K at distance It from the secondary source. The result is 
the phase factor t ,A ' 13 4 m in which {x + R) is the total path from the 
plane x = o via d V to the point X YZr 
When the observation point is very far from the perturbing force 
center, the denominator R under the integral, eq, ('big), may be replaced 
by a denominator R^. in front of the integral indicating the distance 
from the O-point to X YZ : 


V'(XTZ) 

A 


e iM, 

A ’ — - B with 


(33h) 


The perturbed matter wave y' U represented here on a wave from 
a secondary source at rhe f>-point which vibrates with the complex 
amplitude A of oq. (33h). A in composed mainly cf contributions of 
the volume elements near 0 where \* large. 
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33.S. We rmv rjahvilute the inlegraJ 1 if — it) in the exponent rs 
11n• |nit.h from the plane * m viu dV to XYZ ; fmrn thin path is sub¬ 
tracted the path from n to A' YZ. The p&Lh difference {j j -f- A A J 1t } 
is indicator] in Fig. ft. I to a wave line erpiisiating of the two parts, jt and 
R — The wave line is " rejected ,J from a plane through d\ drawn 


Km. '>.3. The a'ii1.Ltii-iiitJ nf nliswij piirtWefji. Hin Enuiiltml t»i* j;-4iii-«M'.LLiiii m 
” refloated” thrtiuflb an uii|flu into the H rlimstion. Thu vi>Lniu? uLueui ■.■ i i \t\ *u-v?h iu 
a Kuyflieru iNentor of seoauedarj - omiK^iort. 


to ft broken line. Tite wave line, however, has the same length as the 
strong solid line which consists of two equal parts and es reflected from 
I-he same ptucux The reflecting pltim? Insects tlic angle of deflection, H. 
Tho distance of the reflecting plane from the O-point is (/■ ■ cos r>), 
where t) is the angle between the nidi us vector to tl I" ami the perpen 
d.EcuJar on the reflecting plane. We thus find 

f + R — My m wave line = strong solid line — r cos & 

Using the distance from 0 to the reflecting plane to p> 
volume element d I becomes 

d V — rhlr fin o dd dtp. 
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For waves 7 / scattered in the direction of 0 the integral .-3 is: 

%it u 

A - — - jj'j'r'tr) exp [i^r eon d l e-in (A0)J .■ r 1 sin i) drdjj&p. (33i) 

The integral inn cjan he carried out for a modified* i’oukmib 
poten tial, 

= 'K; 

t c i-B a parameter which limits the range of the Coulomb force, Inte¬ 
gration over 77 gi ves 

A = — SOS I <f r i r ‘ r dr f sin J exp [li^r ixm p 2 sin 
« Jo Jo 

With the abbreviations 

q — 2 ic v sin ($0) T y -= && e ? r dij = — sin d dft, 

I,ho integral over 6 becomes 


I 


that 


4 } 1 2 
t '*' v dq — — (f lVf f ,f ') — ain fur), 
-1 ‘ UF F 


A — ~'y^ | e ' n (c/0<r rjl|> dr, wit h q — 2^ ha (10). 


Integration yields 


I sin i< F y.-'”-dr - lim 


-d 

Introducing the incident particle velocity r 0 =• kjifp one finally 
arrives at, 




y (jV YZ) - A ■ , where 


Kn 


A =-- 


^2 


(33j) 


2 /irg {ain 6 (Ah) -j- (A/ 2 uv 0 )*} 


F'nTi f r 0 — co rep (33J) agrees with the nt&lfttrifuj fomutfa oj lititht'.rjbyd. 
derived from the classical model of a nucleim acting on incident elec 
trons. The infinity of .4 id H 0 nm Ihj removed by letting r„ remain 
finite.. Such a modified potential exists for charged particled (a- 
particles, protons, etc.) scattered by m-itfml atoms ; the main scattering 
effect is produced near the nucleus, whereas further a way the Coulomb 
field is screened off by the surround mu atomic electrons. The minus 

* G- Wanted. Z. PKyitik 40, BOO ( 3.030), 
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sign nf A dgnitica a phase shift of J sm known from the theory of 
optical diffraction. 

The ratio 


da = |^j*an = 


vWa _ i 

■’ ' 1 '- 1 

i * dil 


lv°I* ' 




(33 k) 


describes the number of ]larlides deflected into the solid angle dll 
hi the direction of J 0, Inproporfckm to the number of imrtieJes incident 
per unit of area, da has the dimension of an area and is. known 
an the differential mm-urdivii area of the Coulomb renter for the 
scattering into the tioltd angle tlQ. 

[die foregoing theory may' be applied to the scattering of a• particles 
or protons hy heavy nuclei t but not to the scattering of protons by 
protons or ot’s by «’a since in the latter ease a certain 11 exchange effect'" 
between like particles produces a, modification of the elementary theory. 


^34. Inelastic Scattering, Bom Method 

Rutherford's formula applies to elastic collisions between a fixed 
center and an incident particle which is deflected without change of 
energy {K' — U), A more general problem arises when an incident 
portJfle collides with ail atom, and the latter passes to another energy 
level ai the exp®tt-Sfl of the kinetic energy of the incident particle. 
This problem of inpimtir colli won 1 ma been treated by Horn 1 a& a 
perturbation problem of quantum mechanios, 

34.L Consider incident particles traveling in the r-direct in n with 
momentum yr u — hk u and kinetic energy A u - - h-i.~f‘2u ; the eorre- 
B]fonding wave function lh — c Wvr f The atom, of Hamiltonian 
ll'ly. />), may origiaully lie in a state of energy \\\ } with wave function 
^ 0,1 y) solving the equation H (q. p)<f> 9 II’^q, The mutual potential 
energy between particle and atom i.s U'{ r. rjfh where r denotes the 
position of the- particle and q the position of the atomic electrons near 
the O-point. The Sohrddinger equation for the system "'atom plus 
particle ' r reads 

j- V a + W J + E' Tr (r. q) - tfj T(r, q) - 0, (34a) 

with v" operating on the co-ordinates r of the particle. The unper¬ 
turbed problem, with V* = 0. is solved by the product function 

Y n (r. q) - e** - 4(,j) for E t ^ k\ + W 0 . {Mb) 

1 M- Hern, K, Ph v *ik 3fi. 8 08 [1O20>. 
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<t>M, fts well m the other eigenfuncil ion* ^„(g) of the atom, ara supposed 
to be known. 

The first-on.far perturbation T r tr, v) h ii> t,M satisfy 

(- ^ V *+ »' (v. i» ") - «.} T - - f’<tr. »)1 ( 84 o) 

since i?' — n for the same reason us in eq. (33b), Snlistiruling ilia 

e ,p— : TU t ) - SrftoWfl (*d, 

with yet unknown factors i]] eq. (fUo) and nmemboring that 
[h^,, = one obtains 

-4 (- t* - (£# -f H o)j Vn(^ii( 9) = - f r '(r, 

When tin’s equation fa inultiplied by one of the and integrated 
oyer r/- spice, one fa left with the fallowing equation far ^.iri; 

Wi + 7y f H o - - H'i, + ^ ^ 


* 2 


S4.S, The integral on ihe right, being the matrix element of <.r, q) 
IH wean the etales ti and 0 nf the atom, may lie nailed ^'„(rb The last 
equation has the form of Paiwon’A equation 

V # K + U'JVl = — -ferjijjgp), {34e) 

with 

.i 2u L v 

^ (U c d" fl + A' u ), or introducing K n = : 


A n -I lt r „ — Kq - ifjj 

sAw) ~ ■ "T 


(S4f) 


Similar to eq. (S3h) the solution mub 


vU* yzi -- a* 


A„ = 


**f* f e t*-*jn *»rjLDdV. 


m) 


h* 


The exponent may also he written on ji natlai product .<p,, p n . fj/ft. 

The scattered Ln tensity nfiNerretJ at. X \ Z ros tilting from the incident 

wave ri l,J ta ., , r,,,,,,,, , 

i-., Jft, f A J Z) [ * =s scatteitrt 1 i > i tenuity, {34h) 

A„ it- p&nds on the ImttxUi&tt value of the |Kirturbfttion putentiid 
U r . The path .r, thim the plane Sf ~ U to thi- yolumfi element. d\\ 
carries waves ^ = 'Iirfk^ whereas the path H from d V to XYZ, luh well 
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jes the path R$ from U to -V YZ r carries waives A„ 2ir/A\, signifying 
ilml t 3ie {fluttered particles undergo a change of morn on turn, and 
energy from A tt to A' a , 

Tlie worn Attfirm tfa of the atom for scattering particles of 

energy A r a — K (t - 31 „ I Y ti in the direction of the solid angle di£ 

h |^4 lr | a dii, similar to eq, (33k). When AT* < A<> the deflection la 
due to Hn hwkfrti-r rolUninn, When A',, > K 0 one speaks of a colliJtion 
of fhe second kind in which the atom passes in a lower energy level 
and transmits a corresponding additional kinetic energy to the parrii !> 
The theory may abo be applied to atomic energy levels belonging 
to the continuous range of ionized ut&tes, with ones of the atomic 
electrons speeding off with any kinetic energy whatsoever. 

The first- Born appro situation disoy^ed here gives satisfactory results 
only when the mutual potential energy t"{r. q) i;s r-mntl compared 
with A T tt and HV That ia r succetisne approximations converge best 
for fast incident pur-tides. 

£35. Elastic Scattering, Rayleigh Method 

35.1. A stream of particles traveling in the ^-direction is represented 
by an uiiper+urlHNl plane wave, r'* s , (w a dilution of the unper¬ 
turbed wave equation (we now write k for 1 he former fy: 

+ A- 2 v?o — n, w itb k — p/H , (35n) 

hi is an angle of scattering and x —- r ora (d. The incident wave 
function onn he expanded ay a series with reaped to Legendre 
jH flyrunnijiJs ^'(cos W) in the form 

v ,, t = e& - * = SflPftec* (3ub) 

Substitution in eq. (35a) lonvte fur /£ f , the equation [compare with 

*q. ( 22 h)J 

t d ( jr:\ 

?Jr V ~d7) + 

to be solved by a function /?(>) which Is finite at r - " and vanislies 
at r - oo, namely, when indicates the asymptotic ease of large r: 

R' ~ J d, r %{kr) — ~ flirt {hr - JM- f^.l) 

Using tlie orthogonality of lif and for > /- the factors ( ? in 

the expansion (35h) are found tn lie > -f- H, *n that for r - cc the 

follow! tig ex pan si on of y.i c holds: 

- f 4 - r l)P^(coa (")) " ^ sin (far— Jinr), (3l5e) 




(35c) 
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35-3* In the prepuce of iv |*>tentiiil energy I (r) one hats to Holve the 
njjHerent ml equation 

VV 4 l^’ 2 - ROk — b where Rr) - /7[r). §35f) 

For reuuDUs of ■ . ■nvergence U(r) is supposed to decraaae more than 
l/.'- for r -•* oo 4 The solution ^ is required to hare the asymptotic 
form 

y — v* + y' - « ik± 4- *; «*' ■ .1(0), (S5g) 


ah a supcrpodtior of the incident and the scattered wave, |4(H)| a rf£j 
then represents the differential scattering cross section. A trial 
solution of eq. (3Sf) i* 

f = EfiiFfima 0Ji?j(r) r (35h) 

ah eon trusted to oq„ (JUHi). Substitution in ■•• j r (3fff) leaves for E x 
the differimtud equation 




W+lH 

r® J 


Ri 


lh 


(S5i) 


■Since f(r) - <>, thin equation is solved for large r by functions R x 
whose form is si mi Jar to the asymptotic form of the functions fijf in 
eq. (35dh except, for a different phase fli,, namely, 

„ , i , , 

J?iW T- «Jn — Ifn + 0J. {35]) 


The phase "hiIt 6 t w determined hy the condition that iho exact 
noli it ion H,\r) of eq. fSfii) is to remain finite at r - to The phase fl, 
thus depends om the upedtd choice of the fu net ion F(r), in particular 
on its depth end range. Tin.* constants t \ in ecj. (35h) are determined 
by the asymptotic condition (35g) in the following way. First expand 
the function 4(0) on the right ofeq. (35g) in the tentative form 

4(H) - (isos W) (36k) 

and substitute for e' Ls the faimmatin (36e). On the left of eq, (35g) 
substitute eq. (>5h) r with R, from eq, [35]). This yields, after multi 
plication by tr, the asymptotic equation 

ZiPfVt sftl Ur- */tr + &*) - ZkftiM I I) «U [kr - tyr) + 

This must hold for the factors of every i (cos i > \ separately. Replacing 
sin if- by (e f * e "■ )/2i. the factors of v' if and those of t~ ** on both sides 
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must ounce] separately. Far the factors of e *" orio thus obtains 
the equation (with i J = 



from which follows 


C\ = ~ *> - {21 f 1). 


(35L) 


Using this when equating the factors; of t nf one obtains finally 


B, = X{it + I )<<■*"<- 1 ). 


(35m) 


Substitution in t*q. (35k) yields the function --J(@) and the differential 


#rn Mr ring cfi&i f ucciion 


dll 


d* - \A |MO = ~ I^J=?(«» &m + 1 )(e**> — I) j 9 ,- (3fin) 


a result widely used in atomic and miuleiir physics. 

The scattering, according Ixi Rayleigh, is due lo the phase shifts <b 
under the influence of the perturbing center. The brackets ( r :- J(,, i — 1) 
for d- ■:<. 1 signify the difference between ^itutbed and unper¬ 
turbed ^-function If all <5 T s were zero, there would be no scattering, 
it can be shown that only those Stave considerable value which 
belong to an angular momentum It i smaller tlian the angular momentum 
l>r. where f is the mnfjt*. of the function I (rk Thus, in case of incident 
particles of fineII momentum only & small number of summands, with 
l < l pt/?> contribute es^eniiLilly to the senttering process. This 
tsdirespondb to tlic cIas.-kohI result that only those incident particles 
are * IdlectCtl which jiwss 1 tie force center within the range r. Therefore, 
in contrast to Bomb treatment. I lie Rayleigh method converges for 
small incident velocities. 

The result (3-fin) can also be applied to the scattering of incident 
particles of mass j.q by free pa riidt's of mass under a mutual potential 
energy F(r IS ). 0 then is the angle of delict lion with respect to the 
center of mass co-ordinates, ft is the reduced mass = x + ^„h 

and Hi represents uu angular momentum about the center of mass. 


§38. Variation Methods of Approximation 


30J. When a system is hi a state with a probability amplitude 
normalized to unity, the mean value of the energy H{q, p) in t-ho 
state is 
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The mean value in any state cannot be less than the lowest, eigenvalue, 
&i> and coincide* with E x only when happens to lie the eigen 
function The lowest eigenvalue can thus- lie characterized an 

the absolute minimum of which the integral is capable when 

such normalized functions <£ are admitted which satisfy the same 
boundary conditions as the eigenfunctions; each functions may lie 
denoted as comp^Uint ftmcliotix, h\ and may thus be found by 
solving the variation problem 

- absolute minimum (= 

Ur now show that tin- eigenvalues £?„ in general. together with t-licir 
eigenfunctions ip n , are obtainable from ike same variation problem 
when the condition 1J absoliJte minimmn" is replaced by ''extremum." 
Variation r>f 1 he integral a of eq&. (!l6a) and subtraction after multiplying 
the second equation by n (real) constatii factor A, yields the condition 

- l>*d 7 - G. ( 3 dh) 

i» real, th lln- J 'ifriirftd I' 1\ Hence, varying $ as well 

in eq. {Sflb), one obtains 

/df (H - AtfdV + smff - ?.)$dV = 0 

for all oomjietxtive variations ami &$. When the two special cases of 
M — real — and — imaginary = — cVj are considered separately, 
one arrives at the two result 

- A)4> ± {H - aJ|MT = o. 

The factor of must vanish in both cases + and — ; hence. 


t&>a) 


ffHjrtV 


[]] — A)$ — U and (// - A)iS = 0 ; (3(le) 


the second equation is the complex conjugate of the tim, Both 
equations state that the variation problem is solved when A is an 
eigenvalue and ^ is the corresponding eigenfunction of the Schrbdinger 
equation for //, y.e.d. Vice versa, the eigenfunctions and eigenvalues 
rd H can be obtained by the method of solving the extremum problem, 
ecp (3 hah In particular, when 



V a + U\ 


eq. (ibVIi! c-im be written jbecause of — div —> y^y^] in 

the form 


■J 6 


y$ytf + f $4 — A^J — 0 r 


(3lSd) 


To approximate the correct eigenfunctions and eigen values one 

may arbitrarily construct competitive Junctions ^ until one finds 
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such fimctinnw which approximate eq, (3Hd) h * nearly aa possible. 
A systematic procedure to this end lins been given by Rita. 


36.2. Tht ffitz Mfthwl.* Cliixjsoat random N functions/ilf) ■ - ■ JxUf) 
which satisfy the same boundary eondhmna as the desired Hgtm- 
fi met ions.. U*t $ Ih> a linear combination of the /’s: 

m - z&fM 

and determine the coefficient# Cj ■ ■ - r v hi that eq. £3(kl) is upproxi- 
mated, thus; 

| (A v/i ■ t/<■ + I'fJ, afj,\ dv = M. 


When one introduces the abbroviationa 

- fgv/?/. + (’/,/,] ,n-=/7. | 

= F„„ | 

the hint equation rLssurm-n the fona 


fsao 


l&ljtl 


Variation of the r, and r 3 leads, to 

£,2«<«A + eAi)(a« = "- 

for which une also may write, because of the Hermit bin quality of 
U ik and b j *, 

///* — A/ 1 f*) -+- ri — }>b\ k ) — 0, 

Coaridwlngthe WO feaefei of = dc t and # 5 , = — £o it it follnu tlmi 
t, lie? eqiml.ii m 

I — AFjt) — o Tor j = 1, 2 t • * * .V, ^ti+j|L> 

as well aw itw complex conjugate most hold for every j, h]q. (3flh) 
represents N linear homogeneous equations for the N constants c k . 
They can be solved only whom the defcermimviit A vanishes; 



i/fjj — ?.t t/f]™ b.f (i!l l 

<a*-a*y ( h ^- i#a 


fSBi) 


A " yidtiw A T values of the parameter A, denoted jls A jU , with 
M — 1,.2, ‘ ■ - ,Y. The linear net (3flh), with A — i* satisfied by 
a act. of ruhstutiiH r'.' 1fl u hiL-h determine the A' functions 

^m(?) = -/f'lte) i = i-si (»*)) 

* W Eiitu, «>itfliV J 135. 1 (Ititle). 
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They solve the variation problem ua well as possible with the function# 
fi ' ■ ■ J v an haate funoltatLS. If Hie bade functions are chosen aa an 
ortliunormal set, the integral# F n are u nity for ] = k and zero fur j ^ k, 
and the determinant ha# the usual form of h sec ular deter minan t: 


A - 


n n - k 

b* 


H vi 

Bn-* 


(3ttk) 


The Ritz method eon verges rapidly when the N basic functions f t 
nre chosen so that they arc not too different from A" correct eigen- 
functions. 


36.3- Example of the Rifz Method. Determine the eigenvalues /, and 
the real eigenfunction# f of the one-dimonsionzi differential equation 

(,77^ ; ') v ' w = " 


between % = 0 and x — 1. Tlie correct solution uf this problem is 


yqhr) \ 2 sin (tittle) for A„ ^ w^nr 3 . 
The equivalent variation problem {36d) is 

| ( — 1 - ) dx — extremum, = 1. 


am 


Approaclmate solutions can be obtained from the Ritz method as 
follows: An ort.homirmiil sot of competitive trial functions/. inny be 
Chost'll ws power series t n arn dy 

/j - tt t jr -f (*, f % - h % & — 6^ a + b^, etc., 

w ith * 1 fiq — f) tl r.' 0 . etc.., in order to satisfy the boundary condition 
nr j- — hi. The/'s \ iekl (lie matrix elements [compare with oq. ( )J 



The imimdurv condition at. x = ] requires 1). s-: lj, etc. 

The Hrst function thus read# 


/, = \ r %0{x— .r 3 j (3Hm) 

with normalising factor \ 3d for the range 0 < x < 1 If no other 
basic function is used, the determinant pbifc) reduces to its upper 
left, comer, // u —}. = D P and since H ll fe 10, |ho first approximate 
eigenvalue is. A* — Mi. The trial f(motion jfj together with X 1 are dose 
approximations to the correct — V 3 sin (ttv) and X 1 ir 3 . 

To obtain more and better eigenvalues and oigeiifmict.iioMS, one 
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rriny itwn/j in addition to The three conditions — 'h / 4 orthogtmftl 
to/,. and/ 3 normalized to Unity lrtad tu 

/, = vTkHx — &r* + ir 5 ). (3fln) 

Furthermore, sin re In, lf 21 — it, and — 42. the two- 

row determinant reduces to (I't — A 1(42 — /.) (I with the hi iluLLuiiH- 
jq = 10 nntl a, ■= 42, again chuse to the first, two oarr&ot solutions 
ti a and 4 tt-, In this approximation, /i anti f., are the two functions 
r,/ and 4 2 theinwdveft since the conatantH r (: ;' happen to hi- unity and 
Kero, respect ively. 

The Rita method has been applied to the helium atom hy Hyllfims , 1 
Fotalt,* Slater , 7 and others. 


$37. The Wentzel-Kimnejs-Btillouin Method 

37.1. Tiie Wcntzel-Kra mew Bri I Ionia mot hod 1 * tries to aolvo the 
SohrOdinger equation by a wave function of the form 

f!(n) — with 8 = R + iJ. (37a) 

Riq) deti rmincs the phase iml Jtq) the amplitude of y. With. 

- vjIy y vV^ ftt| d f— fflJW - v{(V^) s 

the Kehrflclinger equation its lures to the following equation for Si 

— &V a S} + CT - E = 0. (37b) 

2 ja 

The W K-E method considers S as an expansion in power* of %ji ; 

X - s + * «, 4 (*)*, 4 • ■ ■ (*7CJ 

arid assumes K in. a given coustmiL Substituting in eq, (37b) and 
arranging hi powers of ft. one obtains the Following succiwiim of 
equations: 

ivs*f 4- MU— ^J = 0 (3Td) 

2y^ 0 . Y^i + V% — n - (& 7 «0 

and so forth. E'| (37d) is the claraicnl liuriijltomuri equation in which 
the momentum component p * is replaced by chs^/rv/t. ^ the 

“action function" nf claanicai mechanics. Proceeding from the funr 
lion yy = to the correct function (37a) is replacing the dr Broglie 

* E. A. HyGfnul, Z. Fhytik H. 34T (IDilflJ. 

‘ V, Fmk, iiM. ffl, m I TO), 

1 .1, C. Slater, Ph V 9- Rw. 35, m (IW), 

• CL Wont**], Z, Phytik 38, ‘.Is HQ2fl>, H. A. Kronur'. .Ml. 39. 4«S <1028). 
In. Briltauin, f W/rf. 183. 24 (1838), 
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wave-my theory by tin* SchiDdiiigcr wave theory, in analogy to the 
transition from geometrical optie* to wave optics. The YV-K-Ji method 
can he adapted to the Hchrtkiiuger time equation (Chapter VII) by 
assuming .S' to he u function i>f the co-ordinates 7 to# well *]> of i. 


37.2. The W R U method can easily be applied to find the eigenvaluea 
and eigenfunction*: of & particle traveling along a one- dini fflurional 
line, or to nm It id mum;; ie.mil east's separable into one-dimenaional 
problems. Lor x be the one co-ordinate and tfix) — exp [iS(x)/1t] the 
amplitude function. The t wo equations (37(1, e) then read 

'-*J = ± V2^E-U{x)\ 

t d'SJdx* 1 dU 

dx “ * dSJdx 4(E- V)' dx 



and are solved by 

± SJa) = I l -)dr 

ta 


(37 g) 


A\(«) 


r* i du 
L 'he V) & ds 


(37h) 


with any lower limit .r L . Suppose ( U j is a iJ potential M well which 
increases uniformly on both sides of r ui)Jl < E to values f r {as) > E, 
crossing V — E at j 1 , and x t A classical particle would be confined 
only to the range Ik? tween .r t and x 3 , where is real according to 
ecj. fu7g}, Sf ip real everywhere by virtue of eq. {37 b} and attains 
increasingly large m yntive values away fcmi the classical range. With 
i wo sijns of the root in eq. (37f) the general solution y becomes 

y[x) = t^ln+f* 8 * + o-ft‘ “**]. (37i) 

In order to obtain un eigenfunction determine the ratio n + /rt_ so that 
|P approaches zero at -x —— 3D, The ratio depends on the parameter 
E occurring in -S 0 and E lr Next determine E .ho that y dso approaches 
7 era at r -- <*. This condition can be Mniished by a set of eigenvalues 
E — A'„ and corraspmfcdittg eigenfunctions f„, Finally, the latter may¬ 
be normalized to unit y. The case nf a harmonic nr nn harmonic linear 
ciHcillator is an instructive example, 


§38. The Hartree and Thomas-Fermi Methods 

38.1. Th■ HttrffT* Method* An atom Bduiy cuntoin A electrons; the 
fcth electron R iNJOKidered in lirsf approximation to move in the Hold 

* D. K. ItarfwT. Frnr, f'nrHbrid^t Pint. HoCt 31 , IW luid U L I 
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produced by the nucleus Zt end by the charge clouds of density rpQ(g t ) 
belonging to a certain unperturbed y% ( J of the other electrons so that 
the potential energy of the fcfch electron is 

-— + Si I - pWP.. {SB»> 

f* J 

where the prime on the summation sign indicates summation over all 
la except i = If. With potential energy the £th electron will 

have an eigonfnneticin producing a charge cloud of density 

/■fi tl] (q k ); similar improved charge-cloud densities can he obtained for 
the other deetwns. In second approximation one oonsiders the jtt.ii 
electron subject to u potential energy which is formed, in the 

name way as eq. (38a) except that p a % r J replaces the former f i%h)- 
The eigenfunction of the Jfctli electron In £ ri,, (fiJ it) f ,rsj (Vi-)- ^'he 
procedure may lie repeated as often as dceireble (Also refer to §73- L) 

38.2, Tlu Thomajs-Ftrm! Ndhod™ This method .rims at deriving the 
potential energy / \rxjz) acting oil im individual electron from the 
assumption that the N hfcotsrons of the atom are distributed near the 
nucleus in the densest possible probability cloud permitted by the 
principle of Pauli two electrons of opposite spin are alio wed in n 
phase-spare element of magnitude h A ; a volume hi phase-space* in 
general, iy the product l-^ll \ f where T ff is the volume in co-ordinate 
space and I ... the volume tn momentum space. If l„ is the total 
volume aHowftnoo in p space for am electron* then two electrons are 
occupying a volume I' ( Vjh*. and the probability density in 
5 -space becomes 



If l.'{rtfz) is the potential produced by the nucleus and the negative 
charge cleud at xyz, and U M is its value on the surface of the charge 
cloud, the kinetic energy of no electron located at xyz, ill order to 
remain within the charge clout I, must not be larger than t[ (\ I r (.i^z)] t 
and its momentum p must satisfy the condition pixyz) < 
where P(sejfz} tho maximum ofj? permitted rtt xyz t namely, 

F(xpz) = {2 f n:[U, U(xyz) ]}\ 

The whole momentum range allowed nn electron near xyz thus Ujcomes 

V, = jP' = j! iMP. C(«jr»)])*'■. 

L. H. Thomjus ibid 23. 642 (10291- Fermi* Pfn/mt 48. 7ft (IB2H). L, 
Rlillouin, " I/iiEGiiii’ dtt TbOrrMW-Femtii." AdtinlM* im, <i ■ *#uf. 160. P*ria U 1*543+ 
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Substitution hi i'q (iittli) yields. for the charge-cloud density neat jcj yz 
p, = — p j \*P *'(f . — H)t h * (SSe) 

iiiit'hfc’!' n-httmi between the potential l' and the density indicated 
i»v t in' i‘i|uatinn 

?*I7 = -■*** 

which, in t in- co.ie nf radial smmotn nf I , reduces tn 
d* U 2 dV 

" 4np ' = " * ir ' rW]% {3M] 
when one introduce-* the abbreviation 

Only those solutions are admitted winch satisfy thB boundary Condi- 
tinn t '(rj - Ztjr for r - ih Another condition is that the lotaE 
charge of the cloud acting on one electron, namely, the integral 
Jp,(r tTT’ir'^^^■ should have the value tA — I, The two conditkiiM lead 
to definite potential funcJimia f p'l an solutions ol uq. (!f9d). The 
residing potential energy. ct T (r) may then he used In the Sehr&dinger 
equation i'or the individual eleti miis r rhe Thomas- Fermi method 
does not. account for the finer details of the atomic energy levels tout 
is very eofivenrelit for obtaining u rough estimate of the effect of 
A T — J electrons on tie 1 .Yih electron in tins ground state of the atom. 

Summary of Chapter V 

When the Hamiltonian function is given a* a series U - IP* -j- //' -f 
H" -f * * % une may conaider the eigen values and eigenfunctions 
HA series with terms of decreasing order of magnitude, E n — + 

Kp l* K. 4 ■ ■ ■ and = itf p + f m , 4 ¥‘l 4 1 * ■■ The index v 
rofii'H io a degeneracy of /A;. Without degeneracy the perturbed 
l-i n i o.s term A" is simply the diagonal matrix clement uf IV between 
In ease of a infold degonemuy ofi?.| one obtains the v perturbations 
kqs, with v' l p 2, * ■ ■ !■ as* the diagonal matrix elements of IV 
between such unperturbed yC■ which are adapted to H so ay to yield 
vanishing non diagonal elements 11 (0 . ni . for v" -■ v r , It is not necesaary 
to go through the process of adaptation of the y^'s. The values J3^ 
can be found directly from ft secular equation, A 0 ; the elements 
of the detenuinant are the matrix elements of fV between any set of 
nonadibpted eigenfunctions of A’J|. The properly adapted yj|,. oan 
la» found afterwards by 1 linear combination of the Xm 1 The perturba¬ 
tions y/ n are buries in terms of the y^, namely, — -r. «r-T^. H ,, T ^ 
with expansion coefficients A t , „, = —i£j). 
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When the perturbation is an external electric field (Stark effect}, 
the adapted unperturbed eigenfunctions a tv- those in parabolic oo 
ordinatca. In case of charged particles scattered b>’ a fixed nucleus, 
the perturbed wave function f f is n spherical matter wave emitted 
by the perturbed atom as a secondary source, rind the result agrees 
with the Rutherford scattering formula The generalized theory of 
collision developed by Born includes inelastic collisions and collisions 
of the second kind. Bom's method converges for Just incident par- 
ticks, whereas Rayleigh's method of the phase .shift is suiter] for 
slew part idea. Various approximation methods £ot eigenvalue prob¬ 
lems are the Rita variation method, the method of Hartree, the 
statistical method of Thomas Fermi, and the WentzeS-Kramers.- 
Brilluuin method; the latter uses an expansion in powers of b s<> that 
the zero approximation agrees with the de Broglie theory of linear 
wave rays. 


Chapter \ l 

MATRIX MECHANICS 


£33. Interference o! Probabilities 

33,1. L’he tichrSdingtir wave equation, and quantum theory in general, 
ro(it on a I irrhru tor Foundation than the mere equivalence of waves and 
particles in tlmjevlimensional sparai, We begin conn tract i tig a general¬ 
ised quantum theory *>f which t lie .Sehrb dinger equation is only a 
special case + by introducing complex probability tnnplitndf.s 4‘ whose 
significance may he illus¬ 
trated by a simple csample 
of wave optica, 

A monochromatic light 
train of considerable cross 
Meet ton (nut n pencil) may 
issue w ith I. ran averse jjolari 
zatiim of (l '-direction from a 
polarizer which absorbs the 
a'-polarization (Pigs., d. la 
and b.J A crystal plate 6 
put in the path of the ri'-rav 
splits t he Utter in I ivu trans¬ 
versal components f/ and h* 
which suffer different phase 
shifts fi’ and fl* befogs emerg¬ 
ing from if, An analyzer c 
nrny pass light linear of 
depolarization only. We 
want to calculate the resulting intensity */ , on a screen behind r; 
it is a fraction of the original a* intensity, which may lie assumed to 
he m.h ily. 

If the particle theory of light were correct, polarization effects might, 
be explained by photons depicted as transverse two-way arrow a, Un 
IMjbnzerl light would then contain arrows of random transversal 
orientation, whereas the photons issuing from the polarizer have their 
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FiUJ. ft.3, The JnciBiiipoiuiJCii] of n. r,tiiU- m' 
tnfJi nrthD^mJ ocinpimunt* h T niul if.'', Lei . i. ih 

of optical pulunziitiLm 
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double arrows in the + ff'-dinubiuii. When entering the crystal b, the 
fraction J i( . = in,jm* (tt", b r ) i ni" the a'-photons (urns tu the bd prion t&- 
tion, and a oorreaponduig fraction to the 1/-orientation, Next, the 
fraction J bV — l-uh 5 <bV) of the Id-photons turns to the tf orientation,, 
etc., ho ! linti the final intensity passed by i fie analyzer r would be 

'V#* = v ^iv + J a -y *4 v (39a) 

as n stim of products, tII-* first product indie^tiptr the probability n.f 
a photon turning from the orientation «' lo r/ via b\ the second via b\ 
However, the result (39a) is wrong, It does not account fur the phase 
shift-* in lh Tile correct result is obtained, Fey the following method, 
known to every student of optics. 

Replace cq. (39a} by the slim *>1* product?* of complex nmplitmh a 

where = cos (o', h 1 } exp C% it , etc,, and pul 

JlV = l‘l'»T'| a = l^lVitVI 4 - ( 30 ®) 

The cunt-rib lit ion is a product of two ordinary ciompomnit 

factors, cos \n\ fr* 1 ) cos (4\*-') multi plied by u product of two phase 
factors, representing the whole phase shift ( 7 ?,,,,. -f- -y iV ,,1 on the path 
from tt' tu r' via t>\ Eq. (39c) is the expression of the principle 
of Atipetpatiiiwi : The resulting intensity, instead nf being the sum 
of two mtenaity prod nets in eq. (3Lla)]i is the absolute square of 
the superposition of en nip I ex amplitude^ TJw method of the complex 
amplitudes i.^. quite natural from the viewpoint of ware theory Thont* 
who insist on ft eorptuundM i nter f uh ui.lon may piffer the term complex 
pFohabililff mtipiif rr</<- fur the factor T iT , si nee the absolute square J il(i 
represents :l probability in the photon interpretation, observed as 
(relative) intensity. 


39,2, We reiterate the superposition formula <391 j) with a alight change 
of notat ion: 

■(S) l l\ y = (super positl on). (3M) 

The SiiinmatiL'p over b refer* to a n tsm matlnn over both mutually 
orthogonal directions h' atid If, U"e also mention that 


(39c) 


T ,, lt — 1 , l l b eto.j 
IVi- = 0 . = 0 , etc.) 

that is, the amplitude eom|*>n®nt of v '-p<tarnation in the direction 
of w' is unity, whereas the component of o. J in the direction of *s" is 
zero ; similar relations hold for b‘ and b* t etc. A further rule is 

(H) T -ir = 'F^r (Hermit ian quality), (30f) 
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that is. t*xchanging the order of the two indices of '1' produces the 
oomplex cion jugate. The rule in physically justified by the remark 
that the phase shift from ci’ to h* is opposite to tlint from ft' 1 Lu ti\ 
\\ hen ecj., (Slftl) id applied to the sfiecial cases of r' being identical 
it and <f, respectively, and eqa* (Utie and fj urn used, one arrives 
at the two formulae 

(N> £JV 0 ]* — = V a . a . — 1 (normalization) (3%) 

(O) = WJPw = T** = 0 (orthogonality). (:roh) 


Consider the scheme of the probability amplitudes (generalized to 
several states tt\ u" r a", etc,): 


'I'... 



tm 


The normalization rule then stipulates that the sum of the absolute 
scjusww nf every row (or column) is unity, and the orthogonality rule 
that the sum of the products of the elements of one row (or column) 
with the complex conjugates of another is zrcrn. The rules of supisr- 
fmention, llermitian quality, normalization, and orthogonality of 'F 
an? later referred to »ih (S) (11) (N) (0). 


§40, The ComiiOJaient Character oK States 

40.1. If ouc insists on a corpuscular interpretation of the decomposition 
of slates into components twitch an interpretation must necessarily 
be inadeqoato ami ambiguous. Xeverfclieless, tivo apparently contra* 
r l i otoiy i lit or pret ation a ol the mn pi i tu 1 1 c 1 f \ f are extensi vely 1 i sed i 11 
the literature, the reader is asked to realize their experimental equiva¬ 
lence in apite of two different, wordings. 

(I) the proha hi lit.y of a particle Surnim} from the state a' to 

ft', as realized hy a polarizer o’ and an analyzer h*. One also may 
say that is the probability of w particle, previously in the state 

rJ with certainty, to he found afterward* in the state 6'. The tran¬ 
sition may be considered as prfjdnced by the analyzer. 

{2} |4’ (| . A . | fi i-i the relative abiimhmoc of the state ti being mnfaimd 
in the state o\ The analyzer ft is considered i* merely revealing this 
abundant*. Also: - is the probability of the two states a' and 

t> f existing simultaneously, just as it vector o' and its component, ft' 
exist simultaneously. X- te, however „ that the so-called simultaneous 
existence can he determined only by n successive application of two 
analyzers n' and ft". 







QlJANTi'M MM'HAXIOti 


lie 


§40 


Aigurapnte between the two interpretations fire as pointless os the 
t wo-l m nclred-ymr-old discu^BEon whether white light crmJ:.cti’Tift the 
various colors simultaneously, or whether the colors tins? produced only 
by the- analyzing prism or grating. Indeed, being contained has but 
one physical meaning, that of being producible by an analyzer. The 
formula T..,- - 0 indicates that the state ti ’ is not. contained. us a 
component in tile state a. Mutually orthogonal states are known 
alsif a.s tmifayiliy rirlii.n rv- states. From the particle |K>int. of view 
there is a mmshing probability nf fmnsitiuu from the state a' to rt". 
Transit ions between mutually exclusive states can take place only 

under the influence of a }>eit<irbatioii; 
the perturbation first changes the state u r 
into a modified slate a' which now con - 
tains the state a" as a component, k> 



that 't* ^ <i.. 


a'rt' 

40.2. The fundamental rules (8) (H) {(>) 
(Xj may lie exemplified by another quite 
different, optical phenomenon, that of 
diffraction. Light from a monochromatic 
source n* may pass through a screen b 
with several narrow boles h\ b" t ■ ■ - 
and from there to various holes c\ 
r' ■ ■ 1 in a second screen (Fig. 0.2). The intensity received in r,' t 
according to the photon theory, would be given by the expression 
(3iJa), except that J uV now would have the form (r n . h ) -2 . according to 
the inverse square Jaw r.f the intensity. The correct result in oh- 


(lf (he *Uit4f A Lftttl liUlilUlUjl ex. 
cJaslv*? ii' t h\ e-Ui., lik caawi 

*1 cljiTnwLtum 


taints I by the formula (3Ho) with MV*. = ^ r“ T *'*', and phase shift 

r * r b" 

( }Vt . = ..-/A, The state it' now is the state of a pbptoii being on a 

i ny emitted by it', and the state b 1 is the stale of a photon being un a 
ray lending through the hole fr r . ’F tir then is the probability *mplitLide 
of befringing to both states simultaneously, nr of turning from rt‘ to A" 
If i be rays I httmgh € x c". j - * are passing on to points d\ etc., on a 
screen, the relative intensity at d’ is, the absolute square of 


kl 1 _ V VII 1 US 

I |fV - n I sV Hr 1 rrf ' 


(■ten*) 


The same formula applies also to light, from tx polarizer a' passed 
through two crystals A and c and through an analyzer d\ Wbaraaft 
in rase of polarization theexjiressBcm "orthogonal ” applies to t-he states 
A' and A" in a literal sent-c, the slates, of n particle passing through holes 
h\ ft", ■ * * are orthogonal (mutually exclusive) in a generalized wav, 




t'KAi*, n 


MATRIX MM HA.Vli'S 


m 


When there fin* five holes in h anil aeven holes in r, (he elements 
yield a scheme with five rows and seven columns; It in a 
iTtiattyukjr matrix, to whmh apply the rntoa of orthogonality anil 
npr mali zjA.il (*n {£() (N) of £3 Si. A special case Lb the n-ctanguUiT 
matrix between mutually oiliiogimat states b\ h r , ■ - - , which is a 
unit matrix: 





1 

0 

o 

- . . 


h’f ' ' ' 

*= I 

0 

I 

o 

• * * 

* ■ * 

- - * ’ ' " 





* - * 


Therefore T will oocariomillj lie repkood by the symbol I. 


|41. Polarization ol Matter Rays 

41.1. E.tpotiiLienta sitnilitr to those of optical polarization tmve been 
carried out, by Stern i-tiel f.k'rlach 1 with iiomngcnieuu* witter myit sent 
through a transverse inhomce 
gonooufi* magnetic field. 

Silver atoms poaueaw angular 
momentum A — (accord¬ 
ing to the older theory), and 
el magnetic dipole moment 
of one magneton parallel Hie 
the as in of station ; in 
Slem-f terluch V expert rnont 
(Fig, tjJki) they yield double 
refraction; cither suhsULiirr* 
give triple, qtiudmple, etc,, 
rays, depending mi their 
angular momentum A. Figs, 

0,3a and fl.3b ihcnv the Stern-Gerlneh ux|>erimerit in t he examples of a 

doublet find quartet 

The separation of an impolariaed matter ray into several comfwnciito 
in a magnetic field is regarded us one of i.he most con vine kg proof, 
l if the exiBtenre of wfkui'iite ipiantum states of orientatiuru Indeed, 
if the magnetic dipole axes in i lie incident ray ware iliatributcd in nil 
dimotkirre ai random, the deflection r>f many such intonm through a, 

1 O. Stem nnd W. fkirlooii, Z, Phyzik S, lift £l03lb 

* A hoimigcnpotifl fl_ wnulil pmdui'v k th*> mugnetir dipole birt wimLiE 

mil ilrfli*ct. th>- Utpote in it whole. A nwidtintf nrngTiWir foreo if? obtained only 1'r.ini n 
IWd H 1 wlildi him different strength at tlw different pin of the !w>< pates, 



(*) 

Flu. Stern-tlerWh acaj^k ,\n im- 

pLitnrizad Ix'Jtni of rmstCnr Lh splir intu |jmL n-i m I 
csutttJpnitnniH The number of GompatMiiilM in 
it \ 1. whrar / m 1 Fi■■ qmmtuxit iiiitqhitr of rli<» 
uagular motflunu ion lEuunptaft: ! I/i£ yield¬ 
ing doubtoi Kttd l — \1{2 yielding quarinf.,1 
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iMgiid-if field sinmli] result. in a continue is fan of deflected directions. 
The actual appearance of doublets or mull iplett verifies Snninierfrld'R 
theory of“quantization in apace” (Fig. 0.4a). According to Sommer 
foil I, the axis of rotation of an atom of angular mounutfenm I — /A 
assumes only such angles « with respect to the magnetic tic Id that the 
::-component of A has the selected values 

z — A ooe « = mfi 

cor a = mfL m = l, l — h J — 2, * * \ — /,J 

in "wliirfi / is the quantum mtruber of .4. Ktp (4 la) defines 21 + 3 

different, orientations) nf the dipole axis 
with respect to the field H, 


(4 la) 


m 


* vt_.... j, 

.,<p 

(*) 



fb) 


Flfl . 1 U > inpoflitid11 into 

f*mr i i>icsji. iiirnitn in u ftpEd of 
nrnl =“-t|ittn-tian* rwiptM.-tivi'-ly. 
1. it iihgiilAr wuuobim of quail, 
(um rviMiilwr ( - 3 


41.2. A» long rw an ate nr tic ray is split 
into n mtrltipJet by a single magnetic field 
H sis ^jHilurizer,” Honimerteld'H picture 
of space quantization ik quite satisfac¬ 
tory, This picture is wanting, however, 
when the ray in passed through a snoops 
sion of magnetic fields rd" different Irani* 
verse directions. The rorpiiscular Idea 
nf magnetic dipole a see having certain 
directions a in the tick I K and iurmittf to 
new direr!ions in another field H* encounters the same difficulties as. 
the idea of oriented phutona in the case of optical polarisation, because 
the corpuscular picture does not account for phase shifts which 
are so important for the ultimate intensity. 

SuppoHe if- were iKJSfdbli k> ptum a single fStem-fh.-rlacfi component 
m\ before it becomes depolarized, (h rough a second tranavcrMe field 
H* pointing in the :*-direction, with H — angle {H, H*). The first 
field is the “polarizer," yielding polarised rays m% m # P ■ ■ \ and the 
aectmd field is the “analyzer/ 1 which transmit only rays of polarization 
it', ft", ■ ■ According t» MormnerFold, the field H + would orient 
tin- atomic dipolex in (2/+ l) Helmed directions ft with respect to 
the 5■’ direction (Fig. 0.4 Id), sit that 

3* — A cos ft = uti. 

com ft = ip//, with 7i = I, J — l t » - * — f, 

The intcneiLica of the various secondary components u resulting 
from an original primary component ?n may be called J m - n : etc. 
The J M - n - depend on the angle f? between “polarizer"' and “analyzer." 
In corpuscular interpretation «/ m v would indicate the probability of 
an atom tutu tmj from the state in’ to the state n\ Quantum mechanics 


(«b) 
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cahnifotes J m .„ aa the absolute equine of n complex amplitude MiV JH . 
wi'it'll »* ft trfjn-rwIiKfU "cosine" between tho "dittXfLkms" of m' arid «' 

41.3. Lot. m derive the T fur t - L where m= ± \ yields u 
Htein-Cferlrtoii doublet, The space quantization# iti the two fields 
H and H‘ an* illitstrated in Idga, t( T 5a and Ij.uh, Our aim is to find 
the four transition amplitudes namely, 'I , ^ I V ,_ > }i! T_ , 

T . „ - B i ay funct ion* of r lie angle 0 hefwcem tho tronaverao fields 

H and H*. h r* obvious 1 hat for f) — 0 we must have T. i — T ., t , 
= I and MV _ Vi - Y_ %y . = U, The 
opposite condition must hold Tor fl — Itlsid 
For 0 = Mb the fourT mV must have equal 
absolute values; farther mo re, the Y lflW 
must satisfy the rule of row* ami wlmrius. 

There m only one way to satisfy these 
Condi lions, omitting n crnmium pilaw, fac¬ 
tor e‘\ namely. 

— • uoM.U/) — 

ain fifl) am Eifl) ||. 1 * 

Tlu- J,„„ are the absolute squares of the 
\' mw . A systematic derivation of t?q_ (41 o) 
and its generalization is given in $ Ilk 

Although matkT-pHjlarixation experiments through two crossed 
magnetic holds tail because the rays become depolarized on the wav 
from one fink! to the oilier, the amplitudes 'r ii|fj play an important 
rule in the theory of the Zeeman effect. Our discussion has shown 
that the model of atomy iunitmj their axis of rotation from one quan¬ 
tized directum to another is to he replaced by the idea that one. quantum 
staff? vi has component.* j« the. '"dircetiun" of other yuan turn siafm n. 
These components may be rtetah.d by Stern (rerlacb analyzers, pro¬ 
ducing "multiple refraction." 

The former it murk that tho Stem-OerJutsli multi pin-infraction experi¬ 
ment is proof of the turistoneo of apace quantization of matter particles 
must bo revised. Opt ical double refraction in crystals lias ticvor bouU. 
regarded iua proof tbm light is '■quantized in space." Similarly, if 
iStcrn I.ierludi experiments hud been carried out before the develop¬ 
ment of quantum physics, they would have been explained, and still 
can be explained, as a phenomenon in which matter iwm are refracted 
into polarized components similar bo optical double refraction in 
crystals, Tim outward sign that such & classical ware theory is 
possible may be seen in the absence of the constant h from the resulting 
probability amplitudes T. 



Hr i l If* - J| 



(ft) (t*) 


Fie (1.5, l)rHL'ujn[Kih'LiitJii Jim. 

Iwn rorapemmts jji n flelrt of -. 
twill ;*-direct inn far angular 
innmraliim of quantum numlit'j 
t 1(2. 
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Summary of §§3fh 41 

Complex amplitudes Tare helpful in the wave theory of polarization 
and diffraction* In corpuscular interpretation the wave function 
fj.*' signifies a probability amplitude of transition. From thr experi¬ 
mental viewpoint it is irrelevant whether we say that a partial*) turns 
from o' to h\ or is iit transition from a' to h\ or is contained in the state 
id with probability — |U r 4 > j a when being in the state a* with cer- 
tFlinty, 'i’rt j/ isn generalined directional cosine between the l| 'direction ” 
of a' and the '‘direction " of b\ where ft 11 is one among a number of 
mutnaily cxcltLSive or ortbiJgonal states o', a '', ■ - ■ and b' is one among 
the orthogonal .set. t/\ t", ■ * The rectangular mixed matrix of the 
'| J . l7l displays the same summation rules for raws and columns as ti 
matrix of directional cosines, except for the fact that the T^. arc 
complex. They obey the general rules (*S) (H.) (()) (N) listed at the 
end of §39, Transition probabilities J u h - can be observed; the ampli¬ 
tudes have unobservable phase, facto no 

§42. Eeal Observables; Eigenvalues 

42,1. An observable A is a physical quantity pertaining to a given 
mechanical or optical system,, which under certain conditions displays 
a definite real value A = A\ under other conditions a real value 
A = A\ etc. The values A \ A* t * * - arc known as the eigenvalues 
of A. The eigenvalues of an observable define a mutually exclusive 
or orthogonal set of states. 

The iti-ttj-uttiinfttr of a particle is a real observable. Indeed, we 
can ascertain the position % — ;r' of a particle, as against x — j‘\ etc., 
by observing through a narrow slit of ever-decreasing width. The 
moment urn component p& is a read observable; under suitable condi¬ 
tions we can make sure that the observed particle has a certain value 
Ps with the exclusion of other possible values ^he eigenvalues 
of x ns well as those of p ± form a continuity, The eigenvalues of the 
energy A 1 often ace distributed discretely. Although under some 
conditions, e.g,, at temperature T, any eigenvalue among A', A", ■ - • 
may be encountered* one van produce experimental {conditions under 
which E has one eigenvalue A' with certainty. The quantities IE or 
far tire not rofll observables. We avoid the term “complex observable " 
as misleading. When squeaking of observables we always refer to 
quantities with rtitil eigenvalues. 

It is ft curious fact. t hat real functions . hf - - ■) of real observubles 
do not aiwayn represent real observables. Neither the sum «,r -j- bp d 
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nor the product xp~ h a {rv-al) obwervablm tine® there is no experimental 
arrangement in whifth this avm or product has one definite valuo, with 
the exclusion of #dl other pooatbte valuer 


42.2. The eigenvalue _4' is ottc^n denoted by a two-indices symbol. 
Aj> a < {or A*# when --I" is t-lmmctorized, by a quantum number -m'). 
At the same time we let the symbol A r r or *4 rib . |r| . statu.i for zero: 


^ A ' 

= 0 

This notation ism genera Li ifttion of 

= I 
= u 


^a‘j F ^bh'™- 


Va a- - 


for m' = in' 1 
for fit' jh fit" 


for m‘ — vt 

for tv' = m 


:.) 


(42a) 


142h;i 


Hence, T is h spoeiFd re?/ rjbeervfible, known tin probability ampli¬ 
tude or Pst or Unity. The eigenvalues of -P art 1 always ’P^. — 
T m . = — ■ = L 

HI Ml 

The symbols of etj [4Ha) may be* arranged in a finite or infinite 
quadratic scheme or matrix: 



itt'm' 

I . . 

“- 1 Ilf III 


J 

Jtil'tti r 


{4Sta) 


The diagonal elements are the eigenvalues of -4, and tlie nundiiqionnJ 
elements are zeros. W-* therefore say that the nb-crvnblo A is diagonal 
in the states >n\ m ", * * ■ In which ,4 has its eigenvalues. Similarly, 
another observable R may have its eigenvalues in another orthogonal 
set of states m'\ ■ • ■ m that 5 rip . = B\ etc., and B nn . — 0 for 
it it*. The obftervftblc T is diagonal in the states m\ m* r - ■ * 
as well as in the states n\ ■ - ■. 


$43, Mean and Transition Values 

43.1. Suppose an .individual atom is, or many like alums are, in the 
state m' wiierc A — .4' with certainty* U hen we now test the value 
of another observable H pertaining to the same atoms in the state m r . 
we usually find that the eigenvalues 1S\ IS", ■ * r do not have one 
value with certainty, but that ii r occurs with probability J„ |V , IS with 
probability ,etc. This probability distribution leads to a certain 
tftniii mint- of IS in the state w/ t denoted by the symbol B m : 

or jB pji denotes the vi'th eigenvalue. The same may be written 
... the form ^ = v_ V<- . _ mma value. («*> 
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Consider (.he example < t many photons of common frequency v, nU in the 
^iiii‘ sUte m\ iijft.3ni• Ly r mining From ji Nlc-ul of jrrieht&tloh m\ Ll't fi 
stand fur the intensity fraction imnsinittcil tJirfjmjj.lt ji certain tnannalinu 
cryjsto.L whose two nuiin direr (km-s of vibmtian are u ! and n\ B ha?. two 
eigenvalues, H* and H*, far linht of >X mid //'pohuraatum, re-spnetively 
we arbitrarily' assume the eigenvalues B‘ - 0,01 and B m - 0.715, (They 
depend on the kmgth of the crystal.} "Che mean value of the transmitted 
intensity fraction far the photons w r ilnui i- dir value "^n-vid through an 
analyzing Kicol also of m "orientation; 

Km'™- = con (mV) 0.01 cos (rt'm'") T cos (m'w- T )0,75 cos 

iiftv mmng unrealistically that the two components do not acquire phase 
dtffrrone PS u'Suu piir-.eil 11 1 I'm i j i_ r 11 rL thick rryat.nl 

Another example; the mean vidua of Z n in the state iV, where Z — J/j. 
in _ JA[oo 8* (|0$ — Bin- ^ 1 ft) 1 — Jfi oo» obtainable from eq. (Ilej 

43.2. Nox f, we ci ifte-k ler i hi- *.. called travail ion • of km of an i Ti.wrv.iblei 
B, more explicitly, I Fur mean value of H in the ,-tjilt- of transition from 
tn r to tn\ defined as a generalization of eq„ (43 a) 

^ = transition value. (12b) 

Example: The mean intensity Fmrtiori H transmitted through tin? 
previously described tourmaline in trmiidtiuu from the 1 ^tate m ' to m*, ft?. 
Iirbwmi crossed Nicola of orientation m r . m\ is* 

= COS (mV) 1 ),i(| rri 8 (tj'jjj ' ‘i + COw (W) 0 . 7 fl eoafaWy 
Another example t [A- sin 0, with the help of eq r (41 e). 

Finally, we generalize eq. (4-lb) to transitions from any state k* to 
any other state f of a mechanical or optiual system. The transition 
value { general matrix element) of the observjibLe B is defined its 

B kr = ZXr« BJ¥«‘ im 

in terms of the eigel wol Unis, B t> .„ = B\ 

Example: the mean intensity friction transmitted through the 1 ournialine 
between n pnliintor k’ mid ml mndper T. 

Ecj i, 43a) is a specialization for transitions from a shite to itself. 

As a further example take n linear hurimmio oscillator, with the two 
observables E energy and x = displacement. There rs the sol of 
orthogonal states m f , m", * * * in which E — E\ E* t - - The meai] 
values of x in these states vanish ; 

s,,,=i|1 ' Whereas 
■ r u,'L.i' f° r w” = ™ ' ± I 

On i hr other h[fcnd t tlie tranttition values of E from m to iff vanish. 
The produut rE is not a real ohserviihle. 
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Rotnem bur mg the remarks on the phase of 4" preceding eq. {3&g)„ 
vm rewrite eq, (43e) m tin- form 

1^,,,. thus bus an experimentally undetermined phase factor Indepen- 
dent of the infcrniedinto phases v. |jB^i| itself is experimentally 
determinable* 

Uuantum physics finals with eigen-, mean, and transition values of 
observables between states. The principal relation between these 
quantities is gontained in the general formula (file), 

§44. Transformation of Matrix Elements 
44*1. With the I>rcJor of thi^ labeling indices re un-math eq. {4'lr ) reads 

_ Ihv = E.'TV. V*- 

With 4y R - T r , y (Hermitian quality of 4*) and with tf n = B' real, 
one obtains 

U tr — B ir — Hermitian quality, (44a) 

Tin values of rml obstt'oabka art Sennit tan ,. Hermit-inn 

matrix dements are necessary, but. not suffieifint criteria of a real 
observable. [Indeed, when the Heim mi an elements arc- given, 

the existence of a corresponding diagonal matrix depends on the 
ii-utr.nr.ei of u transformation matrix 4*„, v Ifor a counter example, 
refer Lo §110,3-1 

l v he transition values of an observable between twn> states in and 
m* belonging to tin.- same set of orthogonal states are often denoted 
as part matrix elements, those between any status k* and t\ in general, 
as mixed matrix elements. Wo shall deal priruri pally with pure matrix 
elements. Pure matrix elements produce a square matrix. Two ele 
inents retimed from the diagonal in a pure matrix of a real observable 
are mutually conjugate), and the matrix is called MermUmn; mixed 
matrix elements generally haven rectangular matrix without u diagonal. 
The rectangular matrix of the B ti is not 1 lemiitian in spite of eq, (,44a). 

44.:J. When one uses the rules (S) (0); (Nj for 'I and the definition, 
eq. {43c), twice, one obtains the following sequence : 

B* r - £.¥**4.?* 

“S*S,3VI V.VJV',,, 

and finally 

(T) , = trail eformatinn, (44b) 


I is 
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This general transformation formula expresses transition valuer B kl 
in terms of other B vp ’s. Summations arc always ojctendod over the 
complete orthogonal set, n\ tV, * > ■. and p\ jT, ■ ■ % etc, The t.rnnsu 
formation formula has group character, that, is, the direct transforma¬ 
tion from k,l to p, ^-elements yields the same result as the transforms 
tinn from k r f t-o t, j and from there to p. tj, aa is easily proved by 
expressing B in eq. f 44is> in terms of inter mediate Ii n ' s. 


44,3, Suppose we have an equation between physical quantities, such 
as the equation U - kj£ between the quantities t and x, or in general, 
an equation L = R, left-ham I side — right-hand side, Quantum 
mechanics interprets this as an equality between the dgeavalutis of L 
and Jt r so that IJ = H\ and £•* if\ etc, By virtue of aq. (43o) it 
then follows, however, that all pare and. mi.r^d matrix * foment# af L are 
identical with (ho oortfsponding elements of if: 

L, — R means all L kl = R lTr ( 44 a) 

with l 1 ' and f referring to any two states whatsoever. Eq, {lie) is 
the justification for the often-applied procedure of subjecting the 
left and right-hand Hides of a xi/mlmUr rqualian L ~ K to the same 
mathematical operations and labeling only the final result 


145. The Eigenvalue Equation 


45.1. Ash riming again 1-hiftt II has eigen values in stales u re writ* 
I he definition, eq i 4 ils>. with changed dummy indices: 


When we multiply both sides by l lfrom the right, summing over 
m*, tiding the BUperfxidfioQ rule for l F as well as T" liiv — 6 Kn ., we 
arrive at the fetation 


(E) 


a t . - i f 

ttn itr utm 


B r = eigenvalue equation 


i~i;sLj 


fur any in' and bq that eq. (4rja) represents M x .V equations if 
there are M orthogonal kitties nr'' mj ", - - ■ and ,\ orthogonal states 
n\ a ‘ - ' ■. For example, if thore are only two states m r and m*. and 
two slates tP and «% eq. (45a) represents four equations, namely, the 
couple 

'« i i ri ’r' -—- -r ji a 

{J5b) 


ii . T , . + B -V . . - 4' 

m rn Pil N 1 "m W 4 «* tit H 


^,>^v - 1 - W*V™ = 'V 


w'» 


H 

B r 


and anni her equaliu-n couple with n* and If replaced liy n " ami B 
respectively* 
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The linear homqgimcous equations [iSaji are usiocj for (a) finding the 
eigenvalues B\ W . - j - and the probability amplitudes l F mV , etc., 
yrhsi s the matrix dements • are known; {ft) finding 

the B tWtn > t -Rrftifi - L ' ««*1 the when the eigenvalues B\ fT, * - - 
ate known. In both cases one tieea 1 in- requirement that the ilofcer- 
minant of the factors oi the V 11|V must vanish. Problem (a) is t.he 
most cDJmmm problem of quantum nicoliAiLicd, and many examples 
will be given later. The ScbrOditiger equation is a special example of 
{»), An example tif (ft) will be discussed in |40. The constitute 
the rrotttfwtuHfiou t tint r is from the stated m to n. 

According to a general mat-liematioat theorem an eigenvalue equation 
of the form i.4on), in which the Z? 7lW ary Hermifciiin, leads to rml 
■4gen values B B", ■ ■ as auhitiotm of the '‘secular determinant" 



(B mm - B) 
^mr** 


B 


m'm r 



B) 


‘ - ■ = 0, {46cJ 


Tliis theorem is the invundun of cq, (44a). Thus, when a quantity B 
lata real eigenvalues, it Ima Hermitinn matrix elements, find vice. 

This statement is subject to a certain reservation* In case of an 
(tijitfiU >i-t of-taa— m , m", ■ • 1 the Hermitian quantities B^ m * mitjhf 
be such that A = n has no solution at all. that is. the quantity B 
cannot be diaquitalked in spile of its IXermiticity, I'S then dues not 
qualify a* an observable. When A has no solution it signifies that 
the eigenvalue equation set has only the trivial solution = 0 for 
all «/ and ■•■' t.e,. there is no regular transformation matrix H' rtJ 
An exainpb of this occurrenPe is the quantity ft sptj. 4 Pj-v which 
is Hermit fall yet lacks eigen values, since there is no regular matrix 

T.■ transforming from states n> to tentative eigenstates n of B 

{refer io On the other hand, the quantity (.?■/>. pA'}/ 1 has 

real eigenvalues ft and vanishing 1 ransitiou values in every set of states, 
m\ m w , - ■ - (refer to §33). 


45,2, li via lions between tin minus, elements of observables, including 
the - |K?cittl observable l F I. have a cum men foimal appearance; they 
are obtained by the tabling of yytftfto /tr tiqualirpt.* with any two outer 
indices, then inserting pairs nf fik* intermediate indices, and finally 
letting the intermediate indices run over their complete orthogonal set. 
When one labels symbolic equations for M or X. namely, 

I — 11 = 111 
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on* arrives at the superposition rule 

(SJ b \ Ijhi 

with the special caaea 

(KJ v | - j 1 for m* = m\ 

(0) pI * 1 ' ***' 0 for m' # 

When one labels the symbolic equation 

m - ib 

with outer indices tnn\ one obtains, because _5 Vn - = 0 and fi Tl - in . = B. 
the eigenvalue formula 

(E.) 

The symbolic equation 

(T ) B -1 Bl 

when labeled, yields the general transformation formula (T) ofoq. (44b). 
I'ht matrix idea vt&n first employed by Heisenberg and perfected by 
Bom and Jordan int«» the general matrix method described here. It 
b the backbone of quantum knir'matics, The further development of 
quantum dynamic* rests cm a peculiar introduction of PEanek’s quantum 
into the matrix formalism (§fi3), 
lFF m vi pronounced : B operating on TV^,. in defined as 

(«d) 

The result of the operation is the sum on the; right of eq, (4jd), which 
is linear in the matrix elements of T. Eq. (4,id) then explains why 
art otwtrrabk is often denoted as, or defined as, u Unmr operator. 

45.3. An observable with its mean and transition values (matrix 
elementa) between orthogonal states rti ', * ■ ■, is analogous to the 

stress tensor and its components with respect to a certain set of ortho¬ 
gonal axes in anisotropic crystals, Any point inside a crystal may¬ 
be choBeii rtd the zero point of a rectangular (orthogonal) co-ordinate 
system whose axes may lx- colled vi\ t/V, -m’" rather than %yz> With 
respect to these axes, there are 3x3 = 0 stresses /.j etc., 

but only blx independent stresses because — iVw'- There is, 
however, a preferred co-ordinate system n ". jj ", n m ill which the cum 
diagonal stress components /v,- vanish; the three diagonal jp ftV — p r 
arc the principal stresses. They represent the “eigenvalues'' of the 
ptrCfiJS p, If the p,„ rM * with respect to a co-ordinate system 
[m r , m* t in ') arc given tiie principal stresses and tin- citaiiies between 
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I.Jig anginal axes and the print ipaE ftxea {n\ n*, n"'J cun he foiled from 
the dot'll value- equation 

co& ( ,n - *0 = P* «>a («'. 

and two similar equations obtained by replacing the index n by a." 
Lk nd m", respectively, The cosine between the w"- mid n f -directions 
corresponds to the complex probability amplitude 

The stress p at a certain point in an anisotropic body is physically 
defined only in terra* of the six independent tensor components p m , m , 
wit h respect to rt certai n orthogonal set of uses. Similarly , an observ¬ 
able B Is physically defined by its transition values B miri > between a 
set of mutually orthogonal states m r , m*. - - *. When the are 

given, the Ii L .- k - with respect to any other set of states k\ k* t eau be 
found from clj. (T) p and the eigenvalues B ! — B ILll from eq, (B). 


§46. Quantization in Spans 

46,1, Silver aiouns in n magnetic field H : display two mutually ortho* 
gonal quantum states with Z — mh , where m = ± L The same atoms 
in a field H? have* states %,* aft, with w = + ^. If the z*-direction 
w obtained by rotating the s-direotiuii about the y-axis through an 
angle 0 toward the ^'direction, one lifts the following relation between 
the components At Y, Z i am! Z* of the angular momentum: 

Z* = X COS {X t Z*) + Y COB [ Y, Z*\ 4 - Z KM (Z\ Z *) 

— X sin (I 1 - Z cos (/, (46a) 

We wish to find tlte four probability amplitudes ^ *F (h - rt . 1 

T' ni - I1 * of an atom turning from t he state »r to n\ etc.., in Mteru-Gorlaoh 
experiments. Z and Z w have the following diagonal matrices in tho 
states m anil />■ , respectively; 


y 


Z' 

0 


i* 

u 

1 *w 

%m-nf 

1 0 

Z ¥ 


0 

-p 

1 tf* 

z* H * = 

£ * 

» i 

= i 


0 

z.V 

^Va* 

0 



0 



Two eigenvalue equations for the observable Z* read, 

s.- v mV z;.,. 1 - v mV i*j. ( 4«c) 

with m‘ =t j, and — A, respectively, Two others read 
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§46 


The first mupli 1 of equations for the Vs requires the following detfir- 
minant to vanish: 


«-• - m 

K- m tz!r»--m 


(40d) 


The neaond couple uf eqiiatkmfc leads to A corresponding vanishing 
detenu in Em t, with }Ji replaced by — p and quoted u* eq. (Hid'). 
Substitute in the determinants: 

2*„r = Z m „- BiB 9, 

etc., iu which only the etc., are known from eq, (10b)- 

Tiie two determinants an 1 to vanish aimultuneQUaly, leading to the 
conclusion lluit A',..,,, -j- — 0. Then, after division hv sin 0, 

the factors of sin 0 and of cos 0 must vanish separately, leading to 
-*W*“ - v m-w' = tmoe A' m - m . - X m . m . - 0. ami further X^X m ^ 
= P“, #o that at last — X„ r „ r = {Ikfi with an arbitrary phase f. 
Taking £ ~ 0, one arrives al the matrix -V Listed iu eq. (Atie), 


[Taking £ = — — one obtains the matrix listed in eq. (4tlo) aa Y m 

Both X and )’ are in rho same relation with respect to Z t but there is 
an additional condition rotating X , V. Z. given in eq, (55f).j 





y || - 0 “ b ih ) 
'^■n ' {in o 

K-A l"» ^ (4«b)]. J 


(4tio) 


Prom oq* (-Hid") we mnv obtain (he Z^ m * matrix elements: 


z:-.- 


|A coh 0 

l,h sin f > 

p sin 0 

— AS- cob 0 


t«f) 


They permit il solution of the eigenvulu.jiiiUEona (4flo p c") for the 

etc. Apart from a common factor of proportionality O, the 
solutions read 


'IV* 

n. 




T 


C[\ + cos 0) 
C sin fi 


— V sin fJ 
(.’(I + eos 0) 


The factor C is determined by the condition of normalization to unity, 
namely, C = [2fi + cos 0 }]" so that finally 


f , r 

1 « a 

‘>"„v _ i 

OOH (j.0) 

— sin (|(5) 

if* 

a w'tt' 

“J',,.,. | 

sin (l(?) 

COS {Jfl) 


(40g) 


in agreement with the former eq. (41C); the result is derived 
h^ie in a systematic fashion. Still, it was assumed without proof 
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that the matrices of Z an cl Z* ure those given in oq, (4tib): only in 
^55 tihall wy learn in derive these qu initiat'd eigenvalues of Z and Z *. 


40.2, Another possibility for the eigen vain eh of Z, hoshlea — i/j. are 
the valuer ft, 0, - A leading to three-row and thrco-oL>|nmn matrices 
for Z find Z* in place of eq. (46b), to throe times throe equations of the 
form of eqn <4dc} ( and then to three vanishing determinants in place 
of eqs, i.4»kl, d'). the first determinant being 




«Sv 

z*^. 


55*.,,- 


= o. 


«*- 

iRrn'-K) 

In the second and third determinant h i» replnued by 0 and — A, 
respectively. Besides the matrix 


K-A = 


h 

0 

0 

0 

G 

0 

0 

0 

— ft 


[ itih) 


one now arrive at the following matrioes for A" and ) [f°r ( ho t-matrix 
refer to the remarks preceding txp (4-He)|; 


0 

1 

0 

ft 


ii 

il 

1 

u 

0 

1 

1 

u 

II r-». II = A 

t 

— i 

0 - 

- i 

i 
tll 


•w II = -s 


The matrix ot Z+ Z eoe ft r x «in ft tin]fl reads 


(4di) 



oos ft 

3 Lfl sin ft 

0 

y-* m - = h 

2" '■'* sin. ft 

0 

2 " '" sin Q 


Q 

2 ' * sin 0 

— eus fl 




With these values one now can solve the 3 x 3 linear homogeneous 
equations for the They yield the following scheme: 


1 -f cos ft 

i . ,, 

- 1 + cos 0 

2 

— i , * 

m Oill V 
\ 2 

2 

— i . 

- = sm ft 

VI 

cos ft 

- - sill 0 

V2 

— 1 + cos 0 

— 1 

sin 6 

t + COS ft 

2 

V' 2 

2 


(4ttk) 


The nigna of the various elements are chosen so that the sum of the 
absolute sijUiLTE‘H of every row and every column is unify, and the sums 
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tij the products of the elements of one row (column) with the com- 
fkx conjugflrtaa of another are zero, The mixed matrix of the ’Iis 
not a llermitian matrix; "¥ mV differs from l T^I. lierinitirity 
requires only that 


§47. Pure and Mixed States 

47.1. The difference between u pure state. tn' and the mixture of its 
components n\ n*. - - ■ may be explained by an optical example. 
The photons in a r&y of m' polarisation are said to be in the [pure] 
state md when the corresponding wave i> well defined its to amplitude 
and pha se. The m'-ray may be decora prised into two rays of n- and 
^"■pokriaation. If the two components n' and n r are not subjected 
to independent random phase shifts. E.e. r if they stay coherent, then 
their recombination is a my of the original m'-polarization again, in 
which all photons are in the pure state m\ Oil the other hand, 
when the components n* and n" undergo random phase shifts (this 
is the case whenever they are observed separately since an oiWr- 
i-atian inmlves anconirtjUahit phast shifts) t then their recombination 
represents a mixture of the states n and n' T , differing from the original 
state to*. 

A recombination of two incoherent component* is only |>jj rfiftliy 
polarized, i.e., it k parsed with intensity fraction J nm , through 

an m‘ analyzer, and with in tensity fraction ., through an m w - 

itnalyztT. In the ca*sO of two coherent components n' and n 11 the 
superposition is a polarized ray m‘ which is passed through an analyzer 
m’ and stopped by an analyzer m*, as obtained by replacing the 
■/,„by l and eo forth, and taking the absolute squares of the 
sums, which are unity and zero, respectively, according In the super¬ 
position rule (fS). t'orresponding cunaiderutions apply., of course, to 
polarized ►Stom-bierlfteh rays, and to states tn‘ and its ca>mportents 
a", - - ■, in general. 


47.2. 1’b'- difference lietwcen tie- pure state m' and the mixture of 
irs eompommis n\ n‘\ ■ - ■ Influencm the mmn mitt of itn observable 
K whose eigenvalues are A", K”, * ■ - in the states fr' t k", - ■ In 
the pure state w' we obtain 


trim ) _ r _ v u.' 

liu.aii “mp' 1 Met “ * Jtjlr' 

which may be rewritten ns 

A 'E. - = s.is.h'^1*^**. 


(17n) 
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Tlit 1 mean value of K in the mixture, the components n of m\ U 

W Si = s.^.% A’.. = A*'*'}, 

for which we may also write 

diff ering from eq. (47a) by the hick of interference terms. All these 
results are valid, in general, when ilie “state of polarisation ' iJt\ etc,, 
m replaced bv afate m\ etc., in general, and the ray is an assemblage 
or “gas"* of like piM'llclofl, in general. A wparatt: observation of iht 
com^yo-fient-x n\ tP, * * * of tn' tfunsformJf tft€ pH re a(ah' m into an i ??- 
coherent mixture of It# cmnpom nt^ 


$ 48. The Product Rule 


4B.1. Mow does quantum mechanics calculate the transition values 
of h q nrm t ity defined us a function of other quantities I or B, etc., 
when the matrix (dements of A and B are known ( We proceed 
rtVstciikitkmlEv, Suppose S is defined n.5 the sum -1 T B, Experience 
confirms the trivial "sura rule"' 

8 t , t r = (A + B} kr — A r{ > + B^'t ', {AM) 

mill .V — (d 4* B) — (if + .4), as a symbolic relation which may be 
labeled with any pair of indices kT. 

Xot so trivial is the problem of (hiding the matrix elements of the 
product P = AB m terms, of those of A and /i. The Amplest guess 
would be P kr — lluwover, this is not verified by quantum 

(■spent-nee. In particular, when A = H T we have the superposition 
ruh‘ 

Vyr = <WW = %.V^. (4SI.) 

The only reasonably generalization is the following general pnxfwt rub : 


(Pj P*c = {AB) rr = K Ay* (4Ke) 

The product rule (P) is a basic theorem of quantum mechanics. 

Repeated application of (Pj leads to 

{ABC) kr » {AM} 

and so forth- The former rules (.S). i I'] are special applications of (P) 
For those interested only in the formal aide of quantum mechanics 
uo could have omitted all former work in favor of the simple statement 
that products of observables arc to Ik? labeled according to Hie preamp 
(not {I 1 ) and that T I. Wo doubt, however, whether this formal 
approach would satisfy those to whom theoretical physios is more than 
utii opportunity for mathematical exorcise, 
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48.2. When rule iPl is applied to the symbolic product- BA the 
result is 

Comparison with eq. (48c) shows that in general. differs from 

This difference Ls referred to when we write Iwfore labeling 

£.4 or AB — BA it. (48f) 

In general: The factors of u product of abservahl&i tuefore labeling do 
not rmttmutc. An exception is the observable T — I which commutes 
with, every other observable. Other c^es- of ooinnautability wilt be 
discussed in ffin. Factors T' or I may be attached and inserted at. 
will. For uiKtamie, the eigenvalue equation for A is obtained by 
attaching l F to the symbolic equation A = A in. the form "l\4 .-IT, 

then labeling according to the product rule. 

Quantities before labeling are known os q-nmnfnre ; their order must 
not be commuted in symbolic products. Matrix elements (trail si lion 
values) ore ordinary numbers subject to the rules of ordinary algebra ; 

A tr B. mV — B^App, but (AH)?? 

Except for their nonoommutftbility, ^ numbers obey the laws of 
ajgtsbra : 

A + B = B -I A , iAH)C = ABC = MBV) 

A{B A- O) = AB + AC hut AB ^ BA. 1 - 

These symbolic equations mean that the mutrix element* of the right 
nnd left-hand dries arc equal for ant / choree of indices. Indeed, 
when L tr = E ti . then = R^ n - by virtue of the transformation 
formula (T| of cq. (4-1 h) r J r often is convenient to carry mil calcula¬ 
tions with unlahclcd y-numbers and to label only at the end with the 
precaution that, product factors must not be commuted before labeling: 
For instance from the equality of two observables, h — B. it. follows 
by multi plication from the left that. Ah — .4 R, and by multi plication 
from the right that LA BA It would he wrong, however. tip 
conclude from L — H that A L BA. 

48.3. Those fjimitiar with matrix, algebra will notice that the product 
rule (F) of eq. (4Me) is identical with the rule of matrix multiplication; 


Aw 

Ayy 

r i ft 



B trr 

T 1 ' 


*W 

Pvr ■ ' ' 

A ft**’ 

r * ' 

d,-v 

r ■ ft. 

■ ft * 

X 


B>rr 

■»■ * ■ 


i*xt 

P i.’r T T T 


where P k ' { = A^ rt etc. 
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Wfieri .-I i- diagonal in the states m\ tn*, - - - and ii is diagonal in 
n\ n\ * - ■ j fif-n u function F — J T f A , /f) is not necmsartly diagonal 
in hi 1 ', mi*. ■ ■ ■ or in ^ r T ■ - % 

When an observable F m defined jis a function F — f’(^) of only 
oar 1 observable A. then F in tlingoiml in the same static m\ on", * ■ ■ 
at* A t and the eigenvalues uf f are hi imply A" = ^ 


$49. The Angular Momentum 


49.1, With the help of |,he pnsduct rule, m* now calculate the eigen 
values of the angular momentum A of n system, supposing that the 
eigenvalues of the components X YZ arp known. It e» more convenient 
firsl to 4i.sk for llie eigenvalues of *4*; they are tiie uqtiruvs of those 
of .4, according to the last statement in j-lS. The observable .-l 2 ss 
defined as X-- 4- Y~ — ZA Let ns ucmnider first the case of a magnetic 
doublet where Z lias only heo eigeuv iIlies, 4; fo f the twu slates 
hi' and m '. Th«- matrices of Z* X K then are those of eq. (4fie). 

The product rule yields 


m«m- = 1$ 


1 

o I 

II« 

1 1 




(49a) 


anti hv old it. ton 


M’Uv - f» a 


1 

o 

1 0 

i ii - 


(49b) 


Thus, A 1 bus the one * tgemniue .I 1 = pA. and ,-t ha? eigenvalue 
h V for which we may write A' - SVJ ' !■ 

tn i fie example of |4fS.2 Z has th-me. eigenvalues, ft. U. —ft; the 
matrices of A'. J? were given in pip, (4Uh, ij. Those of JZ4 X*. T* 
according to the product rule therefore are 



1 

u 

u 


1 

0 

-k 

(«*)„•*• - h 

(l 

a 

0 

*JT*W - * a 

o 

i 

0 


t* 

a 

i 

it 

-k 

o 

k 


and by addition 


- * a 


M’W - V 


I II 

0 

i . 


.-I 3 is tli ago nil in the states m\ m*\ m" with one common eig envalu e 
2ft 1 ; hence, A' — A\ 1 * 2, The general formula A = hVl(l T Ij, 
where l — (i^j niiIT is derived in §5A. 
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£50. Commuinbility and Compatibility 

jjQ„L 8uppn.su tlit? oliserviible B is diagonal (has its eigenvalues) in the 
set of states n\ >S. ■ ■ ■ and that the observable C is diagonal in the 
flame set. B and C then are said to Ik? compattlth ntjaarvabjee. We 
can pmve that B and C commute, i.e,„ the product BC has the same 
matrix elements us CB. Indeed, using the product rule, we have 


(iC)„v - 


for ft 1 ' = »" \ 
for n f =£ h' , .( 


(JJOii) 


The tame right, hand side is obtained for (C the matrix elements 
of BC and CB thus an? the same in the set n* n*, * ♦ •, head they art 
the. same. in all Mite, no matter which labeling indices we choose, in 
consequence of the transformation rule. tuxi observahies art. 

compatible i.e., diagonal in tho same set of states, thxy commit?’. 

This statement may be reversed. Suppose we know that B is 
diagonal in the set u t n\ ► * ■ and that 0 commute# with B, so that 
(/ft7 — CB] — 0. Labeling this equation. we obtain 

U = {BC - CB U- = Z n (B*» ' C^- - C n , u ■ B fur ) 


iiemiu h C must mni3h for 7J' B". i.e,, for n' *= a*, and cun 
differ from zero only for ji rr^; thus there in a set of states a 
n", - * in which both & find C me diagonal, which means that B and 

C art? compatible. 

Result : When tic# (or more} rh^crmhlt'a commute,, they also ttre 
compatible.. AJtogoi her. commutability and eomjuitibijity are identical 
concept*. 


50*9. When -I coni mutes with B, then A also commutes with any 
function of B which can bo represented ns & power series of B. Iindeed, 
from AB — BA it fbllnws s when .1 is shifted step by step to tlW 
right, that 


AM* = ABBBB * ■ = BABBB * * ■, etc. = B*A * 

Most functions F(B) occurring in physioii! problems can be represented 
as power scries of B, For instance 


1 


“il 1+ ( 1- 3 + ( l_ rJ + ' 
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which h i a power series fop r* Thus, when A commutes with r, it also 
commutes with I fr. We do not gif into mathematical ConaklGffltiona 
of oonvergenoe, 

A function F — * ■) oftwo-or more fvmtuuiing (compatible) 

observables A, &, - ' ■ lias eigenvalues F\ F\ * * ■ in the same set 
tt'. n’> * • ’ as A. B, ■ * * namely 

F 1 - F(A\ H\ - - ■), F* = F{d*. • ■ A, etc. {50b) 


§51- Degeneracy; Observables as Operators 


51.L Suppose an observably E has the same eigen value E„ m different 
states H-jM s ■ ■ ■ n, so that E is diagonal in all these states, with a 
common value E t of the diagonal dementi and with vanishing m>n- 
diagonal elements. 


i’rv 



for w = v" 1 

for i ft i'",|f 




We then say that E tt has a r-fnU tkgt >r wity. As seen in §3U, there are 
other sets of mutually orthogonal states, >t*n* - ■ ■ w*. n-. well as 
rt**n** * ■ - ?i** 1 etc., in which E is diagonal with value /?„. Suppose 
there is another observable Z which also is diagonal in the states 




although with different eigenvalue^ 
for y — 

= 0 for v y*i 


^ir — 


(alb) 


may not be diagonal in the set »* ami n** t etc, In view of the 
foci that there is at leant, one net of states n r in which E and Z are 
diagonal at the same time. K mi l Z are cmttpalihk {— commuting) 
observables. 

Con aider another observable Z* oompal tble ( 4 = commuting) with E t 
having dijfcftni- eigenvalues in the statue sf, «*, ■ ■ ■ where E = E.^ 
so that both E and Z* am; diagonal In those states. YYV then have a 
situation in which E commute# unlit Z. tftul E cmnmutex with Z*, hut 
Z the# wof commute with Z*. 


51-2. Instie i I of writing one sometimes: omits the brackets and 

simply writes A B ir . This is pronounced: A operating on- B, r . Tt 
means exactly the same as the former [AB)^ r , Thus, we define: 

A operating on fl iT = A h\ T = (AB) vr = K„ A k n B„ r . 
.Similarly, {Aii C) tT may be written A Jlf! n , pronounced: 4 operating 
on the result of B having operated on ^ A i .. or 


v v ,4 . fi 


a 


«vT 
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In word*: t&‘ result of ,-4 operating on H operating on C t ! is identical 
with the matrix element Hi )^ F . Si nut? i J/i) ir differs from (JJvl) ti . 
we see that A operating on B kT ill general yields a. result different front 
H operating on A kr , in short AB HA A symbolic equation 
between observables', such m \* — -H ^ (A, Is identical with tlw 
symbolic equation A™V -j- f ' 3 M". A being a factor which may he 

inserted anywhere before labeling. 


§52, Nouobservahle Quantities 

52.1. The ubsemihtes A, ft, V. »-*ti-.. were supposed to have real cigeli- 
valpes and, in geneniJ, Hemiitbin matrix elements : 

** A r Btt ■ = Bfih (52ft) 

However. their product Aft is not necessarily an observable; indeed 

{AB hl = S w A km 3 mt - S,. H~AZ~ Wh> (^'0 

w hieh equals only when A ami 3 commute. Similarly. 

(ftA) ti -Um^ im 

Thus (^4 Jo) and (2L4j are observables (have real eigenvalues) only wlien 
A and B commute. When oq. (52ci) is subtracted from eq. (32b) we 
obtain 

{AH- ftA)^ = - (Aft- BA) lk . 

If the short symbol 0 is introduced for t he product difference l>J H — 
BA ), (lie lost equation reads f) ls — — & rL , or after both aides are 
divided by the constant t = (— f ): 



which proves that - if » (real Hermit inn) observable, /f. We thus 

arrive at the important result: When 1 mid B are observable*, then 
neither AB nor BA are obsorvn hies, unless A awl ft commute. How¬ 
ever, the product difference 0 - Aft - BA is l times a real observable ; 

A B - HA - %R. (o2d) 

The magnitude of the real observable R on the right-band aide of 
eq. (52d) may be considered os a quantitative indicator of the incom¬ 
patibility of A and B. On t he other band, the symmetrized quantity 
AB q- BA is Hermitian, as proved by adding cqs, (52b) and (52c), 
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■52.2. Let. us now consider the sum rf = A -T ill. By writing l for — i 
and — i for -f we obtain 

%r ~ ^tT “I - 7 — - J lf( — ( Ffjiy — (/l — i 

that in. 

i?*r = ($)rr ttnd al *° l^) 

t) dots rtof have HtrUiitinn matrices; is not an observable. 

When We apply eq, to the product of two ijiiantitiefl t) — A -f- iB 
and £ — C -J- i‘D f we obtain 

(I^W — “ — in ^Tro ~ ^ ^inJ' ~ (V^iTl 

which proves the important formula 

<*5lr - iWrr 

In wurd> ; tlie complex conjugate of the product %ij is identical with, 
or hat- the same matrix elements ns. the product of the complex con 
jugate* of f} and £ in reversed order, in the aame lujumer, one may 
prove for any number of product factors: 

in - nlf in** - HL »tc- 


Summary of ^42 52 

A is An observable when it his real eigenvalues in mutually ortho¬ 
gonal - mutually exclusive states m\ rn", ■ - % denoted by A " = A^.^, 
whereas A m . m , i,- defined as zero for w* =£ m v ; the matrix of A with 
respect to it- eigrastiiles. »t is diagonal When // IB diagonal in stitca 


n , n 


its transition values between the states m are defined m 


ft V fcj- ft ip 

1 *'« "Ba * id*' 


H h - k - and the prtib- 


When the B m . m . are known, thy eigenvalues B* 
ability amplitudes T ffl rt arc found from 
(Ej H = eigenvalue problem, 

representing a sel of linear hmuogeneoas equations whose determinant 
must vanish. Vice versa, cq. (E) nmy ]je unclI for determining the 
and the T,„ v when the eigenvalues B' are known, The general 
transformntii hi formula for transition values is 

cn Bn 

Real eigenvalues lead to Hermitian transition values. The general 
rule for labeling products of observables is 

(P) (Ah’ipp = h. p A r% 
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and so forth. The matrix elements of AB are different from those 
of BA unless A and H are compatible. The occurrence of mutually 
incompatible (noncom muting) observables is the distinguishing mark 
of quantum mechanics an against classical mechanics. 

The matrix element [A &) kT may also be written AB t . r , pronounced : 
A operating on B l t with the result 2* . Observable* thereby 

play the part of operafor*. T acts like a factor I. The product rale is 
identical with the multi plication rule of matrix algebra. 

When two observable*, *4 and B t are multiplied, the product .4// 
is not necessarily an observable. However, the product difference 
(Aft— BA) is t times an observable, ft. Complex combinations 
| A f ifl and i; = C + ib. etc rl satisfy the rules £jj — ijf and 
fij£ — CflEf etc,, before labeling. 

A dose analogy prevails between orthogonal (exclusive) slates m* r 
m". - ■ ■ and orthogonal fWW nt\ n j". m '" 1 ; the pro liability amplitudes 
'1'^, ,, correspond to the directional cosines, eon ( m ', n ). An observable 
A eorresjxjnds to the stress jk the transition values .4 M . Jl . correspond 
to the stress oomponeat» /Vjio&nd the eigenvalues of A correspond to 
the principal stresses in three orthogonal direction*, 


S 53. The Commutation Rule 

53X Poaticn and momentum are incompatible observables insofar 
as there is no state of a particle in which both x and p. have definite 
values with certainty at the taunt) time. Quulitativelv this situation 
is described by the uncertainly relation, 6xdjt ir ^=l h, and by the non* 
commntability of x and p M < Moreover, since the product difference 
xpm — Pj* hi of the dimension of Pknvk's h and is i times a real 
observable ($32), OTIC rumjHXrt-B that the real observable might he 
ftl multiplied by a numerical factor. This conjecture is contimiwi 
Ijy experience, with the specification that the factor is t/lTr; the 
product difference is 

xp* — p& = iU. {53aJ 

This com twutati&n rule, or extihruujc rotation, first, introduced by Heisen¬ 
berg, Bom, and Jordan in 1920, es supported by the whole body of 
(pumt urn experience. 

% i&3a) is n symbolic relation which acquires a direct physical 
meaning when it is laliek'cJ with any pair of indices n\ referring 
to any two states whatsoever: 

(Xp M — /t^Lv =,r ♦ |s3b) 
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refer to the statement after eq. (4bg), lit particular, when m* and m* 
refer to mutually orthogonal states om obtains 

[xp K - = th (ft3c] 

Similar relations hold for the ,y and z components. On the other 
hand, there is no reati'ictioTi to the aimukaneoiLH exact observation 
of x and ;p tr or of p and p*. etc. These observables fire compatible 
and commute! 

X P* — = otc, { 53 d) 

Nor is there li restriction to the yimiiltmieous exact observation of the 
jm 3 o- ordinate of one particle and the momentum of another. The 
3A r co-ordinates of n systnn may be denoted by y K . and the 3*V 
momentum components hy p K * They satisfy the following exchange 
relatione, before labeling' 

? V F'V - *AI for K - J, And U for K =£ J ; (53*) 

$V _ gtq* = ^ p Kpl _ p J p & = <», (63f) 

Labeling of eq. (58e) according tq thp product rule yields 

^li&ipL = &EJ* 

with summation over a complete set of orthogonal states L 

53.2. The commutation rule Was assumed first for rectangular cn- 
i >i -1 1 nates and momenta. One might expect that the sittue rules should 
then apply also to other pairs of conjugate variables y and P obtained 
by virtue of a canonical transformation with reference to a certain 
Hamilton energy function. Quantum mechanics reverses the issue 
and dejitw* aa canonical tio ordinatea and momenta any pair of variables 
which satisfy or are supposed to satisfy, the exchange rule, qp — pq 
lifll, without reference to any specific canonical equations of motion 
depending on a certain IfamilioiHEin function. 

A short symbol for the product difference AB — BA is 

[^1, B[ - (AB- BAy, fn3h> 

hence [yf. B] = — t-B, *4J. In particular, the exchange rule may be 
written in the simple form 

Ltf. pl - M. (531) 

l\ lien A and B commute, j.e,. when they are compatible, their quantum 
bracket, in other words their product difference divided by 11, 
vanishes. 


m 
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53.3. Exa mpte. Suppose the Hamiltonian H p^l-p 4- V(0 has ita 
eigen values E\ hr, - * * in states n\ a". * - '. Using the notation 
jtau flVl . = E' — E*, the important formu J a 

2W — (53j) 

Is proved ih follows i Since ql! — tJq = 0, wo obtain 

7 * fytff — Ip 11 ’ q = f/p 2 - p*q - (jpg -b ift) p — pV 

W + - m) 4- ; 

hence, 

— p = gtf — ffg T (J53k) 

r* 

and after in idling with Indioos v r referring to the states in which H 
ia diagonal ; 

, , . = (^fiW 

Z 1 # = liV** ^nV — ^*V tfaV = &'**( ^ * — 

'which proves ftp i53jj, 


§54. The Harmonic Oscillator. Matrix Method 
54.1. The classical Imrmunk 1 oscillator has energy 


1 


ir + ^ 


(54a} 


(54 b I 


w„ = 2fn l c is the classical angular frequency, and p, q are written for 
momentum and displacement in n linear direction. Quantum mech¬ 
anics considers p t q and E na observables subject to nonconmnitative 
algebra. Kq. (;'4a>) may 1 m- written in two equivalent ways: 

ip 4- s>tn//)(p — ita>.y{) — *p«*(gp — p g) — 2pb\ 
ip — ipwtf)(p i 4 ijividW — M) = -'A 

as may he verified hy multiplication without commutation of factors 
p and r f. When one introduces the abbreviations 

p 4- = & p ~ ipiutfi = |54o) 

and applies the quantum condition qp — pq — it* I. tilt- eqs. (54b) read 

= 2 pE - p^l | { - pl 

Multi plication by 77 from the left and from the right, respectively. 
Yields 


T^rj — 2pjjE — fitfiJiT}!. 

tjSq = tpEif f ptajibp 



nur, vt 
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The factors I may i*c omitted* Subtraction of tin? last two equatlona 

grtra 

0 — [r]E— Et]) — (54e) 

Left and right multiplication of oq, qV+d} by £ yields, similarly, 

0 - {«) 

Both equations between fl-Tiumbera tuny now be labeled with indices 
it', ii\ ’ ‘ \ inferring to 1 he eigenvalues of the energy. In particular, 
w lion eq. (, r >4 l • | in la Med first with indices it V, then with wV, and 
then with v"n m , etc,, one arrives at the following of e quations: 


" ..-E E% ttl = V , •- •'./'■ 

o - w 

0 — — E" • etc. 


(54g) 


The first equation shown that all diagonal els merits must vanish, 

[from the second equation we learn tfcm 1 jj^r can bo different from 
zero only when E” — E f <%h •, the third aquation fl-howa that in this 
ease (;„•„• o since one cannot- have at the same time A" E" - — ti%A, 
Apart from the trivial solution that- nil matrix elements of vanish 
identically a complete solution id’«q. frHg) is obtained in the following 
way. We arrange the eigenvalues of E,, according to their size tvs 

E t , E t 4- w^ft. £ r l + ■ * ■ (Mb) 


According to eq. (ti4g), all rj n „ vanish except % s , ■ ■ •. that is 

TJiva- ^ b for H m = n -\- L (64i) 

In a amnia r way one obtains 

£ wV # 0 for n* = n f —* 1. (54j) 

To find the value of the smallwt eigenvalue E u we label eq. (54d) with 
indices TI : 

i— 

The left-hand side is zero because of equ* (541, j}, so that the right-hand 
sside equated to zero yields 

E t — ifUfrft (■== Pi'^) - smallest eigenvalue. (54k) 

The eigenvalues of E thus arc 

&\ = fa■— = fa- i)fty 8 . with f( = l, 2, A, - ■ ~ (541) 


54.2, We now calculate the magnitudes nf the ram vanishing matrix 
i dr merits of £ irirl tj. The observable jj was defined as the eoniplax 
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conjugate of t in eq. (.140), from i = t} it follows, according to 
§52, that _ _ 

~— thll R L | ■ + j ^ 

hence, 

I Jni.H 4 i ■*hi + uih = hii.u - i| a =1 *«. • i,J a - (S4m) 

When one labels oq, (ft4d) with like indices it. n and applies ' he product 
rule, Ihen only the product (■’Urn) rcruiitnf* on the left, whereas on the 
right wo find 2n&\ T pn henoo 

+ - If*. i f J a = fymwA {&4n) 

from which it followi that the lumvanishitig matrix dements of f and 
q are 

£. + !,„= (2 unco#)' * U", , 11 ~ ( 2 /tnioJt'r er T (S^a) 

with an arbitrary phase y which may be equated to aero. By labeling 
eq, (54c) one now obtains 

fV + i.* + *Wrfn + i,.= i™ + i,» = 

Pn, n + 1 — l = ^ N . rt + l ^ 

Pn. n 4 l + *>*¥/*, n + I = £*, * 4 1 “ 0 

JVh 4 I “ ft,-* 4 l r * = °- 

The last four equation* yield the nonvarkishing matrix elements of 

p and q ; _ 

Pn + n » = ( |r hfU^ a ) J = p 9t Ti 4 1 , 

?!., - t 1 = CH/m)' i~~ *J = f /n, N •*- 1* 

The real observables p and q have Hentiitis.ii matrix elements; I and 
q are not HennitioiL ti is counted one unit higher than in cq. {26b}, 


(S*P) 


§55. The Angular Momentum 

55.1. In fj4U we derived the quantized eigenvalue of the angular 
momentum A, namely, A — h v ' ■ 3 ami A — ft Vi ■ 2. These results 
ware baaed on the yet unproved assumption that the eigenvalues of 
Z arc I, I — 3. - - \ — {l — !.), — l, respectively. We now are able, 
with the 3ic|]j of the exchange relation, to derive not only the eigen¬ 
values id Z b-rit ids. I the general formula for the eigenvalues of A. 
For this purpose we first express the angular momentum in rectangular 
co-ordinates and momenta. The three components of A are 

X = yp, — zp Kl y = zps — Jp., z = xp v - yp*. {una} 

We also have 

A 1 = j:* + Y* + 7A and AT + Yy + Zz = 0^ (Bob) 
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If the particle move,* in :i force field of central symmetry with potential 
energy f (r), 1 be angular momentum components A T . Y t Z os well as 
the resulting .-1 art 1 ounstantfl of the motion, find au b the total energy 

X = “ (it + n f pi) 4- £?(rj = const* 

•ifi 

When i me applies nonecuu mutative algebra nod uses the exchange 
relations xp t — fj.-f — ihl. etc,, then A> a - r*X — 0, that- is, X com¬ 
mutes with r and hence with the function (7{ r b One also confirms 
that Ap tt p*A — 0, that is, S commutes with jj a and with 17(f), 
mid bi-nee with k\ N is compatible with X. Similarly, E is compatible 
with T and 7. Therefore. E in also compatible (commutes) with A. 
Altogether we have 

IX. U(r)\ = 0, [Ah p*\ » 0, (S5C) 

[A, E\ = It (55d) 

The same relations bold for Y and Z. Furthermore it in seen that 
[A", d a ] = 0; hence, [Ah _4] = 0, (6Ce) 

and the same for Y and Z. Eq. (Sfia) Abo leads to the identities 

[ Y , Z] - tUX, [Z. X] = iHY, [X r Y J - ifiZ. (55f) 

Although X commutes with A. and Y eominutes with A , A' does not 
commute with 3 , nor does X commute with Z, etc. Instead, when 
A = A with certainty* then Z has eigenvalues 7/, Z', - * j , with 
probability amplitudes T^ fli than unity. On the 

other hand, the three ohsorvables S. J, Z commuto with uno another. 
Thai h, there are states in which all three have definite eigenvalues 
E% jl J t 7/ simultJitieciiiidy, Those states may be indicated by three 
numbers n*, V, m\ 

55.2. To determine the eigenvalues of 

Z = xp,, - *Jp a (e5g) 

wo introduce the complex observables: 

f = x + iy and rj =* x — ip. (ofth) 

When, nonce rnniiiUUive multiplication applied, we find Z£ - £Z 
mm. — kciifpif — PtV)i and because of the exchange rule. 

= ijiti — ixih — (j: + ft/)h = fit, or 

Z£ — t-Z — 'H£ = i), 


anti similarly 


Zrj — t)Z + fi-q = 0. 
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These two equations are of the swum form as cqa. (54e, f), except that 
the former i,9 replaced by unity, and E by Z. Corresponding rn 
eq, (54b) we thus leam that Urn dtfmmluw of Z mant hr spared at 
ititenvite % no that, baginning with the smallest Z. the eigenvalues are 

#mln- ^LiLfii + ft. + Sift. • ■ • ^ (fiSi) 

or, in general, Z = mft, where m represents a set of numbers spacer! 
at intervale unity, not necessarily mtegam. 


55.3. We uov turn to the eigenvalue of 

.4- = (X - t Y)(X + ill - HXY- YX) + Z 2 
= [A - iT)(A' + iF) + hZ + Z\ 

When the abbreviations 

a-X + iT and jff = X—*T 
are introduced, one obtains 

A* = jk+Z(h + £), (55j) 

and similarly 

A* = xjl—Z(h-Z). (55k) 

Tile complex observable * is obtained from t*q. (66f): 
ifttt — ifi( A -j- i 1’) == | 1 1 Z\ -\- i\Z i X] = /\Z, X 4- 1 1 | = i t\Z^ xj, 


* — - [Z% ■ *Z). 

h 


( 651 ) 


from which follows, when a is labeled with m’-w": 

W (&-(Z'-Z')} = <|. 
and therefore, simitar to eqs, (541, j) ■ 

— 0- only for vY — m" -\- 1. (56m) 

0 only For ns* ~ in* — L foonj 

We now Inbol tup (56k) with indices it referring to the largest JT-value, 
Z lihKX = Z t = Ut, and obtain 

+ Z A h + %t)' 

However, ail product factors under the sum sign vanish because of 
eqs, (o&m, n), so that the last equation miuees to 

(d% = «*I(1 + l) and ,4 = hVi{l + 1). (66o) 

In the sante way, when r-q, (55k) is (atieled with indices ■?■>' referring 

to the smallest Z-value. Z pilI)i =. Z, -- x/r. wp arrive at 
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Supposing that and Z mLu belong tn tI k same eigenvalue of A, 
namely A tl — ,-l 1|f we find ! - — «. so that oq. (55jj reads 

Z _ mh, witii mi = 1,1— l T - * * {— /), (GSpJ 

Tiie ^1/ j ] quantum number m and the maximum i can thus either 
he integers or half-integer*. The eigenvalue prublem of the angular 
momentum and of its 2 -component are solved here by simple algebraic 
mot hods. 


§ 56, Correspondence with Classical Mechanics 


5-6.1. iVvordtnat.ea and momenta // ore leouguiaed as "eatiunitral “ 
in classical mechanics when the equations of motion have the form 

dq* Mi dp* Mi 


di 


dp*' <il 




{56u) 


When new functions QHq, p) and P ! Uj, ft) are introduced And // is trans¬ 
formed into a function of the Q and P. then Q and i* are rocognizt-d 
as new canonical co-ordinates and momenta when, as a consequence 
of cq. (5iSfl.fi the equatiorwi 

dQi _ m r iF*_ _ _ ?H 

77 " dp** 7T _ dQ‘ 


are valid. The transforms lion from the q. ft to Q t P h known aw 
rtutouifal. In clfcftHicai rnech anion it ia shown that h transformation 
vi in cortamh be cm ion Seal If produced by a function P j ho that 

p* = MSfdq*. Q l = zspp*. (5Ab) 

Let *4(rjf. p) and B[q l p) tie two function* of the >y and ju. which when 
transformed into functions of the (J and P «re demited as A [Q t P) and 
B[Q. P). riasaica! mechanics shows (hat the sum 


(?A M 
\dq* dp* 


?S_dA 
dtp dp* 


\ = U,£l 


is identical with, or transforms into, the sum 


(SOe) 



dA dfi 
dV k M n 


dii dA 
dQ k ?P k 



when the trausfonnatlon from q, p to P in canonical. 

.Since the two expression* have the same value they are denoted 
by the game symbol {d, if} which no longer refers to any particular 
choice of canonical variable^ and is known as the Pout wn hrurkti of 
A and /i. Xotiue that {A t /ij — — {/E, *4}. 

Suppose now tliai the function A of (lie q and p is the co ordinate 


140 


QVANTt M M&C&A&1CS 


Sfi« 


tf* 3 and the function £ is the: momentum p l . The Poisson bracket 
P 1 } then has value 0 for k ^ l. and I fur 1- — L Altogether, 
according to the definition {56o), 


= !- {<(*> rt = ,J | 

(V't/J'j = 0f«r k=£t r | p\p 1 }- U.J 


{M) 


The same holds for the poiTetrpondirig Poisson brackets nf the Q and l\ 


56.2. I he c I sxs^ 1 t ;fi J c quo, 1 1 ' •« s •; '■ tid) I m ve a re r utt rk a ble siimlnri ty to 
the com mutation rules of quantum mechanics, in particular when 
those roles are written in the bracket notation of eq. (5$h): 


p* J - lift, \*» <f] = 0 \ 

[qr*. /P] = " for /■ f. |p\/rj = tlj 


(fHJe) 


The Poisson bracket corresponds to the "quantum bracket/': 


! I 


s [ »• 


(Sllf) 


A Mima formation from uaiiouiuid observables q r p to new canonical 
Qy P in quantum mechanics may tie carried nut in the following way: 
Let jS be any observable defined as n function nf the observables 
q k and p k r Lot S~ l be itri reciprocal so that k?$“ l — B~" l S 1 = l l' 
= " unity.’ We then define new co-ordinates arid momenta 

Q* = Sq k S~* and P k = £p*S~\ (50g) 

They lilt? kliio ideally mnjntjn/f node they sats.-ify the exchange relat ions, 
which i- proved ns follows: 

Q k F*— P*Q* = Sq'S-y^p'S-' - SpKS-hSq ^- 1 

= s(q*p* - p L q l )$~ l = sifflys - 1 = m. 

Using n variety of different functions and llieir reciprocals .V -1 , it 
is possible to produce any number of new canonically conjugate 
co-ordinates and momenta Q and defined by eq. (ftGgJ in forms nf 
the original q and p, 


56.3. If we substitute for B the Humilion energy function Il{q, p\. the 
classical Poisson bracket becomes, with the help of eq. (iSf5a) J 


[Ajri 


/a4 dtf* JA dp*\ 
\dq* dt + 3jp* di r 


which reduces to 


dA 


rciAi 1 . Y! 
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In analogy with this domical result, quantum theory introduces the 
following relation: 

dA 


[A r H] = in 


tit ' 


(56h) 


or, after the are labeled, 

= i 1 W - m M»'« H 'mm‘ ~ ^ hhiO ' (' 5fli ) 

in the special ease when A is the observable 1, eq, (fifth) reduces to 

[/, jff] = ik ^ I = i/d. However f La not an observable hut an ordinary 
at 

number. 2 

An important application of eq. (50 l) is obtained wlien wtb m\ - ■ ■ 
refers to states of energy E\ tl\ ■ * ♦, to that eq. (50i) reads 


dA^^/dt — (A jL-i” F - E r d K - K * ) . iAgtjg- 


FJ - E* 


Integration of this equation with respect to ( yields 

irrW = *irrm ■ ex P ~ 
showing that d i j? . is periodic, with frequency 

%*. = “- (Jf'-i*). 


<»*j> 

fotfkj 

(M) 


Thus eny observable in a state of transition from FT to E* is periodic, 
with Bohr is transition frequency. 


§57. Momentum as DbfiteFeatial Operator 

57-1, We now turn to the important ease of dhs* rouble# luAewe tifjen- 
mlwE# tire distributed contituwiuihj, The nitmt common example is 
the positional co-ordinate q, Continuity may he considered as a 
limiting ease of smaller and smaller differences Aq between discrete 
eigenvalues q\ q*> • ■ 

The relation qp — j»f — .III Labeled with indices q r q” gives 

'Pvf PVffffwi'J l ^V'?‘ r 

Since q is diagonal in its own eigenvalues., the sum reduces to 
[q — tTlPfr-: hence * 

!*») 

p f<r is zero for q* ^ q* \ it becomes 4- oo when q" approaches q' from 
8 W Pauli* Handhuth d, Php*ik (LaipiLfi) l7 t IT'O (liUBJ. 
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below, ntul — f when <f approuch^ q from above. Th© oppistita 
holds for 

57.2, Let ii a find the matrix v Lermmts of thei product labeled with 
indices q\\' t where .1 and li are any oWti"ahb whatsoever, The 
uotrii elcmen( w = pftq-.r um > r be pronounced: p operating on 

Bfj-n Its value for q* near tf by virtue of eq. (57a) is 




- V , H - ik V 

ff'.4" — -v/w s V-r “V „* . n * ' 


V 7 


1^. - vanishes except for r/" -- i/ j Ay and y‘ y — Ay in the limit 
of Ay — U, so that the right-hand side reduces to the 1 wo sniuninmis, 

pB ’ A = ]h lirn ^ + %<**** fV^rl- 

For reasnna of symmetry, I r - ± ^ ought to fipprouch a common 
mntifratt value, Home'Ll-1 jo re between 0 and 1, when Aff approaches* zero. 
Apart from llto unknown constant to he denoted by w question mark 
( ii, the bracket (wymptutiwilly apiirufuditw JhwVf (In- ttegatine derivative 
of B v > , with respect to q\ po that 

v B,, a . = - Ufit !) X . {57b} 

To find tlie value of (?) we ripply eq, (Tub) to the special cases ft — 4‘ 
and B = /f x \\ respectively; 


V-* 


rfv,* = - «*< n !»■ ^r 1 + 

Wiien the lir.Kt of these equations *« multiplied by q from the left and 
then the second equation is subtracted, one finds 

-aou 

On the other hand the conn nutation rule labeled wfth outer indices 
t/A ' rends {yp'i'),,. r — l ,■} — which reduces to 

*VT«.-«*«•-»«» 

( V>mparifton of the last two equations shows lliAt ( ?) V, Hence, 
so that- er§. (ft 7b) now reads 
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In woHh : V<> mom nhtm /t operrtHjtrf on any wutrLv dvimn! B v t give# 
th* mme k#u(I a-» (— <h) time* the dvrriMfuw of A with rejfprrt. to the 
cwithtuouA nqrmvjtuf q\ 


57.3, Et{. ('ugj b one of the inuHt useful unnuetjufluct'H iff combining 
11n product nil* with the exchange rule. [n the explicit fond of 
cq. (57d) it i>+ iin identity wliiab tells iih that the Minimal ion, ur rather 
tho ifilfiffruthm, over the continuity of v-ulues t[ in tht* expansion of the 
mixed matrix element 

may be fvplaced by a. dijfcn-nliatiun of tt^ r At the OIK' piece if 

I’m indicate the continuity of the eigen values if one often omits 
the prime on q and writes 

B x {q) for B <r \ lienee. B A \q) for B , 

*i> tliLit eq. (57d) ouBitmes the fond 

P&M = a “ im 

“9 


The 4iim o result in nftrtn w ritten in the abbreviated symbolic form 


P = 



I57gi 


Ah a supplement to eip {r> 7 il > we also discuss the operation q acting 
un fi.,'4^ thfvl in,, of qU n A , whose vultle ih 

.1 = ~r f hr B *‘<- — 1 if' ■ ( rj 7 h> 

since the dljHei'vuljle q is diagonal with roflpeeL to the states q . if, - ■ ■. 
In words: The tJMt\rvuhh‘ q ojwraiiwj on B . ri'&ureji to a muttif)l\/;ati<m 
with factor r/, m that r/fi .4- = if ■ B l} 


§58. Generalizations and Applications 

58,1. When T{q) is any function of the observable 9 , then F{q) is 
diagonal in the eigenvalues q', tf. - - that is, F{q r ) and 

F^y — (> for q xf\ We therefore ohtnin the following generalization 
of ef|. (o7h): 

Fm r * = W) • {fiSa} 

In order to generalize eq, (fi?d) we first consider the expression 

p*k* -? >,0 -< - >• ( * .v /Vj ) “ (“ *£) * W P » J ’) 
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In general, when F[p) is any function of p ill which integral powers 
of p occur, then wc nan write 

F(p)B^, = F (- Hi 0,. A . (58b) 

That i>, to find tfa) result cf F(p) optnti in$ on we map reptao* the 
argument p m F % ■ 

Finally, let. us con eider an observable F which is defined its a function 
of both q and p but rational and integral in />. We then obtain the 
insult [ff^ A , may he written as a function B A -(q )]: 

F{q, = A T (V - - ifi ^ Bfa. {58c) 

This identity is a corisequoiiee of the product arid commutation rule. 

58.2. Three examples may he cited: 

L Suppose F — p“ log q. Wo then have 

p* leg q l\. r = £ - iti log q Bj A . -= — ft’ ^ r ‘ (log ij'lifx h 

If, however. F .is written in reversed order as Jog q ■ p 1 , we obtain 

log n ■ H t , A . = log <t‘ (- ft 5 ) {0, A-i. (BSd) 

with log i)' unalfeotcd by the JiBereatotion. This example eliows 
bow important it is to moke sure in which cutler and p occur m F, 
since the two products qp and pq have different matrix elements* 

IL Take for F the function qp — pq and for B the observable *F t 
Eq. (58c) then reads 

iw - =«/' (- m (- *•» |-.) 

Partial differentiation reduces the right-hand side to iAM-T 4 - f so that 
we arrive at the identity [one also may write y ^r/)]: 

• {qp - pqy¥^ = iW fi . (5tfe) 

for subscripts q A r mul hence for any Hubucriptfi whatsoever. If the 
subscripts are omitted and T U replaced by I, or if Y is omitted 
altogether, we see that the last equation is the labeled reau.lt of the 
symbolic equation 

qp — f*q — rfrl. (58f) 

It is not surprising that we h uve found the commutation rule as a 
result of substituting p by ikdfdiq since this aubstitution was originally 
derived from the commutation rule in §57.2. 
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/ / /, From eq. (BTc) we learn that 

- i + i= '■ 

aiiiw only tlins* two q" which are immediately adjacent to q contribute 
to the sunn Therefore, if F{q) is a regular function of q, then 

VVjty = tP(v’) + W) - *'(«')- 

Furthermore 


* *&*> £■ V -if*r WV = 4*. W)- 


Lf one replaces the auxnniation by an integration fd/ and replaces 
I,, ,., by the symbol % r q*) r known ttin ra*s tidto fitftftivn, the lust, 
three formulas road, in the limit of n continuous 7 : 


jwtjW-/jdj-=Af W( 

Similar relations hold for higher derivatives 


(5$g) 


$59* Eigenvalue Problems 


59.L Eq. (58c 1 ) is tin identity which Leads to a generalization of 
.Schrfldillger'a energy equation. First, we apply the identity 1,5 Se] 
to the npeoi&l ease ff = I = T. and A — F \ 


F(q, p)Y, r - F (,/. - ih i-J T tr . (iflaj 

Next we label FT = 4’A 1 with indices qF' and obtain 

m%. r = (Yf), r . (*&b) 

Tile left-hand aide in the expression occurring in eq, (5£ia). The 
right-hand side reduces to t.he wimple product F " x so that eq. (SHh) 
become# 


(«'■ - s* =J) $*» = F ' 


T 


■'r- 


(59c j 


This is the eigenvalue equation for any observable F defined m ft 
function of the q and p, It in sttp£nised that F can he represented 
as u power Berio# in p wit h p n aw highest power,, so that eq. (59c) becomes 
a differential equation of nth order in l 3/^fj. One may u^n the notation 


rriq) for x ¥ i} -f- hence y^(q) for TV-, (Bfld) 

1 hupping the prime no tj. 
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The iSchrodinger equation is but ft apodal case of uq. (59n) fur F 
being the Hamiltonian energy function uf tj and [k With oq. (oik:) 
quantum mechanics has Ijoen erfluLilishcd mi il much bruader lieaitf 
than it was possible on the mere equivalence ;>f waves and particles 
(although the latter equivalence led originally to the ftchrOdiuger 
equation in three-dimensional hjj&co}. 

The oik liuniogcMctiuH differential equation (’dike), valid identically 
iri uH q\ I run k tu the same tigvu values of F ilx the w-t uf linear 
equation h 

Z A Fj A T^ = - F' for all A\ {5&e} 

labeled until respect to the discrete eigen values A of another observe 
able A which has no direct relation to F. The eigenvalue equation 
(59o) in differential form is of much greater practical importance not 
only because differential equations with boundary conditions can be 
solvod more easily than seta t if Linear algebraic equalions, but chiefly 
hoowuae an observable F is usually thfuierf i\a a lime I ion of co-ordinates 
q a ndmomenta nit her than in relation to another observable ,1 by 
virtue of given F A . A .< 


59.2. The general result, eq, (59c), is linked on the product rule and 
on the exchange rule, Although these rules were int mdhieed for the 
case of discrete eigenvalues, many results concerning matrix dements 
can bo directly applied to a continuity of eigenvalues, simply by re- 
placing sn on nations In integrations and rononnalififttlori to unity. 
Tlie former superposition rule 

s.v'iv.r^r = = \yt~ tm 

translates, in case A Is the eu-urdinate q f into 

f = T r r ~ {oS+g) 

representing the rules rtf orthogonality and nurinflliaiiitioii of the 
T-fiinctdotK W« (Iff not need any further proof of the orthogonality 
than a reference to the orthogonal iM in cjim* of discrete eigenvalues. 

A direct proof of eq. (59g| may In? given os fullowe: Multiply eq. (59a: 
by iff- tud the rump lex conjugate eqmil.iim for iff,- by yf’’ then integrate 
over dq and subtract; 

= (F 1 — FA$Yr Vr f h- 
The left-hand integral over ijr-spuna may Iw? t fin informed iuto n surfWe 
integral hy partial integratiiiii, and thus vanishes* Hence, when F' ■= F" 
on the right, the integral of must vanish. Thin is A genor&htatien uf 

the results obtained ini 17. 




CTLAJ', VI 


MATRIX M£( HANJCS 


147 


'File former transformation, formula 

4 _y v uc j 

■^FT - JL V 1 l*V 'fV 1 V r F" 

Es replaced in caw of a cont inuous q by the double integral 

A rr — fJ y r (q') /l ^ Yr f 7') r/ 7'< (h) 

wKi mjIl nifly be bimpliJiorJ considerably siren- rhr single integral 

_M, V VHO ■*?' (««) 

rephiees 

= MV,r> -«Vr - J (*'• - * j£.) MS')• 

The double integral {fddi) tbus reduces to the single integral (omitting 
the primes on q) ■ 


= Jvv^/M ( 7 . - ' h ^ f/ ) 


(59J) 


This formula for the matrix element of an observable .4 with reaped 
to the slates 111 which another observable F has eigenvalues / 1P and 
F" and eigenfunctions y F - and ^ is one of tlu- most helpful results of 
quantum mechanic*. 


> 60, Transformation in Wave Mechanics 

60,1, The. Harmonit' <ttaUxior* The general transformation theory 
endows quantum mechanics with great flexibility, Any functions 
QA f h p) and FAq. p) w hich satisfy the exchange relations an* canonical 
variables, and the operator may be replaced by the differential 
operator — ihdfdQ s > As an example, consider the great simplification 
of t he mdUafoT pro Idem obtained by n transformation to new co¬ 
ordinates and momenta. The energy equation (54a) may be written 
in the two forms of i-q (54d). Subtraction of the two equations (otd) 
yields the relation 

if 


it 






r j — /Alp 


(Oik) 


which shows that i is tho momentum conjugate to the no 
ordinate q; we may replace this momentum by — ilt&jfih], and hence 

£ by — '2 f wq?t 

The second equation (Mil), after multiplication with W - I from the 
right, then leads to the following differential equation forTfijr): 


ij(— 4 i r = [2ft K i- ^rioA)T'. 


(HOb) 
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Substituting the trial solution 

K m = r 

one bus fora the condition 

— aojjh = E 4- ; bantu, E ~ [—a — 

When the complex quantity q is written in the usual form rj — n i9 r 
t lien T becomes 

Tfi?) — r"c^, fflOc) 

Singki-Yflrliiediiesrt requires a to be an integer; vanishing of T at 
infinity requires that the integer bo negative. Thus a may only be 
— I. — 2, eta. We thus arrive at the Fallowing eigenvalues and 
eigenfunctions of the harmonic oscillator: 

= \tuji, $ t — (60d) 

Tt-lT l i T t -r* t etc. (60e) 

The eigenvalues have been obtained from u wave equation of the first 
order, eq. ((IQbh The method, js very much simpler than the original 
SchrSdinger method given in §2U- 

[ 60 . 2 . We now -isk what beornnes of the eigenvalues /„ and cigenfunc- 
taoni- y„ of an observable fiy. />} when one intrrxitrees new canonical 
variables P by means of an operator S{q r p] so that 

F{Q, P i = F{S<jE-\ SpS-*) - 8 F(q. p) = to p )* (BOf) 

P) is the transformed observable, with l\ and T IV ((J) at* eigen¬ 
values and aiganfunGtions. 

The eigenvalue equation Tor F reads 

0-{J(e,e)-yjT,{«). (80s) 

wlicrofls that of/ is 

o = {to p)-LhM (*Qfc) 

always with p and P considered uh differential operator^ alsu in S 
With (he help of «q. (fiOf) Lbe last equation bemniod 

d - [SF[q r p) s - 1 - f n }yM 
and after operating from the loft- by 8~ i : 

O = {Fi iq, p} 8~* - 8~ l f H } V „(q) = ! F(q .p)— /» ip t] (fi)> dHit) 

\ f liiere we identify 

then eq. (ffflij becomes identical with eq, (60g) only with tile formal 
difference that the letters q and p art 1 written for Q and P, The 
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relation between the original and the new eigenvalues, and eigenfunc¬ 
tions thus is 

F h - /„ and rM = 8-\\m («0k) 

with Q, F replacing the letters q< p also in S -1 .} 

60.3, In general, retd ohsserv&bles are quantities [»l with real eigen 
values, {6) with Heimiiiau matrix elements. Vico varan, however 
Hor Haitian rnm ns rlenjents i io not ulwaijs secure real eigenvalues. 
Tins may be seen from the falluwing example: 

The syirmieti'isied quantity S — xp x -j- pjc baa Hermit,inn matrix 
elo.nntntjk Yet it. i> not a real obacrvsible sinee there is no regular 
transformation matrix y to diagaiuiihi* S. Indeed, the operator 
equation By = lYy, namely, 

- 42 +'+*s)-» 

is solved by the function t" — x ■ + - S ''" A . Although this function van¬ 
ishes* at x = ± qo for real it cannot Iki considered as au eigen¬ 
function because of the singularity at % 0, There are no stattt m 

which „S‘ — 

Summary oi §§5S 60 

Planck's k is introduced into quantum mechanics by the exchange 
relation of Heisenberg, Born, and Jordan, xp a — p 3 p = ikl, which 
represents the exact formulation of the uncertainly relation. The 
exchange rule, together with the product rule, may be used for the 
solution ot eigenvalue problems by means of the matrix method, as 
exemplified by the harmonic oscillator and the rotator. 

When tj has a coni 'in mm sot of eigen va lues then {pBy^. — B t . A . 

reduces to the differential quotient — ikSB^ , /e% J by virt ue of the 
exchange rule. In general, when F{q, p) is any function of q and j> 
whiali contains positive integral powers p n only, than 

F{ f h P}F r +- = F - ih B fA ,> 

This identity is (.if particular interest in the example A F and 
B -- y, where it. Lemhi to the eigenvalue problem for Ft 

F - ifi *iy(g) = F r - iMsr)* 
w inch is a generalised Sehrodingcr equation. 
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A close oorr&spondence prevails tHjtwecn the Poisswn bracket of 
classical mechanics mid the quantum braokcrt (l/iA)[*-l# HA]. The 
Poisson bracket for q and p is unity, and so is tin* quantum bracket, 
{lfih\\tp p\ I, iii agreement with the exchange rub* Generalized 
conjugate co-ordinates and ill.ontu. <> amt P nro defined as ob¬ 
servables satisfying the exchange rule P] = L Canonical 

trims formations fro in q, p to new conjugate Q, P have the form 
Q k = Sq k S~ l Hud J\ — Sp -1 . 

We have proceeded, so to speak, on a spiral, starting from de Broglies 
equivalence of waves and particles. ascending In Sc final inger’s three- 
dimensional wave equation, thou developing the general formul ism of 
quantum mechanics on u higher plat form, and terminating Vi ith a very 
general eigenvalue equation (Gflu) for any observable F[q„ p). The rot 
of this book is devoted to applications of the theory wit h only one now 
principle to ho introduced, viz.* the Pauli exclusion principle. 
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S61. The Time-dependent Schrodinger Equation 

61.1. When a conservative mechanical system is exposed to a variable 
external field, the energy and other constants of the I notion—e.g., 
the angular momentum—will vary in a continuous fashion. The 
variation of the energy r etc., may shrink to zero when the time of 
exposure is made smaller ami smaller, according t-o the classical 
theory. In quantum mechanics, however, the final energy E f will 
either exactly coincide with the initial one, or differ from it by n finite 
amount. E t — E since both E, and E f must Ins eigenvalues, This 
in dies tea that a perturbation applied during a finite time interval 
in net produce tfUH^iiioTui from the initial to various final ft fates. It 
is the object of the present chapter to study the transition probabilities 
produced, in particular fa) by incident electromagnetic waves, and 
by incident mutter rays. 

It is necessary to adapt the Kchrudinger equation to the ror© in 
which the energy parameter E of the system m no longer a constant, 
This happ.'iiH iv hemo i-i tin) Hamil tonian function is an explicit function 
of the time: 

E *= J7fr/. />< /)* 

The energy E then play a a part similar to the variable momenta p k 
of (he h\ nnon. We first show* that, the ctumEnutf. oa.nim ically conjugate 
to the energy as “momentum" is the negative time. 

For thin purpose consider the vanishing constant 

H = II - E = u 

ns the Hamiltonian uf the system. This agrees with the usual theory 
hi nee the Htuniltonisiii equations of motion stilt have the form (sub- 
setipis to the brackets indicate cemstsmtH under the partial differentia- 
tinn) 

(m\ an . /m\ 

\*XuSw~*>“*-\w>Lm 

if.L 


i i 


dH , fli . 

T~= fa, 

"It 
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which rimy he supplemented by tho identities 




ae 


(GW) 


The last equations indicate that t is agqjug&te to i?. In analogy 
to the tram Nation of p k into the operator — one has to translate 

E into the operator — t), that is 


E - ih 


a 

at 


(tub) 


The classical equation H(ij, t, p) — E becomes the diflerentiul equa¬ 
tion 

£P¥ - (AT (flic) 

or explicitly 


a [q. t, - ih |j| t(y. i) = m | fV <)• 


(Eld) 


This is the time-dejrtndf nt Schrorfirujcr equation. 

In the special chao of u conservative system, where H does not 
depend explicitly oil t, a particular solution k 

T*{gJ) m yjajtf" { ( ‘de} 

where E n in an eigenvalue and em the corresponding eigenfunction 

of the ordinary Schrddlttger equation H ( 7 . piyitf) - E - yttfi For a 
conservative energy, etp (flld) is also solved by the snperpoflition 

(oif) 

with constant cuqflicients J B = 0 )rfg. 


61-2. Co-ordinates and moment ft in classical mechanics are determined 
by virtue of the Hamiltonian equations of motion ffila) at all times ( 
when thej^ are given at one time f(>. In quantum theory, however, 
exact initial values nf the q K and p K cannot l*e given simultaneously, 
so that the exact future and past configuration remains undetermined. 
The SehrGdinqcf time equation (01d) dderituut^ the ftfittmi 3T/3* and 
hmee, the future and ptirt x ¥(tj, t)from the present T(g, t n ). This quantum 
causality contains an element of uncertainty, however: If may he 
possible to find the value |T(g, 1 $)[* by experiments at t — (^—remember 
that : | 11 = p to the density serving as a source of radiation in various 
directions, so (hat ( T ■ may lie reconstructed from the observed radia¬ 
tion—but. the value of |T[* leaves the pham of T undetermined ahioe 
only phase differences an* observable. it is impossible, therefore, to 
predict the future T and | *i' s from present obxKnxttiom of the system. 
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In the following discussion we a^iame that the present function 
4%, y, Including the phase, is given. En this ease 'E'l/j, t) Is determined 
fit oil f’s hy oq. (did). The some Tu/. if) oko determines the mean 
value of any observable C[q, p) at various times : 

( \^u = ()(^q, — ih ) Tfo 0 dq. (dig) 

1'iiis formula can be so wrltk-u iih to tufer to the eigenvalues of C\ 
Expanding *F in the f irm 

= (®ib> 

vvhcrc r y r = r 1 ■ defines the eigeiii'unct ions of the h observable C ; the 
expansion coefficients arc obtained by the inversion of vq. (0 1 h). namely, 

«e-P> - JT(?. dq. («li) 

Substitution nf c-(j (fllh) In ssj. (b Ig) yields 

C„ = 2 c .|<t c .(f)[ s ' C r . t«l j) 

Thus, jri c | 2 signifies the probability uf Ehe eigenvalue C* of the observ¬ 
able £(g, p) in the state /); SclirMinger'fi time ^ipatl ion determine* 
the <i t .. ai all times by virtue of c-qa, (IVI h, i) when the initial y \\q, f 0 ) is 
given. This result is uf little practical value, however, sinoo the 
initial phase of 4’ r* unknown. Tfa prawnt probability dirtrihuthn of 
thi: ritjrn mint'# of on obtizrmhte f‘ durx NOT determine the future ptoh- 
tihiUhj tiiHribtttim in a. system exposed to a non conservative perturba¬ 
tion . I inly when one neguinet. n random distribution of the init in I 
phase can one predict mnan probability values of the various 0\ 
f."h * ’ ■ after /, subject, however, to unpredictable duel nations of 
interference character. Only when nn<? f" alone in realized with 
certainly at t Q the future probability distribution can lie calculated 
(see §60), 

§02. Hydrodynamic Interpretation. 

08.1. Although 1 1 r i tj. t) rai'icK with time, the integral of T| a over apace 
is a constant* which may bo proved as follows. Write down ctp (did) 
ami its com pies; conjugate: 

+ »f, 

/ a\ - 

*(* t+ **)*—*»’ 

Multiply h\ T mid 4' respectively, and subtract: 

-!- fTW - ¥ff‘| = | (T'T), (63a) 

fit df 


ir>4 
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When both aides are integrated over <pspaea r the two integrals on the 
left cancel each other because they represent the real mean value of 
the energy; lienee, in the state Y\ 

*— fYYr/} — o and JfYYdrj - constant in time. (62b) 

An important specialization is a Ha m31 Ionian whoso potential energy 
depends explicitly on q and t r lull not mi p t ho that c ho iSehrodingnr 
equation is 

W £ 1Y 

--V^+ L%/j m 

Writedown the complex conjugate of cq. (h-c); multiply by T and 
Y, respectively, and subtract; apply the vector formula w ■ 

= div [w ■ — Vw ■ : the result is 


m ifjT-’w*) + | l 4 T - 0 


lesdt 


as a tpeci&E case of eq. (62a) + Integration rii' div reduces to a surface 
integral over the boundary, where '1* vanishes. The integral on the 
rigid- must also vanish, q.e.iL 

Eq. f(J2d) becomes the continuity equation of hydrodynandos: 


,. . 3 p 

- d,rj “5 


when p and j are defined as 


p = T V and j - — i'W'V- Ty% r ). 

£*fti 


(d2e) 


Both p and j ate real quantities; they are identical with their own 
complex conjugates. When Y is iml them j ", A generalization 
of eq, (08e) in the presence of a magnet ir field, where i ' depends on p, 
is given in §63. 

In a state of transition (he Henxuiian values of p and j are 

Pn - *,T, and j„ = <*,VV*-V»v<P r ), (8“! 

from substitution of Y T, 'I - , in eq, (62eh considering only the 
interfereoer terms. 


62.2. The current tiensiiy j In any state 'I' of a system, has component s 
in various directions, yY being a vector. Let us calculate she zirciifer 
component about the s-axis in the direction of increasing azimuth p, 
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A! a point (r%) at distance r nii] U from the msis, the coordinate 
increment fu the circular direction U &q = r sin 0 since 


(I *, = w = wxr svi 

" ’ .V A( a* " A? f Hin if 


we obtain from er | (tliie) 


,[l " 2 i »A 3s Sv) I-Bi 


In the wpeeifi! uoaq I bat T is a periodic function of y by virtue of a 
factor <■""* the lual relation reduces to 




wf> |Tj a 

ti r sin (I 


and p - |T| 6 . 




If we bad considered T ii.h periodic in t; with factor din ( wjj) or cos t-wty )• 
the current density j in ibis standing wave would have been zero. 
When 4' La normalized to unity then jipdF = 1 , The corresponding 
nm?.- density and current density are ftp and /ij. whereas the electric 
density amt current density are rp and ej. 


63,3* Jo find the total rbttrU turrmt about the r-nsis in the state 
T y - < '™V consider a circular ring about the c-asis uf cross section 

d-H r tlr dfi. The electric current How inig in i;he ring is 

rdrdO 

dlntft, = f ‘ W ' d# ~ M ' ■ f r 

p ? am 0 

The ring, of radius r sin fr, subtends An area irl^sin ft) 14 - and gives the 
following contribution ta the ■: component of the magnet ir tnottt* tti M t 1 

JM, = f/I area = — \W I 1 *tfdr m OdOln). 
c 2/s c 

The last bracket is the volume element til of the ring. The total 
magnetic moment in the state wr is obtained by integration : 


2 liC ’ 1 2pC 


m, 


{ti2b; 


The magnetic moment in the stole T == yt lW is thus found to equal 
rri magneton* when we define 


-— = one magneton = 0 j$7 x lo -1 ^ erg/owsted* 


(62i) 


Similar considerations apply to the mechanical twjfdar rAmnntiuui 
ji 4 about the ;-uxts* The circular velocity component in the ring in 








QUANTUM MM HAN US 


i m 




lit* contribution ki the angular momentum j* 

dp ¥ - fipv^V - mh\W\* dV\ 

lienee r 

^ _ W rJfcX| i rj H cjr = mh, 

in agreement witli tin* divert result yf the eigenvalue equation fur p.,. 


Ji 63. The Lonnot- Precession 

63.1. In the presence of ji magnetic held of vector potential A the wave 
equation with (24c) and A- neglected reads 


, rr 2it 21 a % 

+iri 


o, 


(63a) 


Instead of i.ij. (&2d) one now obtains 

— div {fVf- V'VV)-- (A T WW + h W = 

pG dt 

or when div A = u 

iiiv y,,. <,vv,_ **<*- ^ a i vt®}+1 ifi*="■ 

which fihmva that in iv magnetic field one lias to consider 

i ^ (?Vf- m')“7 A|yj“ and p = jp] 1 (G3b) 

fi CJA 

as current density and density, j consists of two (narts, j„ -[■ 3/, the 
latter only in the presence of the field. Similarly, the velocity in the 
field consists of two parts, v = v (l 4- V/i with 


Jr 


v# = - = 


r/i 


(®So) 


Let itb consider the special case uf a instant Held H : . a« tit Sflii4. 
The vector pctentiul A of eq, {2 Jd \ now yield?* 


iVr)# = i)f - a ]H| f fvd. 


' -X|H|.. (Vrb*0, 


which amounts to an angular velocity About the s-axis of constant value 

% = wj = - ~ ;H- {frM) 

dt 2 iiC 1 1 

which is superimposed on the Uttjwrtiirbed velocity v fl . We have 
arrived here at the Imhuo j pjnerawtfiua of the whole electronic system 
about the redirection of the magnetic field. 
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The negative sign in tup {(Kid) is di4iraoteri«fcicj of the din magnetic 
qualities rtf electronic systems; In uousequentie of Lenz' law, the 
magnetic Held produces a magnetiu moment whose direction is opposite 
to that of a permanent magnet orienting itself in the field. The addi¬ 
tional, diamagnetic moment. M: is coni tee ted with an additional kinetic 
part of the angular momentum p ■' about the z-axis-. The ratio for 
point electrons ought to have the value 


m 

pI 


2jUr 




Actually, the gymmagnatit ratio is <j times as Urge; the <7 factor is 
connected with the spin qualities of the electron. Tin* same anomaly 
is h mud in the magnetonicohttnicaJ experiments of Kin stein do Hans 1 
and of Richardson and Harnett . 3 who determined the p v value occurring 
during a sudden magnet izatiou M anil the My value produced by a 
sudden angular accelerat ion to juj. 


163 . 2 . Suprrccmducttt'ity, When 

curl v^ = — — H (83f) 

r fi 

irom eq. I63uI is substituted in 

curl j t — f. our] (^y) ~ p t curl V 4- |v x fjft- 
anil when J, is ihe current density produced by N electrons per unit 
of volume one obtains 

curl I, = N Pt ^ H) -|- fv X V]A'p p . 

If the A’ orbits per unit volume overlap, A p, can Im* replnral by the 
t'onsltfnt Ni , :tnd the last equation reduoRH to 

A r e* i 

c U rlJ. = --H=- s H. («3*) 

with A = AV/jU 3.2 ■ L0 -3B sec- when N ^ lu 33 . integrating along 
h closed fine I subtending an urea $ 

(631.) 

We have arrived here at the basic equation of London's theory of 
superconductivity . 1 A permanent current can be maintained by a 

1 A, liirmifin itrul II. dp llikim, t 'rrhantlL <inU, r /.yii't. fj»*. 17, I3U (111] li). 

■ S. J. Burnett. IV.y#, Hvv. &23» [IBIfi); 10. 7 (11117}. O. Vi. H johan^on. ibid. 2H. 
(16041}, 

» F. Loudnu, Nalure 140. 7DJ, SiJ4 1 1037>, 
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magnetic field, Hi© rEeetric current in not hssed, m usual, on pro 
grefctavc wares (or progressive wave packets) hut on the mi mo stationgkiy 
wave function y which aleo prevail Ijr. without field,. A hii]jctcqtxI active 
body, according to London, is to In© boniid&r©d as a giant diamagnetic 
molecule, rather than as a body of infinite conduct 
The current density ]n connected with the magnetic field by the 
Maxwell equation 

curl H - — ,T (63i) 

c 


in the stationary state £ - n. Because of curl utirl = grad div — 
div grad and ili\ H — div E — u (for B — H:. the curl of eq. (OSi) 
together wildi eq, (flflg) yields the differential equation 


y j h = 



m) 


which is solved by an exponent.ially dooreasmg field 
H=H,«p (-V§*) 

when Ho is* the field m .*■ = 0, When there is a field H, &t tho surface 
of & superconductive body, ii decreases toward tho interior to \f> of 
Hf, along a distance of r\ A/4w i Mr 5 cm. Except for a thin surface 
layer there can be no magnetic field nr induction vector inside the 
fxnriy> When suuh a field cxrslH aI. higher temperatures it m pushed 
to the surface when the ieitifMi'mture pusses the transition |joint. 
This i> the Mti'tumer explained by London mi the basis of h 

permeability ft — 1 . j 


$64, Wave Packets 

64,1, Before entering into more general applications of the itohrodittger 
time ■dependent equation, we consider the standard example of frtt 
•particle# moving in the ^-direction. The corte^ponding wave equation 
(did) red u cea to 


a 3 a* 

-ry7m'l = 

Ifi JJ" = 

“ | ^ «- 

(64ft) 

A iHirfiut Mfhttiun is the plane wave 

4 '„(. J \ t) = exp [*.bV(P,r- 

- *t)l 

HUh) 


which ’.iitishcs eip (64a) under Ehc condition 

0* 
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with ft - kfL, currtwpi Hiding to the energy equation H ~ p 1 . The 

ufl 

constant value of |y s |- *ignifie3 panicles distributed with constant 
probability density in space. 

The tjnteral wfatirw of eq. (H4;i) in obtained by u superposition of 
partial solution* with arbitrary complex amplitude* : 

l K(i, I) — j -4(P) exp [2i7x{ih‘ — W)] cf?, (04d) 

J- « 

where r as the function (t54c} of |.J{r)|-7r in the probability that t» 
particle has momentum between ftP and h(9 ■ tfv}, provided that T 
is normalized to unity 

The problem of finding the function l, l ‘(.k. t} when the present function 
'i‘(.r. Of Es given is. solved as follows: h!q (UJd| iVi>r f o is 

f* 

'l*fj: r 0) = | /If?) exp ’(Sifrftr)d?; 

tile inversion of tills formula is 

.-1(17) sa | *1V, o) exp ( - 2ifrftr) &X+ £ft4f) 

When 'I V. 11 li is given, the function J(i’) is olititined in eq (flUf) ; 
substitution ill cq pt4d) thenyfeIds TV- f) by integration, with eq. pi4c) 
in the integrand. A similar procedure applies t-o free particles in three 
dimensions. Wo have here ,i ,-qieciat case of the qiumfum cmtmlity, 
according to Vi liioh tlo■ amplitude and phase of the present T deter- 
tii iue T at fill times. 

in cum- of ittiitr.i |nntlelw under n cons* r\ j i. tive Hamiltonian one has 
to expand ’I’ty. t) o» in eq. (fHf) and substitute 

A » — jm 

III ca*e of ht.>nui prliclw under a rtuiicniimrvntive liatniltonhm refer 
lo §««. 

64.2. A case intermediate between si immoohrotnatic wave, eq, (64 b). 
and the giiperpositton of rill frequencies, eq. (fildj, is represented by a 
awn tjmup a r aw re packet made up of waves he* longing to a finite 
wave number range, from $ to v -+- fli\ so that the amplitude function 
7(c) vanishes outride the range hr and is fairly constant within AF, 
Let ii* examine the range along the .r-aids of the function T' produced 
by HUflb an amplitude fu ru’d ion. Iirst at i = 0, then at L 

The function Tic. u) is determined by the integral of eq, (ilte) taken 
over the range Af rather thoc from — u to + -£>. When the phase 
factor, exp (tfshrftr), ha*. tunny periods wi thin the integration range, the 
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integral will practically v anish . The maximum of T occurs fur j- = U 
where the exponential factor in unity, and appreciable values of T 
occur for values of x so small that the phase 2m 3s varies It'.-?!# t han rr 
within the range #P, that is fur 


rf_ 

dv 


— (S-TTifa) ftp 


< TT, 


(fHh) 


ur for |rj^ < 1, which amounts to an jr-mngo between 

**“ = m “ d 


The interval between sr nw . and is 

dr ~ 57+ (Wi) 

or 

The smaller the spectral breadth Av of the wave packet, the larger is 
the range Ax of the probability amplitude Function T(sr P 0). ftq. (64j) 
is the uncertainty relation Ax ^ hfAp r - by virtue of de Broglies 
tmnslution formula. 


64.3. Next, let us deter [nine the Fata of the same wave packet T at 
a later time. When eq. {B4d) is integrated over the range Av rather 
than from - oo to -+ oo t the integral will have appreciable values 
for those x which lead to a phase variation less than it within the 
integration range ^P, that i--g for 


or 


2tt — — 1 *t) ftv' < it 

dr 




(flij) 


always assuming that A(ff) is fairly constant within the range AS, 

The maximum ol'T occurs w hore the left-hand side ofeq. (fMj) vanishes, 

fiv * 

namely, at. x - —L The maximum of M r thus travels forward with 
dr 

group velocity dvfdO, The group velocity is identical with the particle 
velocity of the corresponding particles, aa was shown in $jl£. in 
particular; when K — and hence when r P^/Sp* the group 

velocity becomes dvfdr - ifjfi., and the laflt equation reduces to 


P 


1 
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This condition is satisiiw! between 



that in, wit hiii the range 




for which wo nmy also write. because of cq, (tS4i), 


6x * = tie 4 



tm 


Ax is the width cif the wave packet cit f, resulting from the width Ax 
at 1 — iK Eq, HU!) agrees with the rangeexpansion formula discussed 
hi §lo. The oenfcer of T will travel forwaid with velocity i r when 
1 E"(ai r (l) has a- fairly constant amplitude and a phase factor exp (ifivjcfh). 

The expansion effect in a]most negligible under ordinary rtuwrutfijopic 
uirnirastajiefa, m- idiown by thu fallowing examples ; 

(a) A fi-ray emerges from u slit 1 inm in diameter and travels with 
velocity 10* ein set:, After traveling 10 cm the diameter does not expand 
more than ID-* cm, since ji . itfh far electrons is 0.13(1 grain,'urg sm. 

fh) The same /Tray source uncovered during ltMseo releases a beam 
llPttu in length. To double Its length tin- beam would! have to travel for 
more than 10 7 secs, 

(c) Electrons of velocity e 10" cm, sec may pans through u hole of width 
&e sis I0 _1 cm. The angle of diffraction m as small m 7,3 x 10radian. 
When the velocity is decreased 10 times, the angle increases |0 times. 


ij65. Remarks on the 1 -function 


6h.l. The forward velocity w - /■//£ of a group of jiartidea cumuides 
with the forward velocity of (he maxim on of the GOttnespoudiiLg wave 
packet; both ire essentially of ft classical nature. Only the txptni- 
nitm of the range uf the par tie lea is u quantum effect. To ulftrify the 
issue, consider the following standard example: 

A radium fttom located on the earth E nifty in' uncovered at t — 0. 
Two < leiger counters located at A = A returns and Ji — Betelgeu.se 
nre ready lu record the arrival of an H-piirtiole expected to be ejected 
From E ftt any time after 1 = U with velocity v. According to wave 
mechanics, u spherical 'E-wave hegins to emerge at t — U from the 
Ru-atom with group velocity u. The question arises of what will 
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happen to the wave after an *-particle has foeon observed in .1 at 
time 1 v Will the probability amplitude T disappear immediately 
after t 4 every where, m- will 4 r be blotted out only within e sphere 
expanding with velocity j 1 , or perhaps with velocity r n from A mi 
cnanter, or poaaibly from E fw center i Dr will the function 
emerging from E remain unaffected by the act of observation at .4 t 
He who asks these questions forge ta that the probability amplitude 
ought to contain a reference, usually in the form of a subscript, to 
the experiments I conditions under which |T| a i- nuppe^ed to (serve jw 
a table of betting ikMh. fruppcaa the counter *4 has ft sensitive 
cross'-section urea 0 A so that A is viewed from K under the solid angle 
Cl , = 8 p1 /q. Thu probability of the at-partUdc arriving at A is zero 
at. any time before t •= f jjt\ and after this time is given by 1 be exponen¬ 
tially decreasing expression 

|v 4 (i)|«* = t- th “ d ‘. (#s»j 

where r ik the mean life of a Ra-atom, and t* — t ■ - r .,/•/?. Indeed, if 
the particle has not arrived at a time t\ l.here is an ever increasing 
chancy that if ejected it may have missed the counter -4 ; the integral 
of f 11 . (Goa) from t* 0 to oc is On the other hand, as soon 

as A has received the particle, the probability function jTJ- decreases 
to zero. Similar consideration* apply to the fund ion |T B |* which 
meoHtire&i the probability of reception nl any other paint B. However, 
one may jot as well detinc another function k l ‘ , which is supposed 
to Ik* independent of any observation, and which lias the form of 
eq. (65a) for all titnea after r o. irrespective of the reaction of 
counter A. The former function then might be denoted by an upper 
index (-4) as T | IJ , signifying its dependence un the act of observation 
at A, so that the two 'T-functions deftcrilH- different experimental 
condit]ops Furthermore, one may introduce a ftmotiun winch 

denotes the odds for mi observer located at , I Voting that counter ii 
receives, the pftftf< \r. when there i* r:idio ■ ooouij? ]. . 1.11 . .o fouu /i r,, | 
and so forth. All ibis is quite trivial and is only U> remind the reader 
that discussions about- 4'-functions, in general, are ppmtle&u T-/((uc- 
firm# owjhi to be labeled before btinfl tulkcd about, ft rule which lifts been 
forgotten In many learned discussion,*. Th & forward motion of pi', 3, 
in space and time is not even a problem of thn quantum theory. The 
recording in counter A or B of an ft in eu dosed in a smalt box with a 
hole offers exactly the same probability problems, except that nobody 
has ever thought of consulting the quantum theory in tin's case. 
Quantum mechanics enters only when we whether it is permitted 


CHAP, VU 


.V f tX< 'ON SB XV AT I r A S 3' STEM S 


m 


to think of an exact location uf the Raatom, or of tly ant box, slmuh 
taneouely with an exactly defined velocity of the neaping particle or 
uiit- Quantum theory deal^ with the blumng-out of the wave front 
due to tin: uncertainty of the initial location and velocity. 

i 66. Induced Transitions 

66.1. When // is ft conservative function /f%, p) then eq, (Old) 
reduces to 

//* — ih ~ J '¥{q, t) — ilt f) (66aJ 

mid is solved by the function 

T(<p i) = t) = iE *\ (TO) 

where E u ami ^(r/) Knive AT 1 ^ — E, ■ mid the .1 h are constant 
factors which satisfy the condition 

s,M,r*=i im 

when HytjT, () is nurnuifized hi unity fi. 1 . t = o and lienee at all times. 
The 1.4ml* are the pfubnbiiitira of the various E m in the state l Vi$, 0- 
Suppowe the conservative system IJ c f q. p) is suddenly, at t = 0, 
brought into an external force field producing the additional energy 
p, M- The solutions of 

{/J“ + H'W - ih -- T (6M) 

may still he repp-sented in the form 

m n = ZAvifa, i) = iu.rf(f) *-*** (m 

However, the factors A n art’ no longer constant after 1 = U. The 
variation of then's itmy he dote m lin ed by substitution of 

in eq„ (tftfd), leaving the equation : 

s„-V'X = S- 

Multiply by 1™, [) tt-ipn:** uvtr r/-s|wi\ romcmtH-r i he ort-hogematity 
"fT',:, and 'I '" For m n. and introduce the nhlnn mtious 
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Tins 1 wives the following "equation of motion r> far the A s: 




16 


Thu time variation of A ril is entirely due Ut the none mservati ve per 
turh&tion //'. If II' ia small compared with fV\ tlie A m vary slowly 
with t. Under the initial conditions, 

— 1 and J m (0) = 0 for m =£ •», (06li) 

the value is tfic probability of the atom in ihe state r?fc when 

initially in the .state n with, certainty, that is i under these initial 
conditions, the transition probability from // to mi* j .3 „ L (/] | 2 , also denoted 

by 


86,3, Consider a lime interval during- which the variation of the 
original J is small so that, «q, fflflh) holds approximately during t. 
Integration of eq. (fltlg) together with uq k (filth) then yields a HinaII 

AJi) = I -(««« 

> f t Jo 

The integral fan an appreciable value only when contains a 

summand periodic in t fes e**"" 1 so as to cancel the factor e~ ,UImnt in the 
integrandi, Hence a considerable transition probability from to 
ifl obtained only when the perturbation H contains harmonic 
components of frequency v |i' lini | = [E „— E m \fh, a typical rt'Momnvi: 
effect, 

Suppose, now. that W increases linearly from zero to n finite 
value during the time interval r. The longer r, the smaller arc the 
harmonic amplit udes of // J belonging to frequencies v, lTn > 1/t. In the 
limit of a quasi-amt ie or ' 1 adiabatic Jl increase of N T from zero to the 
final H'(q, p)< transitione from E n to other energies E,„ separated from 
E, v by n finite interval will not occur for lack of resonance frequencies 
to induct much transitions. Qwm-/static variation# of the axfomed pcr- 
turbation do not indmee imnJtiiiom (Ehrenfe&tJ Born and Foclc*}, What 
happens is onlv a readjustment of the original J5jJ to a tinal E m 

= KA K- 

The last statement is to be amended in ease of degeneracy t where 
there are di He rent states of the same energy, Transitions between 
two such states, provided that they art- not mutually orthogonal, can 

1 P. Ehrrofwt, Ann. Fhyrik fii, 327 fme). 

* M. Horn nnd V. Fook, Z. Phyrik 51, LU {1023). 
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hv produced, oven by & quasi-static perturbation. An example i^ the 
transition from Zoom an to Stark components of an energy level when 
a weak magnetic field is slowly replaced by a weak electric field, 

£67, Second Quantization 

67.1. The state of a mechanical system or atom may be characterized 
by the function T'(r/. {) in the form? 

T(tf r t) — with B m = A m e~ u * 1 . (67a) 

Tf instead of one atom wv consider an assemblage of, eay, H>0 atoms 
in i.he fumie state, then 0 m = |i?. w | s is the probable number of atoms 
in the state E m if we normalize 2^5^. — 100, At any time f we then 
have definite values A, ■ - ■ which, m general, ure non integral and 
change continuously when l 111 - nystem b Biihjcetod so a nonconservative 
perturbation. 

Knit, consider an assemblage of ilia ^amo 100 atoms in a state in 
which every value of ^ between 0 r(.j,d 100 ban a certain probability, 
and in which the same holds for / V . v in general. This state may be 
characterized by i ho amplitude function M-Y'^V ,/ E ■ ■ ■)- When the 
atoms are left to themselves. | l J'j- will not depend on /. Under an 
external perturbation, however. T* obeys an “equation of motion 11 
and becomes a function of t, dependent un it h initial value.. .Suppose 
now that the function T’i.^Y A ■ ■ ■} vanishes at l — 0 feu' all non- 
integral values of the arguments anti has finite values only for 
integral Under this initial condition Dime* derived the remark¬ 

able result that T a ill have finite values only for integral Valued of Lhe 
j£*V not only mow but at till iim*. .v. This result is all the more allrprifling 
because the /i„,. whose absolute equates are the .... vary continuously 
through any nouiutegral values between 0 and I0d according to their 
equation of motion. However, we must not forget that Lite function 
'fViy. r) uf eq. (bit'll describee a state in which every at the time t 
ha.' one definite value changing gradually' with j', whereas in the state 
described by the function 'i ■ - ■) the initial T is finite only for 

integral ^-values* A still more special initial condition would require 
that I vanishes at f — 0 except for ^ — 5, say. and ^ — 17, etc., 
with — 160, thus describing a wry particular initial distribution 
over the levels, 

67.S. Dirac obtained Ins result by a transformation from one Set of 
co ordinates and momenta to another. In particular, instead of 

* F. A. M. Dirac, f’rac. Ro$. Skw, timvkm) 114. £43, 710 11337), 
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coDBideriDg T(f/, t) in n,| jih i function of flit" co-ordinate q with 

the B m variable pare.ter*, hr conririerer] ilit» /i... m new ctJ-ordinate* 

and the to-oniinatO' q as parameters, to write 

HVi v ii, ■ ■ ■)- K V[B) = 

hence, 

vm = 

Bf| (tU5g) lends to ilit- following equation of motion for the B m *. 

im m = %>b h b^. (U 7 bj 

.Multiplying by vv v and Humming over all m, one obtains 

imm = 


for which one mcty write 

« - 2,2 JBU9-. 4 - Tm ~ l A cs7o) 

where we have introduced the operator symbol 

= - (47d) 

for l he muww/wm /#,* conjugate to t ilt” ro-nn/oMifr' //„, Kq. frt7v) Im* 
the standard form of SoImVlinger's time equation: 

iW = tf{fl («7e) 

Kq, b l "il) implies that B m and /C obey the exchange rule 

XJJ„ = in. («K) 

The B, . like the , I,. , are probability amplitudes of the system in the 
atiite w. Thoir absolute square* represent the probability* 

nj* = ■?'*• 


67 . 3 . ,Su far we have t ransFormed the original Schrtidffljjer "equation 
of motioix,” i/i‘ 1 lu; l) //iv. pjTtjf, t), Ifert into ©9 (67b), ilie-n into 
tap (iiTej fur The next stop will he the further transformation 

of eij. (U7e) into an equation for *F(.#) + For thin purpose we must 
look for new " momenta " eon jugate to the 14 co-ordinates n ‘ & k . Such 
momenta, to be calk'd W*, am conjugate to if they satisfy the ev- 
ehange relation 

- 0A = iftl. or 0 H = - ih («7g) 

We now want to find such transforming function* fc*}) and 

fi, n UP, bl) that eq„ {tJ7g) becomes a couaequcncB of eq, or vice 
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versa, with the additional condition that /ishall bo Fune 

tionj; satisfying these ixqilireinenks rut? 


B m = f. "and (H7h) 


To prove thi?. equivalence, we iirsrt, use eq. (757"} to derive the following 
identity: 




which Ert nu auxiliary formula valid for any co-ordinates and non jugate 
moment tt, mid 0 ,„ and any function/. 

We now use cq. (iiTh) and fold 



1 it 1 ." /r. 



which jy eq (67fj derived from eqs, (<37g} -me! ij tS7li), This proves that 
oq. pj7h) f"j'n.'.sents a tranafonnatiDTi to new ennoinoeiJ word mates 
and momenta. 

Win i i tin nniT -ju-titied transformation kj. fhTii i is introduced into 
eq. (<i?e) we obtain 



where H‘ in now fsdrmidtjml aa a function of tin- new co-ordinate is ,P m 
and i> ojHrafod on hy the new momenta H — — Hi According 

to the auxiliary fonuulu (t37i). the last equation bewmea 


as the nisuJt of the can on teal tran* for matJoii. 
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67,4, Time, whra T 8.1 / 0 has finite values only i'"r a t ori run oun- 

tiou of ifik.gml numbers nP tr then only those other niteipral 
configurations acquire n finite probability during the next fefinJteakiml 
time interval which are obtained by the pacing of one single atom 
froiu it» original level to a new level; t atomsin E tn and;^*— 1 

atoms in £„ produce a chance Inter to find ff m atoms in E m and -? n 
atoms in /?*, due to a tracieilkm of one atom from. E to E H . The 
factor (.^ w + looks utiEtynimctrte hut is not; it is the product 

of the occupying numborn uf the losing anti the gaining level when 
both occupation numbers are counted. inclusive of the jumping atom. 
We have hero the quantum-tMarei-knl jmfijvait\<m of the probability 
assumptions tn Einstein "a derivation of the radiation equilibrium 
(§0.2), The result, that an initial integral set of ,‘>Y a increases 
the probability of other integral & k values is known as second 
quo ntimtioH, 

A corresponding second quantization has been carried out by Jordan 
and Wigneiy with the modification that the product difference, 
eq. (fijfh weis replaced by a product sum. This led tu the relation 
wbinh hub the two solutions = U and £P m = l„ corre¬ 
sponding to the Pauli exclusion principle (Fermi statistic), whereas 
Dirac’a second quantization corresponds to BoHe-Einstein statistics, 
in which all integral value* of the occupation numbers JY are per¬ 
mitted, The second quantization is a link between the wave equation 
and quantum statistics. 


Summary of Chapter VII 


The probability amplitude Tfa, f) of a noneonservative system 
M = p) A- H*{q, p, 0 « * solution of the .Stdimtiinger lime- 
d@petn.dent equation r // 1 l r — iftT r . When x V(ff, t) is given at, t - 0„ the 
differential equation determines T at fill tiroes. However, only s 'i|* 
can actually be observed m that the pm liability distribution ifi pre¬ 
dictable only under certain assumptions concerning the phase of 
Y(f, 0J* The continuity equation, div j — — p, where p — T"?' and 


j = — (TyT— l lY l l'}, loads to a hydrodynamic interpretation and 


may be used for deriving various observable quantities in the state 
Yfc. 0. such as the mechanical angular momentum, tho mnguer.ic 
moment , and the ha rm or precession in a magneti c! field. The 
Sehrtklinger time equation allows a quantitative derivation of the 


? P, Jordan and O- Klein. Z. rfir/mSc 4S. TM 1 .15+21-.1. V- JdltUun wnJ K- Wipier, 

ibid. 47, 031 {102H), 
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expftriM'iti phenomena rii" I 'bn, pier IT I generalized for any nystem of 
free or bound portiales, 

Y(q, 0 can be represented as a superposition of the eigenfunctions 
'b i'i any observable 0(q p). The cooftiuienlM of the expansion 
are the probability amplitudes of t.ho eigenvalues 0 f in the state Y ; 
their time • triali on aignities transition:* from one eigenv.itue to another. 
The most important sxatnple is the expand'm of T with respect to 
the r-i^j 5 ftinetiuiit- Tj of an unj^rturbcd H&miltOhifm H a t the expan 
don eneitidents, then am? the probability amplitudes of the various 
unperturbed energy values isj|; the time variation is produced ex 
dusively by a noncora-ierYatire addition W (iy P p, fj. When H is 
increased quasi-stat ically. irunsitioits are not induced. When //' is 
periodic with frequency i. transit ions are induced in case of resonance 
or near n --son nm i r- bet ween v and a I rand Lion frequency c PB of the atom, 

A connection with quantum statistics is established by introducing 
tbs- prnhabjc i umber rtf | uirtid.es in the level E... as a generalised 
CO ordihAta, Thiia leads to Dirac s second quantisation. 
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£68. Periodic Perturbations 


08,1. Of ]j« rticmlar interest is the elfect of light wives on free or 
atom-bound electrons. The perturbation energy is periodi<j and may 
he written in the form 


W= f6S»> 


Substitution in rip (lU.ig) gives 

A m = ilU.lC.E«‘* , ' + ** J ) 

Ut 

5+ — fl>wp + Ol* f- = tu mn — Cl). 


(C8h) 


When we integrate over a short time interval, the initial values of 
the small factors, .■!„! ' BJ1| on the right may he considered m practically 
constant, Integration between t — 0 and t then yields 

i _ ] fj'-j r_|| 

4 -w - * -(«)=£ **** n ~ {-tit + nri 

Voider the initial conditions eq, (flflh) this reduce* to 

A Jt) = U* mm frame}, (6ScJ 


A *{() has appreciable values only when <m<- of the denominators, 
£ + or is small - both ounnot be .small at the same time. £, is small 
when tv,,., -f v-zrti, that m, when me? (#„ — tin )!?'; it occurs 

when there is resonance between the perturbing frequency ™ and the 
transition frequency for E„ < E n . In thin case of an emission 
process the other denotnmutnr £ is — 2oj and is far from being small; 
the term with £_ hi eq. (08b) may then be dropped altogether. The 
opposite happens when £ arO. namely, the a bmrptiQn of an incident 
quantum tu It which liftti the atom to a higher level with conservation 
of energy. 

In the following discu^ion we are mainly concerned with induced 
absorption* belonging to tranMitians from to higher levels E 

no 
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occurring when 1/^ i;s largu^ We then may drop the term with I 
albigelher and write simply £ for £_ in the equation 

l e®— t 

^ U' mh _ . with £ = m — (66d) 

However, in the approximation of small f T or rather when £/ l r 
this tq nation yields a Imnsitinu probability 

M-M’-jJldn <*&) 

a rather perplexing result. One would expect that the transition 
probability should increase linearly with /. The paradox i- solved as 
follows; 

08,2+ The incident field is never exactly nitiiiochroinatie but covers a 
spectral range of frequencies, so that //' yields a Fourier aeries 

*Xe w + *-*<>. tm 

The summon da witli - ' iMt may lx* dropped since tlu>v contribute only 
to the tor ms with i + in eq. {H8b), The square of 6ip [hKd) now is 
modified to the mini 

in which we have omitted the intcrlermcc terms, assuming that the 
various Fourier emu pone rite have random phases. 

It b mi urn oonvenieni to rapjae® the euinniation by an integration. 1 
Suppose there are p.iVj Fourier members per interval duj near | — 0, 
Because of dte — d£ we may write 

Since only the |-runge near $ — 0 nontributes essentially to Lite iiite- 
gi-ation, we may move tlu 1 Jim rwo faefcons in front of the integral, 
with their values at u> - fj |lt(ljr The integral ion may then earner! 
over tiny range containing £ b, for example, from — co to -j- cc, 
so that we arrive at 




' £]. J V-rmi, Hi r. Mcnf. Thy,' 4* H < 1 15*3-) 
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The integral* inis value m 2nf. The transition prtjbaJjilit v from E n to 
E„, under tin- perturliatian energy of eq. (flS-f) become* 

^ |Pi,i'A. • f (38g) 

find in pro]rffT+rjnna| to c. The density p w describes the number of 
Fourier ter me per unit frequency interval near to mHl ami U m in the 
complex ainpliturir of ow of the Fourier terme for (lie same resonance 
frequency. Instead nf using the density p iU along the Frequency scale, 
one may introduce the density p K along the energy scale, connected 
with p^ by the relation pji<» — prflE, ho that p ul = p^lE/dta — p K h ; 
hrncc, 


This fommJii is fundamental in r lir- theory of induced transitions under 
any periodic perturbation. r mf , is) the »wiu tsft\ of I he system in the 
initial state E„ under the transition probability 
Absorption and r.'lui&ston processes induced by the surrounding 
radiation bold played an important part in Einstein's derivation of the 
radiation equilibrium. However, spontaneous emission prooefflea are 
not included in the present theory; we here consider only the effect 
of the Held on the atom, and disregard the miction of the atom on the 
field which leads Lo an additional energy deoreuuse of tfie atom, classically 
described as radiation damping. 

68.3. Eq, (flSgJi was derived under the assumption that E n and B„. 
and hence 4>» r .. „. are exactly defined, w hereas the incident light has a 

m Tbo intpijrat reduce 1-n 

| UMl^t 

I 5 [1 — en £f] r?£ . it/ | ^ - iZj- =. 2wt: 

rofer lo B- (>- PLiiraf, Shot • TtibU f*J fr<ti (frn!x. Xu. tHIi. 

1 When it in supposod that I In' number A „ or atom* in tlu? lusher kfll A-’ J( i« depleted 
md;/ by [mustlions tn k t-luri 

and inlp^ralwl 

Ayo = .vj-OH- 

The same dN n (l l iitfijn- Imvit 11 lived “ during the time t in the initial slate, mi ibid i3» 
mcmi life IxT-nmnni 

JWA r n J(r~ ^m4 
= frfKF; = fr = W 

Tl» Aatf-Ufa i* the timi? rlelerniineit by jVp) - |A iCj. iialmtly, 

“ *un>»n U- 


= = —■ 


-'6811! 
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spectral width. This k true for radiation in a large volume I where 

ibt* number of h-I tilun per Liiait energy interval of polarized photons 

B = k* m , ™ 

, F +vh- . r „ . 

pr - *■ "ttt tittanfc)- 




(««) 


Similar considerations apply also to incident monochromatic tight when 
w „ m belongs to a continuous range of atomic transition frequencies* 
realized in transitions of an elect run from u discrete level inside the 
atom in motion within a large volume T. The probability of tile 
ionization process depends on the density distribution of the final states 
for free particles of energy E and momentum p in i'l 


l> K — V-‘j' 3 - (matter). 


<«*]) 


If we consider only incident photons or escaping electrons in the 
dircetii.ni of 11 solid angle d£l, we have to replace 4rr by iQ and we obtain 


t PK - flight) 

t)p K — V vf rSil (matter,i 

h 8 


(08k) 


169, Photo-ionization 

69.1 ► A pjlnriied light wave traveling in the s-direction has field 
components 

(O&a) 


E = H„ = EU sin [■"('“) 


According to the equations H = curl A and £ — — yl -— A the 

c 

field i t* derivable from the potential components 

A, = - E, erw Tfji I f — *^1 =* % r 

ta L \ clj to* («9b) 

A v — A- = V = 0, 

> 

The |x-rturb&tioii energy nf it charge e of velocity r near z = u in the 
field in general in FI' r h -b r - r A^J, and in t-he present cast 1 

B' — ± = , £jh — - — p.E 1 ;com (iw/) 

iwr pm 

hence the U* of eq. (08a) U 

E 


m- 1 . 


1 xnrj { ^ \ 
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hiking if f<j! HJOr* (rut) ami assuming that the incident light waves 
tire *rj long Lli&t their phase in practically constant over the initial 
“orlut" of the elect ret n to l«> liberated. The initial state may be 
an i'-stiite, that in, one with a ^-fanotioa uf spherical symmetry 
(electron from the A -shell). E n the iinal state the electron may speed 
sway with momentum p in a direction of B with respect to the r- 
dinection 1 so that p T = J s cos 0- The y functions of the ini tit'll and 
final state normalized to unity then tire, with a = Bohr's radius: 


fr = 


: - 'i* 


(ufl 11 ) 


— and v 1 / — 


( i D ■ O/fc 

(vel)' 1 


in el given volume (vol), The matrix element of U’ between the two 
states beoumea 

V'v = 

yielding 


tr„ =» — e£ voir p, ,ia e <ia fl/l dv t 

■ ‘litm 


where /■, in front of the integral now is the x momentum. p ■ ros 0, of 
the free electron. The integration can he carried out in polar ce 
ordinates, with the direction of p m polar axis, so that (p 1 r) — pr oos 0 
and fiV tUiii{BQs tj)r*iir. Integration over y, then over eos (I and 
at Inst over r, yields* 


9521 

4 fiVl 2 VOI ri t>nrii 


I + (pttfhf) 1 


(sad) 


The probability per unit time of the ionization process is given by the 
general formula pish] with p# twnsii from eq. (OHj). The differential 
probability of the electmn escaping with momentum p in the solid 
angle tffl during t thus hecomen 


<W - 


di'4e* E'; 3 . OH 2 1-5 

IT/I rr/'/l 


{pem 

[1 + ittofftf? 


(6t»c) 


69.2. The differential cross Keotkm Ibi* the procaM of ionization i* £# 
divided by the number of phot mis incident jier em a riming d namely. 

bv — E 7 \tnh — — E^ 7 '^' yielding 
4tt Hit 


M = fVQ ctn* 0 


32e 3 {fwfhf 

nm r [1 + {pafhff 


(flflf) 


■ CodiuII B. O. tV'ir-jf. Shari Titbit of inttffraU, Xo. umS jtn ilnrLvjitivE with 
rvnfx-ci to Pi?iroo a pum»U4 >i. 
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The total cni— section .s is obtained by writing 4 ?r /8 in place of 
efM - W, 'The momentum value of the electron is determined by 
the condition 


3 



oJi + E t where — — — 

2 |U 



E ( is. the negative energy of the electron in the atom, and i«. i is 
the imtizalim eneivji i/. The last equation tints roads 


~ |i,,! [“ + (f )*. 


( 60 h) 


The probability of imiizatioin tap (IMhs)* has it rather sharp maximum 
for [jKiJIt) 12 — 11 isE i«s. when the incident photons art 1 large enough 

not- only to ionize but to leave an additional -I of the ionizatbin energy 
ta the escaping electron. as kinetic energy. The reminance condition 
*’*ft ■■*- Ei | S explains that ultraviolet light ionizes the miter electrons, 
s-niyfl intdKf (he inner electrons, and hard y-myn ionize nuclei. 
I Ting e<j (tty 1 1 j- 4-i nd [pafk) 1 - I, the maximum i-ross section becomes 

An experimental determination of the oroeti section 8 for Ionization 
may 1 h* obtained from the o/j.vorjVda, t ‘ xi > jfh-X »t of light passing through 
tonizable matter H If X i* the rnnnlier of electrons ready to be ionized 
in a unit volume (rcnuiinher that every atom hits: two Jv-electrons) 
fliul m is tlv number of phuton* incident per unit area* tlie fraction of 
photons eliminated along the path i iz is 

- tin — n AW dz\ hence* n t — ntfT n (H-fd > 

with absorption coefficient y — XX. fhe awdlieient y reveals im¬ 
portant qualities of 1 In- absorbing matter as well jo- of I ho absorbed 
radiation, in particular in nuclear research* 


^70. Coherent Scattering of Light 

70.1. \VV shall attack the problem of optical scattering from i h» j 
viewpoint that the atom ta subject to a time-dependent (periodic) 
perturbation by an externa] field ho that the Jiumiltuimm of the atom 
in tin* field is nonuorawevat-ivc. // — /i° 4 p, t). and subjected to 
tlie- time-dependent (•iehrijdmgei' equation* as a special cose of § 6 H. 
This treatment neglects the reaction of die atom on the external field. 
Til* omission of damping affects leads to infinite amplitudes at tifso- 
nanoe; actually such Infinities are smoothed out by damping. First 
we consider colianttll os' Jtuyfaitfh Mrttttfiwj without change of (hr light 
frequency. 
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Wave mccbAuiw interprets the soattered light as the finiissinn 
coining from the periodic electric moment uf the atom acquired in the 
periodic field uf a light wave. In the absence of the field, the atom 
may be in the state '1^ — y.£(.g] ■ t ' ytu ^: the corresponding density 
_ .i^i® _ f^|a constant, in time end is not the source of light; 
waves. When the atom is perturbed by an external periodic field, 
however, the T-fu action h ']\ = 1 FJJ + H N and gives rise to a density 

A. = 'w + + ' r ” K) + It” 1 ! ( 70 .) 

— f>* + Pn +fl I 

whose second and third part are time dependent and therefore radiate, 
At present w# are interested in deriving /v 
The periodic perturbation energy la of the form 

ir = tr% p){e M +rn am 

so that the Schrodinger time equation reads 

(//“- it, Y„(i. t) = - (,"{*" + e- “I Y„( ? , I). 

Oil the left we substitute 

Y„(M = ’0!>+ (700) 

whereas uu the right we replace T, by neglecting terms small of 
isccond order , wo then arrive at the following inhomogeneous equation 
fur Hi: 

jff" - a |) K = - t”»S(?K<r 1 "*); P"d) 

the braces stand for a sum of two terms with -(- to and — m. respec¬ 
tively, We introduce the trial function 

Y n [q t t) = **■ + ■* + fT0e> 

whose substitute iu on the Left of eq. (7f n i) lead* to the following 
equation for the space factors- y (y); 

{»„ ± oi)&} V+ = - U'[q> p)fM- [70S) 

We expand the unknown y ± (y] in terms of the eigenfunctions, of the 
unperturbed system; 

v* (?) — v£t?), (7 ug) 

substitute in eq. (TiifJ, multiply by integrate over space, and 
obtain the result T to) = — U '^; hence, 
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The complete wave function Incomes 




It is a fluperpoHititMi of the unperturbed frequency aj n and two fre¬ 
quencies tp H -j- at and «j b - at. 


We now construct the density function. p h of etj, [70aj: 

ft.(7-0 " -J‘L + { wrn P 1& * conjugate}. (70]j 

p n turns out to lie periodic* with frequently at, nnd therefore ia the 
.source of coherent or RayUiigh bo-tffaring cl’ frequency ei. 

Every quantum state m pive« a contribution to the sum, even those 
levels whose transition frequencies are far From resonance with w, 
The nnuresonanoe terms in corpuscular d<'scription signify processes 
without energy, conservation as though photons wore scattered by 
virtual t ransition processes in which the atom jh lifted from E n te» 
and returnh to K„ even when the energy difference E m — E„ does not 
coincide with the energy f,ft of the photons responsible for three 
transitions. Evayt/ is not rttwrrtd during the transition to and from 
an intermediate ur " virtual " lev eh Only the final energy of the 
two-step proce&s balances. 

With {p s } mb. = mo ... r,„„ and f" from eq. (fiito), the vector P = elec 
trie moment l^comea 


P = ef P MV 

** ft* + (complex conjugate] 

L '-ftl /r ( (Jj | L pg i ej/fj 


when r is the radius vector from the O-point to dV. The component* 
j- hN , jy Hml 3 liM of T„ tm have independent pluses so that the products 
y.ir^'^w Hud ; Mlll -i’. lin vanish in the average, leaving tlie product 
r„,.v. lliK . I.J r „.,.| 2 . Tlte electric moment 1ms an .r-component only, 
namely, with E" sin vJ E^, 


£*, - t *E,s„K„|< 


H"<L~ I-’ 1 )' 


(70k) 


when E.- of frequency t-> nets un tm atom in the original state E n . 
Ail other quantum states E mw above as well as below E„, contribute 
to the electric moment. Due to the factor w HJ1(l however, the states 
E m > E u give contributions m phuto with the held, and those with 
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A',,, K t contribute with opposite pbami. In other words, theab^orp’ 
lion terms are positive and the emission tennfi are negative, The 
negative emission terms occur mainly when the atom in in an excited 
state. Their existence wag first pointed out by Kramers; they 
played mi important part m the development of quantum mechanics. 

The summation over m would mean in corpuscular fashum that the 
electron,, originally in the state v, id at least temporarily found in, or 
jumps from n to, other states m under tho influence of a photon tu/r 
The question arises whether these ''virtual transitions ,p from n to m 
take place also when the state m in already occupied by another elec¬ 
tron, remembering that Pauli's principle forbids the simultaneous 
presence of two electrons in one state. The answer is that such a 
transition, even if it canid take place, would give a contribution 
opposite to that of the electron m in transition to the state a, both 
transitions having the same matrix-element values |i,„. N | bui opposite 
factors rn^p and oi„ m . Therefore, when the electric moment of an 
electronic system under an incident light wave i B calculated, only 
those virtual transitions are to be counted which lead from the original 
to on ■ mpfy »Utic. In the normal state of the atom, the excited states 
are empty, and they give positive contributions, 

'The mte of energy emitted into the solid angle dO subtending an 
angle 0 with the aHlirection, according to classical electrodynnnmts, in 

I n flL^ 

- !P.|* ain* H ■ Mi - ; |P,|“ alii 3 64ft (701) 

CT* V* 


with P r , etc., taken from ecp (70k). The total energy scattered per 
second in all directions is obtained by replacing Ain* Hr)U by =j ■ 4iri 


d_E 

dt 


Hnru 1 


fTOin) 


£71, Raman Scattering and Dispersion 

71,1. i'o derive the ftamen scattering with frequency out of tune 
with the incident frequency iv# t we hove to resort to the second-order 
approximation, 4*' of frequency w,, ± in was obtained in eq. (?0i) ns 
a solution of the inliomogeneous differential equation (70H). We may 
add to T" and include in T" any solution of the corresponding homo¬ 
geneous equation, namely 2 The (joefiicients A m may be chosen 

so that 4" vanishes at, l — 0, The initial condition is satisfied when 
we modify eq, (70i) to 

v„( ? . o = v: + zjr„ 


r- +t*>* = *•* _ P-,yi 




\vU<ib 


(7 la) 
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The density p' = 4 dy'l now hay frequency m &£ well ay 

Ftirthcrmore, T' con tribute to the wsoond-onior density 

p", = l‘i «I J + iWi + 't’K). 

We here 1 3incite only the jinrt. 

A - I til* = W 

.. !*“-*•*- 


= - 


■)K 




±. w) j l A{d»mp ± o>.) 

The product of the two braces contains terms witII the following 
frequencies: 

0, 2oi, w„* ± ui* ± cu* (7 lb) 

The laat two are Elio nc&ttcnxl frequencies discovered by Raman, 
Mandelstam, and l^andaberg■ theoretically predicted by Smekal. they 
a re a powerful tool for the analysis of molecular energy levels, 

71,2. The additional electric moment in the state E„ produced by an 
Incident wave gives rise to dispem&n, that is, to u variation of the 
imlc.v of refraction k of a body with the frequency. k depends on 
the ratio between electric moment P ami electric field E, according 
to the formula 


** = J + 4 wN - T 

ili 


a u) 


where X i> the mmi.ber of atoms per unit of volume, each contributing 
the moment P, The LorentiriOrudei theory yields the formula 

F._ ^ riA . 

E, /((jrf-V) '' 

for linear harmonic oscillato]^ of proper frequency 
Compare this classical formula with the quantum result, eq. (70k): 


P 'V 

£ ■“ T * 


M. 


>L 


(Tie) 


In the special case of a katmvuU quantum mdthtar [eq* (2Gb)J the 
summation reduces to t wo terms with m ■= tt + l: 

(ft T 1)S 

ami % +1(S — t >Jo 


k 


+ I, H| 


|3 _ 


k-U s — 


V&% 

vh 


ZfitrlQ 

Substitution in eq. (7 le) yields 

P r £ 3 [(n + IJ— h] 


and = -top 


E 


/d^Q— iU 1 ) 


(710 


(7Ig) 
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in agreement with (lac- classical Lorontz -1 >rudc expression for the 
quantum oscillator r 


£72* Indirect Transitions 


72,1. From the discussion of time-dependent perhirbatbmH IU{q pM\ 
wt* now return to a conMrmtim fwrturbtftkm ff*[q,p} acting on an 
unperturbed system of energy B n {q. p J. B f eon produce only such 
transitions (§&Q.2) in which the final state L hits the Some unpartwribeil 
energy ns the initial state K. ThiK happens in particular when the 
system consists of two parts, I and II. which are independent in 
Kero jipprnxLmjitiun, and arc coupled by a mutual perturbation term 
H '; the latter then produces- energy changes within each part, but 
with conservation of the fcotid energy. The most important, example 
La that of an atom (system I) surrounded by pure radiation (system II) 
in mutual interaction, so that : Er — J?/ + A'//. 

The probability amplitude of a transition from the state K to a 
state L of tike entire system, with B K — B L , is proportional to the 
matrix element II KL . It may happen, however, that all matrix 
elements }{' KL belonging to transitions with conservation uf energy 
are mstLhimj. and that only those matrix elements II K u have finite 
values which belong to ft K # In this mse transitions from K to L 
can still take place in two steps. Hint- from E K to E Mr and then hack 
to Bi A'jp The 'probability amplitude of such an iwUn’Cttmtwitiun 
is small of second order in the perturbation term H \ namely, propor¬ 
tional to the product II K as will be shown by the following 

discussion. 

On t: step TRAw siTioxa* The increase of A L is given by eq r 
in the form 


, I 

tA" ei P (i'vuct’)' (72a) 

H' ia conservative no that H LK is independent of t. During ft short 
time interval the J on fhc right may be cniuuderod an constant, so 
that by integration 


A h (t) = — ^j K A k ( 0) Hlx 


fi **«*_ ] 


iw LK 


(72b] 


Suppose only A g — 1 at t — b. Appreciable values uf A L arc reached 
only when tn Lg ~ 0, namely* 

A L [f) = ^ B'lx* for E k — E l . (72c) 
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Proportionality of j.-J, ■ with / is obtained when the state A" belong 
to a quasi-continuity of density p K on the energy seale. eq. (flSh}; 

*ju 


■*Vl — Ml(0] 9 — j t : Wl jc I Vj-A 


(T2dj 


Two-step transitions, The over-in .creasing amplitude l L is the 
eaiuw of furt her tmntutkmH from L to ,1/ according to the equation 

ml ex P (iKJjtfj./) 

and after substitution of eq, 17Jh i with only J A -(o) ^ I : 


A _ v fj' 

M ^ HL 1J f.K 


Ilf, -. 


r £w jf t* 


hi'i 


LK 


Integration yields 

_-l U 1 ?) — l>tMMlMtfc [ m 


— 3 


.G*.. i* 


— | 


rJ 


' l m) "cir" jht (») “wjcicw v / 

The increase of I T/ is ascribed here to in direct traiisikjpns from E K 
to A’ lf via intermediate states of energy Ej. They are of importance 
only when the direct transition values of ill from A" to if vanish, i.e„, 
when 

II mk — l f for E 1V — A A -, whereas //j jA — 0 for A'^ -- A 1 ^, 

which implies that- —► 0, whereas v (> and m_\^ 0. The 

second term in braces thus has two finite frequencies in the denom¬ 
inator ; it may thus be disregarded. For m K u — o eq. (73e) 1 hen 
reduces to 


-J.vtO- t j^ 


H\„a 


ML* 1 IK 


itm 


IK 


L'auip&risun with uq, f7£o) shows that the sum in braces replaces the 
* l direct ” factor Uaik- When the same replacement. is introduced 
in eq. (72d) we arrive at, 


2 77 


*km= MwWl*-*- 


_ 


II m lH lk 

I* i0 LK 


Pk l 


(72f) 


Since m lK — n.i jVW , we couJd write for u , IK in the- denom¬ 

inator in order to show the symmetry of the transition probability 
with res pact to the initial and final state. 

Proceeding in the same fashion, three-step transitions from K to 
X via intermediate stales L and M have probability 


&K* “ Ma-IOI’ = T 


V V 
— L-UJ 


IJ £, 


Pk L 











Tht 1 denominator may again he written in n symmetric fashion with 
respect to tlie init id Find final state, f$ K = A r v „ 

72,2* A typical two step transition occurs in tFir- Compton mattering 
process, Energy and momentum are conserved betwetm initial and 
diiikl state. The initial state is that of nn electron at rest plus an 
in indent photon. Jn the firm I state M we have a new photon of 
diff erent energy and momentum plas am electron in motion. However, 
a direct transition from A' tn .1/ is prohibited si nee If K w vanished for 
E k - E 1f , | f pdeed, the theory of rndiatinn (Chapter X! IL) shows that 

only those matrix elements of the per¬ 
turbation energy between radiation 
anti electron are finite which involve 
tin- emission or absorption of a single 
photon, j The Compton process: involv¬ 
ing twf * photons can ire achieved, 3iuw- 
ever, through an kitennediate state L 
in will eh the electron, after having 
ab&orined the incident photon, travels 
on in the direction of the photon with 
momentum eoiiBervrtttut), , 11 c — hvjr, 
hen ce without energy conservation, 
fnv 1 l hr. In the second Atop the 
moving idectroti emits the final photon, again with conservation of 
momentum and violation of the energy law. so that, however, the 
original energy is. re-established (Fig, SJa), 

In another two-step t'ocnpton pn.tcesa the electron first emits the 
final photon and recoils in the opposite direction with conservation of 
momentum (Fig. H.lb), whereupon the electron absorbs the incident 
photon and iv-^tahhahetf the energy balance, Other two-step 
processes lead through states of negative energy of the electron 

The perturbation energy N' between an electron and the radiation 
Hold i.h proportional to the charge of the electron, The one-step 
transition probability is proportional t.o | l4/J : and therefore is 
proportional to C . it is u process of order Two-step radiative 
processes are of tmlor r 1 , three-step processes are of order c fl , etc. 
Ordinary scattering i,» a one-step process of order £ 3 , whereas Hainan 
and < 'omptoti scattering arc two-step processes 'if order rh Production 
of a positron-electron pair with iibsorptiim of 11 *itujlr: photon of energy 
hr 2 =. 2/ir ? is a two-step process of order r.*> whereas annihilation 
involving the omission of turn photons hr 0 =. irc a in opposite dlreotlotis 
is of order r‘. 
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Summary of Chapter VIQ 

J lie Schrodinger time-dependent equation is applied to transit ions, 
in | articular to wiiizat-iiin* induced by light waves. The scattering of 
light depends on The perturbed density function p — |Tj s in the 
inci uteri f light field, it yields Jlay3dgh Boatfcering in first and Hanian 
scattering in second approximation involving transitions through 
intermediate “virtual' states. The perturbed density j'l’i 3 gives rise 
to electric polarization and to the phenomena of dispersion. 
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$j 73, Orbital and Spin Functions 

73.1, Sartree Ajiprojrimufiftn, The Hamiltonian operator of an atom 
witJi N electrons is 

1 ft* Ze*\ s 1 

//« ^ U - vi - — + ^(-W 

l 2/i r K f r KL 

Let un assume in zero upproximiitiojii 13mt every electron is moving in 
the game central field of potential energy P{r). The Inf ter approaches 

£ ® 

Z/^fr for am&U r, anti — — (Z — JV 4- 1) for large' r, The 

‘unperturbed 11 Hamiltonian of the atom then is ti sum of terms per¬ 
taining to the individual electrons: 

a* = {- ^ vi- + rCi)). (7Sb) 

leaving the perturbation potential 

pi (Zr 1 I 

H' — — ~ *•» {' H - ^ ( r jr) - (”^o) 

r K L * r K ' 

The function T might, to be chosen ho that II* becomes na small as 
poasihlp. Kvery eigenvalue of erg {731*} is a sum of the energies of 
the first, pjti n the second, eta,, electron in the common imtentia] F(r); 
the corresponding eigenfunetion is a product; 

E° - + — ■ (73d} 

'[•“ = ■ V. . ■ ■ • (7:te) 

The factors T* 4|Jm are known as orbited T functions, or, briefly, ae 
orbitals. Staten of an electron are also denoted by letters s. p, d t * ■ ■ 
for $ = 0, E, 2 t * ’ ■, preceded by the number n ; the state n = 2* 
{ = \ becomes a 2/?-state, and (is) (’Js) (l Ip) represents an orbital 
configuration uf three electrons with n - E, 2, '2 and l - U r 0, I, 
reepeotively. 
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The perturbation method of Chapter V, with //' tin perturbing 
potential, lt.-rk.clj4 to a curreotion of the* unperturbed eigenvalue. The 
result does not agree, however, with the s|»otrosoopio foots. Certain 
theoretically expected level- me tailing; nlhcra expected to coincide 
uiv separated and fiuther split into flubkvole (multipleta). These 
phenomena are explained by the spin properties of the electron in 
conjunction with the Pauli exclusion principle. 


73,2; Tit* Spin, According to (Toudsmit and Uhlenbeek, 1 every 
electron an intrinsic angular or spin momentum S together 

m nh a magnetic moment M whose t QftmpOTWflte have the eigenvalues 


tji. 

S. = ± 1ft, M. — ± — d ! magneton, 

Zpc 


that is 


The ratio 


8* = aii M ; “ff — with cr — i 1- 
ftr 

M M. 0 « 

8 % "' 2 pc 


£73f) 


3 ? twice as large \g factor i!) as the gyro magnetic ratio produced by a 
rotating or circulating charge distribution. The spin qunLilioa cannot 
be ascribed to a rotation of the electronic charge, ll In not feasible, 
therefore, to introduce a non-existing spin iizinuith tp t ih wintterpart 
to the angnli i -pin momentum S Wt if we want to include the spin 
qualities in the general formalin to of quantum medumit'H we haw to 
int nichive m certain spin co-ordinate r onjugnto to the spin momentum. 
Pending a physical I Inte or p rafeation wedeoioto it by a*. The probobiHt j 
amplitude .«f an electro a then depend- fin four co-ordinates rfops* and 
i& eharoctcriRcii by four quantum numbers,. nlm<r> 

VVhcj! mutual forces lad ween the spin*magnetic moment and the 
magnetic held produced by the orbital motion art* neglected, the energy 
of the electron is the *uw of Him orbital energy and the spin energy 
(the latter vanishing imbiw 1 hr*rxi is mti external magnetic held), and 
tin eigenfunction is a product of an or bital and a spin function : 

- r nt jrm ■ T>*). (nh) 


73.3. We now turn tu a physical interpretation of the spin CO ordinate 
tr*. Kc men i be ring the orb ni.i rants of u rotator in a magnetic Held H. 
and H*. respectively. we identify T„qCl with the |imliubiliiy amplir.iuje 

i S, jujt] li. t!. Uhliml'jni’k, Phylum S. 20ft {1&25J. 
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iif the spin turning from S, = of) to S* — o*h. The valuer of 
T f according to esp (lie},, are 


= f -™ w 

= Bin (iO) 


Y,, rt — — sin (W) 
<;= €09(18), 


where d is the angle (e„ s*) and 1 i* written for — |. The amplitudes 
are Hermitiun anti satisfy the rules sjf norrmdhMition itnd ortho¬ 
gonality : 

~ ( 7 3j ) 

Only when we write h^ T [ ur*) rather than T then cr* appears as 
a “spin co-ordinate'* and as the argument of a function, although 
in fact it ia nothing but the spin quantum number with respect to 
another direction z*, The true character of a* is further ubetmraE 
by the usual application to the ease where z* is parallel to z and where 
the table (73i) degenerates to 

*Vi) - * Tv,(I) = 0 (Mkl 

'fV.({) - o t 7 ,(D = t, 

known m Fauti's spin function#. It in preferable to u^o the notation 
Y,,,.*. to which one can apply the rules (S) {{l| (N) (H i of Chapter VI 


$ 74. Symmetric and AntisHiimctric ' I' functions 

741. The statement that the +V electrons of ft system sm 1 alike or 
indistitlguiahuble implies that any physical quantity (■ produced by 
the jV electrons (or JSf like particles. in general) must, loe niflmneiric 
with reaped, to the m-nr dm ates and momenta, including those of 
the spin. That is, the funation 

P&‘, * * *) = <2(1* % * - ') 

must lie such 1 hot 

C(l t 2, - * *) = C% 1, ■ ■ *) = PC(l, 2, ■ * 0. (74a) 

where P ititlinates any one of the N ! permutations of e he arrangement 
< I, 2, - - -). If eq. (71a) were not satisfied il would inenn that electron 
ll could be distinguished from electron 2, etc, 

Similar considerations apply to the probability amplitude 

'F(a^ A £i<£ij; x-0: ■ r ‘) = T (1, ’2, ■ ■ ■), 

However, sincr T its* If contains an unobservable phase factor, we. 
have to require only that 

l*U 2 ( . . -)|* = im 1, ■ ■ *)|" - \fr(h 'l * * ‘)! a . (74b) 
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in mi which follows Fur T itself 

Y(2, l,- ■) = e*»Ytl t 3.« ‘ *). 

with iii] mulMciinmed phase y u , Venting the left-hand aide in t lie 
fortu P L5 H'( 1, 2, * ■ ♦} we obtain 

P u ' HI, 2* — -) = 2, * - ■), (74c) 

Mi.ii i-. i In- . •; -i ■ in ;-:iii P i: \> identical with multiplier don by a phase 
fa» i i ■ ••■. The operation P u curriwl out twice in succession yields 
the original function ; hence, 

T(\, 2 r ■ ■ = VW1. 2, — ■) = ^Td, 2, ' ■ ■), 

from which follows = 1; hence, e*** = ± 1 and 

T{2, l, * - ■ j — ■ * 'h at = - m % ’ ■ ’)■ (7^d) 

Th* Junction T mn#t either he /tymmetric nr antisymmetric uith respect 
to on vJtt-hnnyt of the jMrtirtte I find 2 in tltn argument-. The flame rule 
applies. of course- to the exchange of any pair. L and 3, or 2 find 3, etc r 

74.3- We now prove that T cannot be symmetric in 1 and 2, and anti 
symmetric in l and 3- because this would lead to a emit, rad ic tic tu 
I ndeed, wv then would have the sequence 
T(h 2, 3} = m I, 3J = m 3- 1) =—Tfl- 3, 9) 

= m h 2) = m 2, l) 2. 3). 

Hence, T must either be symmetric; 

T(l, t. 3, - ) = m 3. 2, ■ ■ -) * V<2, 3 t 1. * ■ f = ’ • * 

or antisymmetric: 

Til. 2, 3. • • >).=*-Y(h 3, 2. - * ■) - m 3, 1, * * ) - 

with plus signs for th« even and minus signs for the odd permutations. 

The simples! os a tuples of n symmetric function of the co-ordinates 
of X particles are the ana ft 1 ] -j- j% + r r - r iV ) and the product 
jCjTu ■ ■ - x x . The simplest antisymmetric function for two particles 
is the co-ordinate difference (i' t - , 1 %)- and for three particles the 
product (j5|— jr.|Hr a i‘ t ). Physical observables are defined 

as gr/mmrfric functions of the co-ordinates and momenta of the X 
like particles belonging to the system, which is only another way of 
characterizing like particles iis alike. For an example, see the energy 
function (73a). tkmnter example : For/(1.2) und/(2, I) — 

the configuration — 3, — 5 yields /(l. 2) — 46 and f{ 2, 1J — 75. 

74-3- Experience shows that elementary particles of matter—namely. 
electrons, protemx, and sin-utrou-H winch have spin \tt —give rise to 
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aniisifrnmztric T ftmctdort*. I Pauli hay been able to derive tills anti* 
symmetry ha n necessary consequence of the relativistic spin theory 
together with certain group-theoretical postulates.) 

Aa a coiiHfi|ut a ncc, system* of Ubt nuclei of ei'fin mums numht r give rise 
to symmetric functions; mjstcms with nuclei of mid moss inimhcr haw 
antistfmmdrk T functions of the co-ordinates of the seveni6 like nuclei. 
Indeed, when them] dcui.s A* consists ui\V protons and neutrons denoted 
as ♦ " * fflv* and the like nuchus A* consist* of N corresponding 
[Kirtioles a\ ♦ * ■ the ’f'-fimtjfckm of the system of A f mui A a is u 
function T(u, * ■ ■ a -y; B* ■ ■ ■ fi iV ; * ♦ *) which is antisymmetric 
(changing signj under a permutation of aj and «, its well us of <C and 
« s , etc. Therefore, when the win he group of particles A* is exchanged 
with the group A M ,T wilt change sign when N is odd, and Twill remain 
unchanged when X is even. 

The T-fumition of a gas of photons happens to he symmetric. One 
may suspect, therefore, that photons nmv not bo dement ary particlea 
but may bo pairs of 1 ‘ neutrinos,’ which am supposed to be elementary 
particles uf ajiki |A, Thu neutrino theory of light (Jordan, Kronig) 
hn* not. yet, however, produced convincing new results. Mesons of 
spin ii or [A give rise to symmetric I"■functions, similar to photons. 


To illustrate the foregoing insult* consider two helium atoms coit- 
tnining two nuclei at' and and four electrons 1 h 2. 4, The wunjuu't- 

merit a i»f the following scheme 

a h A c ^ B 


indicates a small unit range ill co-ordinate space near r„ for an electron 
with definite spin coordinate- a* in a delimit? quantum state >/ 4 
— nf^m 4 a A , Similarly. the compartmenl A indicates a small unit 
range of positions Ji r in a quantum state Q A for tin nx-part.icle. We 
now distribute the four electrons and 1 wu xV in 1 lie following “original ' 
fashion over the rompai+TTients ; 



The probability amplitude of this distribution i* denoted as Y utLjr 
All other possible distributions over tlit? same compartments have 
'l' ■ vji I ue* i*•!rher cqu h I or opposito to M', >nr \\ e inentiou, fi >r esa m pie. 



J>_JL B \ 

mSimj 


= - r. 


iirtii" 
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mu 


Of purl Uvular interest is the? new configuration 


ff if 

A 

c 

d h 

a | 4 

a- 

1 1 

2 | a 1 ' | 


= + T 


tirip - 


Here we linvc exchanged every particle ol one atom with those of 
another ; the resulting Mr' 1 equals x i' 1 oritt . 

In the |mrtii 2 ukr ease that the two He-atoms arc in the flame quantum 
state (symbolically, when the compartment f> is lifted to the same 
height n?. t{ i then the last example reduces to an exchange nf t vo > entire 
lib. tie atoms, insulting in 1' = i r, Jl . J( . This tends to the statement: 
r I he T function of t\ set of N like He-fttoms is symmetric with respect 
to an exchange of imy two atoms. In short; .-1 helium gtiti i hi* tfjui- 
m?trk Tfunrttiirtft* This deduction is of great importance for the 
unusual behavior of lie near absolute zero. 


Si?5, The Pauli Exclusion Principle 


75,1, The principle of aixtafeymmehy applied to n avstem of electrons 
states that only such slates an" permitted which belong toV-furictions 
that change sign when one electron is exchanged for another in the 
argument of T, Let u> consider an unperturbed Hamiltonian t/ n 
whose eLgetifunctions am linear combination^ of H&rtree product 
functions, such as 


r J ■ ■ ■ and v ,[-2)ii' b iVnp A*) 1 ’ note., 

so T hat with constant factors 


T°(l, 2. 3, 


= ZA f PyJ IJvdS) 


Only I lie antisymmetric combination with pi mu «ud minus signs to 
the even and odd peimut&tiaoa is actually admitted a» an eigenfunc¬ 
tion. Ir may be written in the form of a determinant with a normal 
mug factor 

wM vM vM 



nU> 






Since a determinant vanishes whenever two or more of its rows or 
cfiliunjis arc* alike, tin? amplitude l l"J,',,, is scero when t wo or more of the 
states a, b, * - • arc Identical, that it*, when, more than two electrons 
arc in the same state ntma. A quantum state defined by three orbital 
and one spin quantum numbel drtii be occupied by not more than a 
single electron. This is the ejtfcfiwdtia /ir/wiqjfc of Pauli. 5 h in a 
* W. Puuli, Z. Ph^k 31,. 7fl& fJM5j t 
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special application id the j*r of antssvniinetrv. namely, for un¬ 
perturbed electron*, where l l' becomes the riitu of* products. In 
gtiieral, when 'I"., (1, 2 P - * j ) h the eigenfunction of a certain observable 
-1(1, ’ ’ r ) belonging to the eigenvalue A', and if l |" ia not yet anti¬ 

symmetric, an an lisjTn metric eigenfunction belonging to A' can be 
constructed as t he following combination i 

r„ Bt = ~E±pyai.2,- ■ ■). (rsb) 

V ! 

It m 1 1lot be emphasized ihat in aero ti|ipmximntion f where bus 
tin 1 form of a. determinant, every ekictnm 3* associated with all A' 
ytatert n, b, ■ - * lit the same time, Mince, from the particle viewpoint, 
one can imagine only nuts electron in one orbit simultaneously. one 
speaks of or deacrihing an pawimtujt pnwss as though the 

various electron.* changed piaoes constantly. Actually p ant(symmetry 
r-.ln i w - that the idea inf in dividual electron,- in hi dividual states (the 
fir«( electron ru state a, the second in h t etc.) docs not work. 

75.2. Returning to the system of unperturbed electrons eharaderiwd 
by quantum mini hers filing, the rules 

» = h 2, 3. - - tr = ±i. 

/ — 0, 3„ - * ■ [» - 1), m = L f l t * ■ - {— i), I’JSt) 

permit individual electron* to occupy the following quantum state*: 



n 

; 

m 

O’ 

Shell 

Atom 

1* 

1 

n 

0 

* 

K 

It, lie 

u 

a 

0 

tl 

i s 


Li, Ito 


(2 

l 

1 

± 1 

L 

U r C 

*P 


1 

(1 

tfc i 


N, ll 



1 

- i 

± i 


F, XV 

Si 

3 

0 

0 

±. i 


N» h Mjf 


P 

1 

1 

± i 


AL. Si 

Sp 

3 

1 

E> 

± 1 

M 

P, H 


'3 

1 

- j 

± i 


O, A 


P 

2 

2 

± i 




P 

4* 

1 

± i 


etc. 

m 

3 

2 

0 

± i 




P 

2 

- 1 

± A 




' 3 

2 

_ a 

± 1 



4m 

4 

0 

0 

* 

N 

K, Cft 


and mo forth. 


















CttAf. IS 


spi\ , p.irt.i PFUXt'iPLE 


nil 


Duo to the two valuer of a r not more than 2 electrnn.fi can occupy 
states with n i [ K -shell )„ not more than H electrons can have n- — 2 
(&-shell). not uimrti than is electrons can have n — 3 (Af-shell), etc. 
This correspond* to the structure of the periodic table, except that 
new shells are begun sometimes before the former shells are completed, 
for energetic reasons of stability. 

§ 76 . Two Like Force Centers 

78 *L Although the foundations of the 
quantum theory are rooted in classical 
mechnniuH, quantum mechanics often 
leads to results which are far removd 
from any resctublince to the classical 
expectation. The foremost example is 
the Unmet effect. Another type of anti 
classical behavior, known as the ex 
change effect, is encountered when one 
particle moves in the held of several 
like force centers, or when several 
like pari idea move in a common Held. 

The essential features of Lhe exchange 
phenomenon are explained in the follow¬ 
ing one-dimensional example given bv 
ETund 3 : 

A particle may move along the x-aada 
in a Held of potential energy U{x) with 
two minim a near a and 6, separated by 
a maximum (Fig. Shi). We restrict x 
to a finite range, assuming that (7(x) 
rises to infinity at the boundaries of the 
range. In this one-dim enskum I problem, the eigenvalues are non- 
degeneiate and the eigenfunctions are real. We consider a few 
special eases. 



Flfl. 11.1. Two potential wotls* 
iif rjitTiwiiMt <ti|ith mparstnl by a 
fitiilM' bAfriiWt with tlin Bvo towcai 
i*ip'in‘Rlil» and wiU'P fime taenia. 


/, t ■ mt/mmftrir, potential, from tiro unlike farce center* - 

/a* r(tc) has a Jiuite maximum between two unlike minima (wells 
a and b). The eigenvalues J?„. E v etc., are entered as horizontal lines 
in the r diagram. The various cigenfunctiona *pjx) for ptnlicks of 
energy E n are shown in the lower part of the figure. With energies 
and E x a classical particle would be confined to the well it ; y, } and 
* F. tiuriit, /. i'hyntl. 48 . 43 11 D 2 Z). 
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\\ have considerable valuer within o and only small yalues out-Hide 
of a, conforming approximately vvith the classical expectation. The 
functions and however, arc strong within a and b (dmul- 
tanronsly, as though the part [flea non Id pans through a tunnel in the 
£7-b«r ter, 






f»J (b) 

®-2, i Li-ft) Tim i djlTureuit pot wa-Uii =opftnit«d by n high barrio ((tight, j 
TWa ilinvr^jl wril* with hitinite tmiTinr, 



lb. The eerrespo tide net? between cliumeul utid quantum theory la 
restored again when the barrier k raised lu vorv high altitude (Fig. 
0.2a) and then to infinity (Fig. U.2b). In the latter case every 
T-function hi confined either to « alone or to b alone, .ill this holds 
for on unaymmetrie t/-eurve produced by two different force center*. 
An infinite barrier is equivalent to an infinite distance between the 
two force canters, 

II. SiftiUHCtnc potential from two like, fore# mntw# 

Uo. The conciB[>ondeiKX) w ith clusnical meohantes disappears when 
V i« a Htfiumrfrie potential of the form f'(.r) = f/(— J") (Fig, hi). I hu 
eigen values now are nr ranged in ilonhlel*, acid all T's onjlml* t rifbhi 
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■ i Had h nuilUttieimdy ($70.3). If we want to interpret this wave 
romik in corpuscular lemiH we in my ypeak uf an txcJujnyr rj'fat ; the 
parthie mows to commute- in an un mechanical fashion between the 
two wells in spite of the harrier, Closer inspection show's that the 
V-functiou. longing to the lower energy of a doublet in symmetric 
wit h respect tn the right and left, where¬ 
as the upper doublet v tierg 3 C*s belong to 
antisymmetric V-fimctions: 

^ *jm V^C’^'3 ~^ v( 

= ¥■<*■) — - y(— z)< {70al 

The appearance of symmetric mal anti- 
ayrnmetric ^ functions in case of a 
symmetric potential. {’(a?) = U[— x), is 
.significant for double molecule* with two 
like force centcra, such as H s , O s , etc., 
and their ions. 

lib. When the barrier between the 
two symmetric ranges a ami h is raided 
to infinity, or when their distance Ip in¬ 
creased to infinity, the doublet kvele 
ooiilcsee into single leveU of two-fold 
degeneracy. The two ctgenfruiction* H r P17U 
and 'l\ mL belonging to a common eigen - 
v 11 hie mat' now be written in the form 



T = 

1 ■yiu 


1 

V 2 


: / v v v Y 

WA*) -h '?'*(*)} | .rwy 


= \*F — ¥>*(*)} 

V 2 


Km, y,:e Two Ilk-' i.H.HatH uaI 
WtlU Kiili n vary lugJh tarriK'o 
dhciwrirg n*nfr>w dcub^-t levels 
iM’IdAgillg In rtymtttotrtn unci 
ikmihyjiuiUltra’ Wnvp fiun’l kuw. 


The factor f/ V 2 U inN'odiired f«) as to 
normalize tn unify, tp» ( x ] is finite only 

within well a, and ??»(#) only within ft (Fig. M-4), The Him rp,, 4- fy B 
tinea not change its .dgn when the siiljRcripC « and b are exchanged; 
il iri symmetric with respect to a and h. The diffeienCc ^ changes 
fitgn; it is nil isyitinict.no with respect to a and l>. 


76.3, A tfynimrlric potential i (.rj - lx\ with urn infinite barrier 
between the two minima may be considered as the limiting ease of 
two approximations: 
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Approach from lb. There i& an infinite barrier betweftn twn origin¬ 
ally unlike minima, bill £' is gradually made symmetric. Tin f- 
fimct-iun* due of I he tvqie y.'„ and with the iwrtiole either neiLr a 
alone nr near b alone, even when (■ has hc-otune symmetric. 

Approfith from I la. A symmetric f/ (sc) may have a finite barrier 
which Ep gradually raised to inanity. The H'-fimcrtiana arc of the 
Li'pe and 'E iiri1 . It may seem paradoxical that there -should be 
such a large difference between the ultimate Y-fimotiozu when they 
approach the same uhimnle t'(ar) curve from different directions. 
The paradox ia solved by the considerate! that a gradual approach 

from an unsyinmetrie to a ayrn- 
inetrtc potential [case {/A)] is to be 
ruled out as itnphysical. The poten¬ 
tial U ia produced either by two 
like or by two unlike force centers. 
We know of ninety-odd different 
nuclei with their j&otopes and 
their different states of excitation; 
however, there is no gradual transi¬ 
tion from unlike to like nuclei or 
from unlike to like force centers, 
in general. Tberiefnre, the correct 
1'-functions in c:;uie rhf tw o like force 
centers separated by an in Unite 
barrier art 1 those of etp (7db). 



Fffl. S».4. AI tS i l ir?ri o-Drd ■ubcrju’r.Eiin 

IT .T' < ™ ‘f**" 1 ‘> yi " w ‘ K 763. Tile proof that in Uw limit 

symEit'tm ami Jm nHt%mtiHtnn wvc , r 

kinrtion. inp case of ii symmetric H a f repre¬ 

senting two like force centers with 
infinite barrier, ’I" approaches the two forms 'F^ , yin and v F“ trt of etp 
(7<H0 nine a* follows, Any linear combination of the two functions 
y , and <f' b is an eigenfunction of the twofold degenerate eigenvalue J£*. 
Consider, now, 1 he slightly different Hamiltonian II. representing a 
high but finite barrier between the like center*. The eigenfunction 
belonging to a perturbed E near £* may atilt he approximuled by a 
linear riotnbination 

V = Arp. + %•, + V (76c) 


whose constant factors arc no longer free and will now bo determined, 
ily substituting eq. (7flc) into /■'" L I — AT = 0, one obtains in lira! order 

<jp- mr- = a(h- u - sw.) f Wt. - £>.)■ 
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Multiply from t-ho left by </'„ and by respectively, and integrate; 
the resulting two equation a. 

A[l C - X’®**) + A"£«) - u I 

^ + 5(iT tt - *VJ B ) - oj 

with 

^ iS ah Btfl,, (764) 

arc comjmtible only when the determinant vanishes, yielding two 
valuer of /f wit!i two seta of inm^tents ,4 and H. Whan // == i F/ D + //' 
and £" = ^° + with simr/f symmetric H\ then 8^ and 8 n 
approach unity,, and S itlf = S Al , -*■ u. The two linear equations now 
reduce to 

A{K t -E') + = 

Air (M + w4-£n = oj 

fhirthenm>rt\ H[ a — H ' Ul ; the integral H at> and its complex conjugate 
have the mme value, thus Jf lb = Il’ u — real. The determinant 
has tho two roots 

e’ = /c ± B' m am 

and the corresponding pairs of A and if have the ratios 

AfB = + | and AfB -= - 1, (7tlf) 

loading to tho symmetric and antisymmetric functions, namely* 
V = {q\, if. The latter are the tmly linear combinations 

adapted to the symmetric i/'. 

§77. The loniaed H-Molecnla 

77.1, An knitted hydrogen molecule UJ consists of n single electron 
in the fold of two like protons, « and h. The Suhriklinger equation 
oft he electron in 

ft® / £ * **\ 

_^k + ( A ' + - + -)^=«, m 

with a potential energy symmetric in u and h. The eigenfunctions, 
therefore, are of the symmetric and antisymmetric type, namely, in 
the approximation of an infinite distance It between the two protons: 

V\rm = ~ (W + ¥'bl ur T m - (y, - p*} f (77 b) 

where yjre}/?) is the eigenfunction of an electron in the tJoulomb fold 
of the proton a , in the ground state, with energy B°: ^ is u eorre 
spending function with ft ns center and belongs to the mintok eigenvalue 
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A I,J . When B is infinite f a vanishes where is finite, jit id vice versa, 
an elh to re ruler T^, u and H'". jlM mutually orthogonal and normalized. 
When H 3 JB finite, the normalized functions (77b) are 


1 


NJTlk __ 


l 


vni ± s) 

8 i« the "overlap integral : 


;r,i ± vvi* 


(77<J> 


5 = fy* yj 1 {(S — 0 for R = oo). (77d) 


Iel the ground state >y\, find y n are ratii normalized functions, namely, 
as a apeoisii ease of eq. (22v), 


f(r) - 

being tie first Bohr radius. 


rr‘ 'tt,,' 


, rf*. 


(77c) 


77.2. To find the energy of the electron in the field of the two |>rotoiis 
in the ground state with real eigci] function multiply eq. (77a) by T 
und integrate over sjuvee. Using J' i r a rfF = I .ml Hie vector formula 
Ay a B — div {.■! 1 y H) - y A - y fL one obtain^ 

E = ~ J{V'¥) 1 dV - I (- + -)¥%< •'• (TTf) 

3,« J \ir a r*/ 


Tiie right-hand side may bt interpreted as the sum of the kinetic and 
potential energy of the electron In the state T. Since T is unknown* 
we replace it by the approximation of eq. ("7c) Using y^ a = y^., 
and neglecting the integral of (Vf* ’ W») ** small of ^ceoini nekr 
for large ff, 1$ reduces to the form 

A = r--r. [A" + /» + C ± if ± K'\, (77*9 

1 ± » 


with t!ii a integrals 


A" = f -1- JtvvW 


P 1 = - f- [f.(flNF = - I -1 s ..(f)]«F. 

<" = -/£ [ft(r)]WF = [ n (r)]»dl 

U - - ■/(£ + 3 A " “ b S^VViiV. ; 


(77h) 


K° -+ I >u = E° represents the kinetic plus the potential energy of an 
11 -atom unperturbed by the presence of a second proton. t' r is the 
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mutual Coulomb pwtvrbqftnn integral, representing the energy of the 
negative ohargie cloud! of th® H-atom in the lieM of the second proton. 
I integrals D' and A' with pi hr or minus sign are known us the 
exckatttjn mif-ijralb. i boy do not admit a semi classics I interpretation, 
lust jlF'i- due to the wavo-iiucrh reitee term ■ y a in til® superposition 
’f 1 ™ ™n.-t (y,;+ fi v Both C ami IY vimtah for R — go, 

but for finite R the exchange part ± {D 1 -|- K r ) has a considerably 
larger- value than the Coulomb integral C\ 

When the mutual energy between the two protons, e*fR, is added, 
erne obtains with cq. (7“g) the binding 
energy of the H„ 1- molecule ; 


W-j+M-V. 

If ib h func&tun of ft; the actual 
binding energy k the minim urn value 
of 11 ’(Jf?), r itbtaiued for n certain value 
of ft /? f|1 i.c.. the actual distance 

of the two protons in t.fir* molecule. 

Fig b.-'i ah own the dependence of K T 
on ft, The i *i ij* vt* niiirkvif f‘ jjiven the 

M i* 

function — — fft. that is, tile mutual 
ft 



Km, i>,3 r Kniwjjy oufvrt* fiic fchp 

hydrangea mok'iib inti (ill ituit^ 
1,), (inEc(lillt«d far isurJi-’,.‘ri^ll 
hyiJmyjj-nErun u'uvu funutiunm. 


binding energy due to Coulomb fores between one proton and its 
negative charge cloud and the other proton. The curves A and S 
belong to the antisymmetric and the symmetric T-function. re¬ 
spectively; they an? obtained by adding or subtracting the term 
with U J -I- R\ The latter may In? ascribed to an '' wh/t.wjt- fores ft 
The tipper curve A is obtained when the function T is am tsynimot-rio 
in a and b; this curve sliowc? an ever increasing potential energy 
IT(^) with decreasing R and does not lead to the formation of 
a stable molecule. The buyer curve iS r belongs to ihe symmetric 
T-function; it shows a pronounced minimum at u certain distance 
R — It a = distance between the protons in tile stable molecular ion. 
The corresponding value is the binding energy, and - \Y{R 0 ) 

is the jH.iaitive energy required to dissociate the ion into an H-atoiu 
and a proton. The observed values arc E 0 — l H «tf X Uri ( cm and 
H (fto) — 7H electron volts. The comparatively large value of the 

binding energy is chiefly due to tins exchange integral and is a typical 
HTevt of wave interference. Using the result of £74 we remark that 
the function T nytilh which i* aymmetric with respect to an Gichange of 
the coordinated {positions} of the two protons, is permitted only when 
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the state function is aiitisyoimetric in the t wo proton spins, Le +1 when 
the proton spins rite anti parallel, forming a parahydrugmi molecular 
ion. A stable urtlio Hi, with proton sjudr jiaralJeL dues not exist. 

Exact solutions rather than approximations of the Nehriidingcr 
equation f"7&) can lie obtained by introducing elliptical co-ordinates 4 
with the two protons as focal points. 


§78. Ortho* and Parhelmm 

7B.1. A helium atom oon&tsta of lwo electron u, — e , and a nucleus. 
+ 2 e. To find the energy values we apply the perturbation theory 
nniJ use ay unperturbed Hmniltorunti operator (Hartree method, §73) 

W ,, . /2r* 2f*\ 

//C ^ ^ M + V» - ( - + - J + + V{r,} (78a) 

tmd ns iwrturtiatioii energy 

//'=-- V{r t y~- 7(r*h (7ttb) 

r l2 

augmented by small terms due to the Kpin-magnetio energies in the 
orbital field. The potential F(y) is to bo chosen ho I hat H' becomes 
as small ss possible. 

The eigenvalues of //" are those of two electrons in the central field 
2r a 

potential, F(r) —. and depend on the principal and azimuthal 
T 

quantum numbers only: 

&'-**& + **», (780) 

The cor responding eigen functions an" products of two orbitals: 

M 1 ) V'fti 2 ) m wel 1 VU : -) VhO) I ( 7 

representing a twofold degeneracy because of the equality of the two 
electrons. Any linear corn lunation of the two unperturbed functions 
is again an eigenfunction belonging to the common eigenvalue E a 
= K a -4- E u , Among the infinite number of linear combi nations we 
consider only the two function*: 

ipu I j cl ] 

1 _ = iwMni-) d: 0^) 

^ iLivr, ( 11 ^ J ^ *- 

They have the following qualities : 

(1) botfi arc normalized to unity in the space dl' — ti Y^d l t ; 
fll) they are mutually orthogonal; 

* K. TB Uxw, Z. Phwik 61, 446 (lOSOh E. Hyltem* t mi> 71. 73D G . 

ibid. B7, Uffl ilea*). 
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<IJ I) they are adapted u> the ayiitmcitric [K-rturbation potential 
H \ 1, 2) so that 

J = aj'tvi. a> i\\d\\ = 0. 

I he proof of this equation is given in the tVoitnoie,* 

Due lo I, II. Ill we can apply the perturbation theory f§3b). Tin' 
1 w-rt urbat i< n * euwjiy L< 11 1 - j TO f HW I ', itamely: 

K,m - iMVP.j 

Km - ajfj.d.8)iir,rfJV I 

After substitiitEwi j uf e>.j. (7Se) they heoouie E f = t 1 A /j*. will* 

i‘ - jr/f.c>wa)v.I*)rAO«’|i. airfivr. 

The two electrons in the states u and h thus fftu react in two ways so 
as to yield the helium energy levels E — K* r f 1 _t where E v 
— E, t — A',,. Every unperturbed He-luvol is split into n rfc«Al£\f due 
To the two signs of the exchange integral 0, supposing that both 
orbital l l functions of eq {7 ho) a re admitted, 0 has fwtitivf value. 


(Tsf) 

(7*g) 

(7Sh) 


78 , 2 . The principle of mu symmetry fur electrons required that the 
TTuneii-rj of any state is mntrayni metric with res poet to an exchange 
.,f I and 2 , This requirement is satisfied when the former orbitals 
are multiplied by symmetric or untisyminetrie functions Si>*, <f?) of 
the spin l i.-ordiihUc.- in the following two ways; 

T„ t [l.2) = T? ym (l,2)-S„ J (l,2| |p«Mm| | 

M‘, nt i 1. 2) = T°, t (l,2) 2) (i.nihuhdhun).l 

The multiplication by a spin factor corresponds to an additional spin 
energy E*. so 1 h&l \n ease "f ant iparallel spins (parhclium) and parallel 
spins (ortliohelinra) the energy is 

E = E -f AT* (parhe)ium) | 

E = E n \ (' D -h Ei. (orthoiielium)i * * 

* Ex-rhnnfdnp 1 with 2 in pin ilitagmml «nount* only to a dungs of notation daring 
tfai< intefpn-tfoT*. leaving thn inlegrfil ./ iinduMigsd. On the other hand, cxdinnizLEhg 

1 mth 1* t'rik. pm tim TrrnT twn fjinO'fN In tli« tnte^nuul cuyjiLiknHeid bat nmM di* rtign 
of thu third factor, wo Ihltf. ./ change* to — J , Tins ftiuup oparfllion of cxohtflgkkg 1 with 

2 thu i hmcbi ffnrrt J tii J is . well ut He ./. T1 )p «t|Ufltkni J = — J cun hot.3 iif Jy when 
./ p Tho wrni' priiof appEifi* whem ff n rnphuwttJ hy nny other fiintitfcii F(l. i 1 !) 
srcmirtcTn' iri f.hw po-onUtmt™ utnl iimniEttitn.il Lhc. I wo iQta part-tnltt*. 
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There are three different functions 5^1,2} and only one function 
a), namely [refer to table (73k)]; 


$U = ¥' + K)yV<« 3 *), $“» = V-Of>*_<»?) 

S “ii — 

V 2 


i: T-'sk) 


= 7= { “ - “ h 

V2 

They belong to three different 8pin energies EC and only one spin 


*o 


+c 


par 


ti 


(Paso hen), 
is replaced by 


energy EC- livery ortho energy level 
is tints split up into a narrow triple. 
This is indicated in the schematic level 
diagram of Fig, l-Mt, .SpectraI lines 
mr emitted during transitions from 
one ortho state to another,, and from 
one para state to another. Tranaitions 
between an ortho and a prim state 
are forbidden because of the vanish¬ 
ing transition value of the electric 
moment. The electric moment is a. 
sy cn me trie function of the space co¬ 
ordinates, P — efpj + r s ), so that the 
proof in the footnote on page I &1* 
applies. The lack of mtercombinatioiis 
was first considered as a sign thal there 
are two "modifications'' of helium, 
the ortho and the para modification 
This eon elusion is right when the word " modification " 


ertho J 

"l 


-D 


Fio. H.S. E^iergy Ifiv&lM of 
hidhim. PariLeltinn taolu ii^.h i.i 
h ymnsetFiP, orthohalium to luili- 
-■yjiitnPl r'il: 1/ lil thfi i r- 

bltal fto-.iar4ma.tiM, Tl» ArrO^ 
radififite rijrpli-L diceoltanb, !u j>nr- 
helium tho reaulnrifl spin i* vu ■ t-1>. 
in OftLi ki-bimL it ia A with t ni- 
ponsuls 0 t + JI. 


mutual spiu orientation " 


78.3, In the ground state of the hHimn atom both electrons are in 
the same orbital stale a. namely, a state of quantum numher* w = I. 
I — 0, ??a — 0, The antisymmetric orbital of eq. (7Se) vanishe-i when 
b — &f Therefore, there 1 is no triplet on bn helium level in the ground 
state. The ground <ta(*' of fi* ronxixt* of a kinglet para stab* Qnftf. The 
absence of a triplet ortho ground state was one of the chief clews 
leading to the exclusion principle: When bot-h electrons agree in their 
orbital quantum numbers », l, m , they must possess opposite orienta- 
tion of their spins, lliat Ib : they can form only a para state. The 
theory of the helium doublets introducing exchange Integrals resting 
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cut -yinmi i rio iiricl smtisviij fini rh- V-funmtiuns was first given by 
Heisenberg. 4 


i T9. The Hydrogen Molecule, Heitler-London Theory 

T9.L The teehrodinger equation of the molecule, with two deutmnfi 
I and -J. in the field of t wo protora n and h r is 

T 'vrV - Tin + [i’ + - ! (^7 !• z~ + j — r) 1 v = «• ( 7S,a > 

4jt/ L \^j| r .i,j t frt ' *5 ' 13 /J 

vrheii- Til, b a function of the six space co-ordinate* of the two 

aleet-roiLs. Heitler Lind London 1 * uae the brut-order apptenmnationa 

: v,,a)WJ) ± ~ « mJ C™ 1 '} 

V'2{l±iP) 

and ^ are ilte noimolhsed eigenfiinotfooij of H-storo®* and 8 is the 
overlap integral: 

8 — jV„( 1 )f*{ t) d t'i = Sf a (2)ft{2) d F s . ( 7Uo ) 

s .tint :mi*]. ns of LHj (79b) into K— f fT/Frd i t yields, with the 

Mitne Tr.iHHformatiuii of T^ 2 '!'” ns in g"7: 

E" -r a 1 ± ay + K*) 


E 


l ± s* 

where E m the unperturbed energy of two H atoms : 

- — [F„<l)p] = 2<*" + /"). 


(7yd) 


c- - -2.fir, [v,v.( 03 * 


■n 


f r in i, h>’ iniitiiLil LVuiloujIj energy bet ween two H -a In mu (esoluding the 
energy e a fR between the protons) ■ 

c-= - 2 /rfi',-iv.(tir + J/rfi’.ir,-tr.fimnW- 

f H * 19 

It and K are the t:\ahsnge integrals : 

If :: IS/iJ'j — V ,„(J+ aj/ir,if'»£ *-,<1 WUf.(*)w(3> 

/,a 

/v’ = 2 /rfT, — & ,iafl negfliive value sit large R, 

-/J 

The binding energy between the two Ha to tus is 


w = - + a - K) 


L YV. Tied.i>< 1-c. ^ 39. ... .39. m (11*20 

‘ YV, H'ritlpr M>r| F Umlon, Z Phyii 44. 435 (1927)* 
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m first-order approximation, II as u function of R ifi plotted in 
Fig. 0,7; t>be upper curve A belongs to the aniisymmot ric ^'-function, 
the lower curve S t:o tho symmetric 4*’ function, whwnfcas the curve C 
represents the classical Coulomb energy. The latter bus only n shallow 
minimum, whereas the ^' eurve yields the binding energy, Approxi¬ 
mating the empirical values, W = h7ji elect nm volts. ^Longing to the 
proton distance R -• 9.40% where % is Bohr^ rirst radius. Higher 
approximations have been worked nut by S. Wang, Y, Sughira, and 
others,’ 

Although the contribution of the spin-magnetic forces to the energy 
is negligibly small, the spin plays a decisive part in the formation of 

the Hj-mothOule, If the electrons 
were without spin and yot were 
subjected to the principle of anti- 
symmetry, only the .4-curve would 
exist. The /V-curve, which leads 
to a stable bond* is permitted only 
when the spin factor S is anti- 
symmetric* i,e, + when the two elec- 
t n iel s pi i ts are ant i j iota 3 lei * Whet her 
the two pfiAon spins are parallel 
or anti parallel depends on the state 
of rotation of the molecule, as ex¬ 
plained ill the following chapter, 

79v2* So far we have discussed only the simplest type of a hofitojpolar 
or covalent bond between two neutral atoms. Whereon the huterupolat 
bend in XaH, etc,, depends mainly on the Coulomb energy between 
two ions of opposite charge* the covalent bond rests on the Huitler- 
Londen exchange energy between two like ntam$\ The electrons must 
have Opposite spins in order to admit a symmetric orbital V-fuaetltm 
leading to a stable molecule. 

Whether a stable H^molecule can exist depends on whether a 
T-function symmetric in the orbital co-ordinates of T.hrco electrons 
is Admitted, and, therefore, on whether a function of throe spin co¬ 
ordinates can he antisymmetric, ail obviously impossible condition; 
two spin? may he anti part'd ltd, blit the third spin will t hen be parallel to 
one of tho former two In terms of wave mechanics the deter rninarit 
formed with throe spin factors Y rt> (<r* jTy w m diagonal will 
necessarily vanish, two of the three rnl nmn s u r b f r being identical 
since there are only I wo different spin states. That is to say, the 

1 a, W.u^, PAy*. Bet. 31* B7B (ltf£8). V, Stirfiunv, Z, Phy*ik 45, 4S4 (1937). 



Flu !J,“. &QBrp curvea for the 
hydrogen molecule [m units 
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two iiirti] m.i-jiltf-1 Hjiiiifl of mi FImolecule sire paired at mutually Botur- 
afcwl, and a third electron can no longer 1® paired with the first two. 
In general,. the free-vail?me dashes of tin- eliemiste an* impaired 
electron spins. 

The two eleetrnnH in a hr Hum atom id the ground state (!#)(!*:) Imve 
opposite spins: they arc paired, A covalent bond between u normal 
helium atom anti another atom is not possible. If tin- He is in an 
excited slate. howwar, the two electron)* may ins of parallel -fin .mi 
fl* to represent two free valcrurs, Thus, the promotion of an electron 
to a higher state often explains infractions of tho okuientary chemical 
rules of valence. 

The ground .state of a nitrogen ntonrc has electron configuration 
(l*l a |2->} s (2/j) 3 , The four ^-electrons are paired, hut the throe p- 
ekclrons have parallel spins with resulting spin X = if, I’hla is 
ci'jjjllrnjt d by the fact t.hur the ground state of X is n quartet instate. 
Nitn, _■■!), therefore, ha.s a covalence of 3. 

For i inon? eotnprehensive report on the theory of the covalent 
bond refer to the literature on quantum chemistry,* 


Summiuy of Chapter DC 

The (tern dsmit-Uhte!! book semi classical model of the wp inning electron 
is in corpora tod into the general Fo rmalis m of quantum mechanics by 
Pauli's -pill function* which depend on a fourth t o ordinate a* as 
argument oF'Frftf*), The requirement that like part ides play identical 
rules in the mean anti transition values of any observable leads to 
the conclusion that the amplitude Function is either symmetric or 
Kntis>-mn i trie with -respect to permutations of the co ordinate of like 
particles. Antisymmetry of l F tit identical tvilh the Pauli exclusion 
principle for unperturbed electrons. AnLinymmelry in conjunction 
with the spin explains the structure of the periodic table, us well 
a * the details in the spectrum of helium (mid other atoms). When 
applied to the two electrons in an H^molecule, spin and untbviitmetrv 
lead to the exchange for<»of Heitler an d London, which is the prototype 
of the covalent chemical bond. 

1 TV UnjlliT Jimi G. JlentWg, £. I f h\jnik 53, &2 {1SJ2HJ. fi. H-untber^. iU4. 57, ill)I 
llftSS), L- Pauling. ,t .It*. Chrm. e'od 53, tJliT (1031 . H. %rijig T J. Waller. .mil 
O, lv Kimtmlt, Quantum CttcHiMtry, WiH^y (HMt). .1, U, van V't&clc nail A, SlWfliuUi, 
R?t'. Mud. Fby.',, 7, (7J i 111345^ L. Pauling, Tflf Atotfre of (At Uhrmic-ut Rttrvi, (lumoll 

t T nivanity I J tp,^ (10*01. 
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gSO, Multiplets and Fine Structure 


801. The cigoidu net Iona of an atom with N electron* jit t antisymmetric 
in the A T electron# and can be represented in zero approximation by 
determinants such as eq. (7f*aj. These cigcufime turns may be briefly 
denoted by the symbol 



{aoa) 


(80b) 


is degenerate Mince A',, j belongs to variuiAa values of m a and rs a . In 
ease of a infold degeneracy of the v valued of E' can be found from 
the secular equation 1 A - tl [eq 0Id)J: 



Hi *» lb (SGo) 


The elements H[, r are formed between the v unperturbed antisymmetric 
pigcnfnnciions* of eq. (75a). A - M if- an equation nf high order 
even tn simple examples. For ifretamee t a helium atom in the eon- 
lignmtU'fi ivttii one electron in the ground state and the 

* TUth tn iui ,\ -foil! 'ti'i^-rnTiii-i. riiu' id pquuliiy of tin? N el-eotwjni- mi that JE 1 * lifts 
i ■A'I liiinmr iutlr | .i-nileni pftitntifiifM-linrLi*. Thu latter mu he cciabineil, however, to ouo 
group of r aymftvoirn-, mi..1 her jgfmjp of r (uitiflnnimietrJjj figenfanttiona, and other 
groii^i at T( Ubegiiiii to other '■ ihiaeuriilJ< m■■ 11 of the group of A : 1 pon-uutAtlona,, 
a* it #hiOwn in geo up fctaary {r*fw to Eyring, Walter, and KimWJTfl * 'hrau#tty. 

dupter X, Tor jlji he m. Im r.kwi lit theory ujideMtandAhla to uounuU]Mnnatioal 

rmdeu). The perturbation tltf-ury requires that cq, iHflt-l be nxtondod into a large 
r.V J-row (letamdnant MpUitittif into u pttwluet of subdataniunantii. one or them Iwing 
the datermimirst (HOo) lannad with rhe antWymmetnt! *f‘ funeliisiui, one with The »ym- 
lortrii' T f "-function ji, ete. T due 1o euiiidliing filnoiontwi F-irmed Lniu'Offi'i y.AuuituM belong. 
m.g to dilknnt group repr0r^mtaUio n».. Since only The imtisjuimctric Junction* nre 
iiidmiltoiJ, oq. ( 80 o> alone Li of phydicial ugniftaanos. 
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other tn 4i cl excited p-state, allows i hi' following twelve unperturbed 
T-ftenctions with + l ° r — J for the two electrons; 


U l Tl2lt 

1 3Kh L 'r,; 2Vl - V 


U *nljt 
J IW i. 


M ■ ' 


* UK i ''Vi SI 


I L V 


(8(Jd) 


iso that A — 0 jjj of the twelfth order, A reduction of the high order 
deierminaut to Hinnll-order aijbdetermii mutu can Ih? achieved by the 
following .HVNteta&tio procedure of fiInter, 1 


80*2, When only the multi 'atfurtttri ih derived rather lluna I he Jim' 
structure, i-.g., the ortho and [khiti levels of helium without the triplet 
■’■t'UcE of the ortlu- ft• vc?l h, 1 he only perturbation i* the Coulomb 

potential // of eq. (7 So), The antisymmetric T-funclioriH yield 
many vFttiisliijig //j*, 

Ill the first place, those are zero which are termed between two 
orbital functions T and 'l\ twlontriiii^ to 

Fj^ 1 # L'*\ where L, = t«,„ f wi b y < ■ * — Jim, (hue) 

since // is e.yWic in. i.e.. Independent uf, the angle A conjugal to /„ v 
Indeed. The function F! depends only un the ndmntli diflereiu vs rp ( — ^. Sl 
| ■< et,.. whereas P, y, I in- Ur ins with the Lora 

exppjpi^ 1 - fluffy 1 + C«*i 41 — + ‘ J ]} 

and it’ pierm lit at Tima, when we add to every <f a common angle 

H dm-,-, not change whereas y,!/* is supplied with a constant factor 

exp {ijEwitf* — Em = exp 1 — 

and the same factor appears in front of $ if,H‘ifr L 4V, Chi tho other band, 
The -iiiifi nf xero aaimnLli by die addition of A cannot have any Mneoce 
on flie integral Hence, unless the factor In unity, he., unless L[" - L[ il , 
If l4 must vanish, 

•Secondly, ill! thosn matrix elements vanish which art? formed 
Ijetwceu function!* T. and H' r belonging to 

Sf ^ S'f\ whom ,S g = ff lf Hf o t -|- ' ‘ T — (80f) 

since U does nol depend un die spin en-ottiin&tEJti, and the Functions 
T, and H'i Udongtng to S'J ^ S'*' are tupiu&lly orthogonal. 

]n the example nf two electrons in the coil figuration We 

have 12 unperturbed funct.icm.ft (KLkl) belonging to the co mm on mi- 
perturhed energy k >iy = -j- A is a 12-row secular 

deternriini mt. fur The 12 functions S'" ore first divided into three 
grim pH of four Functions with L. 1. it, i, respectively, According 
Lo f c|. (80fl) the 12 row determinant then reduces to a product uf three 
4-row determinants. The four ’IS of every group consist of two 

1 j, c. akt«r, Fhy*. r™. 34 . ii!ua (19^:-. 
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T-functions with 8, - 0, one function with 8, — I, ami one with 
8 3 — I- Each 4 row determinant thus reduce* to ft product of ft 
2 row and two 1 rmv determinants* The secular equation of 12th 
order reduces to equations of first ftnd second order for S\ The l-row 
determinants yield the ortho level and the 2-row detenu jruuite yield 
the ortho ivnd the para level as roots of a quadratic equation. which 
reduces to \m equation of the first order since one root is known. 

BOX The r-row secular determinant can hie reduced further by calcn 
luting the ruutrix elements of ff' between certain linear combinations 
% of the r antisymmetric functions L l". A class! 
eat electronic system has constant values of energy,, 
total angular moEiient.EJin ./, £ component ./ itnd 
of orbital aid spin momenta, /, mid A H , whose 
vector sum is J [Vector model, Fig, Jn.ljL In 
quantum mechanics this ftorraspnudfi to the fact 
that the live observables 

H a * L f 8, J t i/* (SOg) 

arc mutually coni pat,! hie ; hence, t here arc selected 
states in which these five observables have quan¬ 
tized valuos at the sianie time, namely, the eigen¬ 
values K\ \ L(L + J), VS{3 + T}, VJ{j + 1), 
and [Eta -j- Ea). The wave functions % be longing 
to these dmultontHUirf eigen valuta eui* linear eom- 
humt-ionc of the T's. Many more matrix elements 
of IT vanish between the %'h than between the 
iHriginal 'TV, and. the secular determinant becomes 
even metre reduced than before. [One also may 
use functions % which are simultaneous eigenfunctions of tlie live 
eoiuni u t i ng t d userv aides 

//“, L Jt S u , L t S.j (SOh) 

In order to explain the Jhtt structure wo admit L*S-coupling with 
magnetic energy 

//" =f const (L - ft 1 ] — const L8 cos {L. 8). {80i) 

J is conjugate to an angle of precession t\ r and J f to an angle 
H ! -j- H ¥ depends neither on dj nor on r^. Therefore, similar to oq. 
(Hite), those x with ■/'" ■# J' 1 " and those with */ =£ J'? produce vanishing 

matrix elements ff'* -j- R*\-\ those % with =£ /,‘ A ' and those with 
S''' - tf 11 give a]most-vanishing dements when //* is small. 



ttwi tirbibkl, Hpin, 
n'Hijilujit iiruju- 
]ar momuia titira.. 

J M , — Ii ~f «S | 

= U-s I- 
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I® the absence of IF all matrix clement* II {i vanish which belong 
tn functions %, and % k of different eigenvalues of the live quantities 
of tsq t-SOg) or (80h), Under the perturbation II r alone many levels 
E' coincide in one level known na a (> rm and denoted, in casE- of 
L = I. Ik 3J„ - - ■. by u capital letter S, P , I), F r * * % respectively. 
The letter u supplied with an upper left superscript which describe.* 
Jin- amidjdti‘ity of the tine structure into which l.he term splits tinder 
the additional energy IF, Since L anil $ yield reuniting vectors J 
of magnitude 

J = L + S t L A- 8 — 1, ■ - \ ]L— SI {HOj) 

the multiplicity is -JN t 1 w hen L ■ N, and 2L + I when L It is 

customary always to use 2A ] 1 u>; multiplicity Hipxirsonpt. Helium 
in the conligu ration (luffed) him vectors L 2 find .S' - I or 0 so as 
to yield u 1 D -tmn fpam torrnl and a. *Z>*term {ortho tcrnij. 


S81. Intervals and Zeeman Effect 

81 + 1. The spin-orbit'.coupling energy //* in proportional to LS COS (E, 8) 
- 1(I> 4- — J‘U rtcuunling to the vector model, Quantum mech- 

&nicH yields, instead, 

Ejj 4j — const ■ 1 [f (f -|- ]] -p 4- l) — f J{*J -j- I)]* (>S1 a) 

The if Terence hei ween two energies K L . n belonging to adjacent values 
of ,/ is projmrfcjonal tn j[«/(,/ | J) — (J — ))/] *» J. Adjacent fine- 
structure intervals I hus. have the ratio 

^qt** : b^Lii — U * ' * ' : H 

-(L+ £):(£ + £-!> 4 * ■ t(\L^8\+ 1)* (Hlb) 

This i> the inU rral rule for Ltf-cuiipling.* lei higher atoms one often 
tihdrt jj-tn mpFiug, that in, the energy IF is a sum of mutual spin-orbit 
energies nf itidividual electrons having orbital and spin momenta l K and 
* s with resultant j L , The mutual energy Ik’ tween two electrons K 1 
nod IF then in proportion ml to pos UVj\--T 


81.2* Returning tn LA 1 -coupling, the orbital angular momentum L/> 
is connected with it magnetic moment of L magnetons. The spin 
momentum Sh displays %$ rmi.ginT.ons, Therefore, whereas the result 
ing angular momentum in units of h may ho written in the form 

J = L COS {L, J) A~ S COS (jS, J}, (81c) 


s a Ltuv.jt-, z. Mu*ib is. i hi . maat 
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the* corresponding magnetic moment in magnetons lm : 

M L cog {L. J} -*r 2 jV coh {lS 1 . J'). 

The ratio J//./, denoted by the totter;/. becomes 

M 8 r ./ a + £ a - i a 

^ 7 = 1 JJ = 1 + 

action ling to the vector model Experience shows, find quantum 
meoh&Tkit* explains, that the correct j-fomiulu read^ 

J{J -i 1) + 8{S + I) — L[L + i) 


fj= I 4- 


(Hid) 


2 J(J + I) 

The energy of tile atom in the state \ h. 8. J) in cm external magnetic 
Held H is 

if 


K 


■i;iijJ 


(M ■ Hi = MU ' i.h <M. Hi = — fiJ eos (M H) 

if 

tjHJ cob (H, H) ■- glim, 


m*) 


4% 


m 


since J cos iM.H) = irc^ = m -f ci, Eq, (Hie) is written in the fwne 
units in which the riorum! Zeeman energy would bo — Hm h 

The factor y describes tlie anomalous 
intervals between the magnetic levels 
of a spectral term {L, A T , J) and leads 
to the various patterns (Fig, 10.2) of 
the anomalous Zeeman effect through 
eumbmsLioti according to Uebr’s fre- 
quency condition, with selection rule 
friy —* irij and Wj —>■ frtj 4 1. 
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imvEnuiic energy !pvsf* le*u|iii£ In 
4131 . uneniyvLnilli Ze«h]nti fmO nm, 

I TrfH-r kvd with j — ft -|iljt- intr- 

lower Wcl with j 1 'i■ Ilt.h 
into o rringt»E'U>- tevrh. 


82,1, Principles of symrnctry and anti¬ 
symmetry apply not only to electrons 
but to atomic nuclei as well, in par¬ 
ticular in molecules with two like nuclei, 
such ms H b , Oj, etc. A correct interpre¬ 
tation of the band spectra of diatomic 
molecule* has contributed greatly to our knowledge of the nude-ar 
spin, just as atomic Spectra led to the discovery of the electronic 
spin, IVe begin with a short review of the general theory of bund 
spectra before turning to the peculiarities arising from symmetry 
principles. 


* Irfwm. 
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In first appro*-] mat ion tho energy of a. iliutornie molecule \a the 
fliini of three part* : first. the eneigy of thr electrons in the field of the 
two nuclei ni rest; second, the energy of vibration of the two nuclei 
o and h within tbe electronic: framework; and third, the energy of 
rotation of the molecule ns a whole about Jin axis [j iLxis.) through the 
Center of gravity. We disregard the translation energy'. The three 
energies: are characterized hy quantum numbera, n, k, j, where w 
represents all electronic quantum numbers: 

B = if., + B vli , + B„„ = E„ + B, + I. OM 

with the quantized valuer 

B» - (<■ -I- l)>>% K, -j(j + t )f/2t, 

where i u is the nuclear vibration frequency and / is the moment of 
inertia of the molecule. An observed spectral frequency of the molecule 
is obtained from the lie hr condition 


r = ~ 3*) + (ff r - + Wf ~ E r m 

** v *i + «*» + w 
] r IlL is lui infrared frequency; it is shifted to the visible range by tile 
addition of r,... The contribution v v(b is of intermediate oilier of 
magnitude. The characteristic suE’cetisiun of lines in a band is flue 
to various values of v Pjt for a common value of r tll -j- i\ lh under the 
two seiectiuTf rit.feji 

j -* j — 1 and j j -f 1 ; (H2oJ 



they are responsible For the or violet and mgttiim or red branch 

of a band. If the angular moment inn of the electronic? framework is 
wsro, transition* j - j are permitted and give rise to the wn> branch. 
The pure rotation si pent rum v = r Rlt hi the far infrared has n punitive 
brunch only, since energy in emitted in this ease only for j — j — 1. 

Tiie total angular momentum jh of the molecule cannot be tesn than 
the electrouic angular momentum Ih. Hence, / can assume only 
the values 


;' = /t f + i, t + 2, - - fs2d) 

This applies to both j" and j". The frequencies r llA are 

„ = iw ±_l> _ j v±in ± ...... 

™* L /' r J 8«*' 1 21 

Assuming t - 1' l and /' - /“ — /, eq. j_5?2e) reduces to 

•'rat = JZJtf Wit ' 3 f = * + M -f 3, * * * for J* =/ — 1 


4 v*P 

“ A 

V = 4 ^7 y w*th / = i + I + 2, 


<stf) 


farf - y -f J. 
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Both cm-spa may bo Condensed tn the one furrnula. linear in j: 

Vt = 1%J «■<&} = + ('+!), ± (/ + 2). ' ' ■. 

'Flit band lines in the approximation of /" /' are tquMt slant and 

lhe 2/ 1 centra] lines are iniaetilig hi ws tn |n*< ?duvfc :-l gap. 



B2JB. Wht-n the transition 1 jet ween two loUtiomil states i* accompanied 
by at change of the electronic cundguratu-n, the; nuclear distance H l]tl 

ItttI 


Feu, 10 , 3 . Fnrtrat dmgTfcm nf iJ i«t AIR Hiunl vitli P*. Q- r out! /Mwuoetaft, 


undergofia u change so that /' differs from E<p (Sib) then yields 
a quadratic expression For the spectral frequencies of the band lines: 

t = A ■ ttj + I'y for j - ± (I + I). ± (/ + 2), ■ • • (»%) 

with the abbreviations 

A = y vt + v vlbt fi = — 


r ' r 


c = ± i-ll 
rj 


The frequency of the (missing) hand center is c .1. The term Fij 
alone would lead to equidistant band linos. The term Vj* with 
positive factor V increases the distance between adjacent band linos 
In the positive branch (j ■ 0), whereas in the negative branch the 
intervals decrease Jirst and then increase with opposite si pi with 
increasing \j\ so that for higher fn the negative branch overlaps the 
positive ( Fig. W.3). The band linos crowd together near the inversion 
pointy (h'ftlj — 0 or — j - Bf2<\ of the negative branch so a* to form 
the hand head, wliioli is the moat conspicuous part of the band.. The 
most important part- for the classification of the hand lines is the htutd 
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center, which can easily be identified from the gap in the regular 
Frnoceadon of lint's, 

Quantum mechanics associates tlit* energy A r „ f & r , -f* with a 
l ]’ function which is the product of three funotions, The 

first factor 'I 1 ,, depends on the space and spin on-ordinates of the 
electrons. The second factor *1* dcfx i nds uii the distance between 
the two nuclei when they are vibrating about- u stationary value A 1 ^ 
The third factor ']. ( is a fund ion of I, hi* polar angles !5 and 1 / of tin- 
axis /' ir6 an 1 1 has the form w (G)c ,JT,lir . Altogether, we have 

r - W n (r, Jfi w <f) = (82h) 

82.3. W i" now turn to diatomic molecules with two Hki nuclei* The 
4'-function* of two like nuclei ft and b are symmetric with respect to 
the 00 *ordinates of 0 and b when their mass numbers ere even, whereas 
nuclei with odd mas* numbers have AhtiHymjuetria ’T-fuuctioiaa (§74). 

Let us discuss the I ^-rnolcculc ; ft* T-Function is symmetric in a and 
h because of the even atomic weight. Jib We consider the symmetry 
chanu-tiT of flic three factors of eq. (H2h). The factor T vll is always 
symmetric in a ami h since it is a function of the mutual distance, 
J? rt * — ih.y. The factors, 1 i\ 1 may he symmetric or antisymmetric with 
respect to a and b, However, in the ground state of the molecule the 
function H*., is tijmmr-tric in. n and b; we saw this in the case of the 
Hj-molecule f whose ground state function was 

which, indeed, does not change when one interchanges the subscripts 
u and b. When *1 and b are ini ctc hanged, that is, when the molecule 
in, fumed through ibd . then T ril , changes to 0 /ffl ( 7 r " =J , which 

aimumla to n multiplication by a factor ( l)' 1 n ‘ (—I) 1,1 — (— 3 y 

— i I for even and odd j, respectively, Hence, 

even ; gives symmetric l F Me 
odd j gives antiaynxmetri 0 

d he selection ride, etp (-HSoJ, ]»riiiits j to change from even to odd. or 
From odd to even only, so t hat, the factor T rot changes from symmetric 

to iinlisymrindri': nr vice \nrs;i ■lining tin- ininsitfom If m.... 

trand tiara of the molecule from an excited state to the 

ground utato (n'T j M ), wo obtain the following 4* functions, hoth 
chosen to lie symmetric with respect to a and b: 

excited state t [f = odd) 

gnmud state; (j* = even). 

1 K. WijJTHT anil t. Witiner, JS. 51, HA5h (IP2S), 
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The positive brunch is duo to the transitions f -*■ j' 

I — o, a -•* 2 t etc., with 2 — 1.4 — :i, ot.es,, mitxing. 

Thr negative branch in duo to the ti’ansit-ionEi 

I -- 2, 3 -► 4, etc,, with 0 -*■ 1 T 2 — 3, etc., missing. 

Altogether, every second band line is missing because of the principle 
of syjniuoirv in u and h . and iho band linos have twice the intervals 
normally expected from the value of the moment of inertia / of the 
Oj'moleculo known from other independent lueasiirementfl! of the sine 
of the molecule. (.! Unique and Johnaion 6 found that the uiiBsing 
Onlines actually are present. although with very small intensity. 
The missing lines are due to O a -molecules with two different atoms, 
one of atomic weight 1*3, the other an L&otopo of atomic weight 17 or 
is. respectively, wldeh had escaped Aston’s maaespactrogTaphic 
Rnalysia because of their extremely email abundance. 


Si S3. The Ortho- and Parahydrogeu Molecule 

83.1. Band spofttra of diatomic molecules often show a characteristic 
intensity change, adjacent band lines displaying alternating intensities 
at the ratio of small integral numbers. The phenomenon may be 
explained by the example of the hydrogen molecule, whose two protons 
have spin Ut. The T-function of Hu is uufixymnutric with respect to 
the protons a and b. When denotes the proton spin factor, 

mlfyynmelric functions may be eonstruoted m the following products: 


/, Parallel proton spins, symmetric spin function, ortho molecule 
initial state i *]™ ri ¥§* '*7" (/ = even)] 

ground stater 

II. Opposite proton spina, antisymmetric spin function, para 
molecule 


initial state; VT^TWf^^ {/-odd) | 

ground state: Y$ w V£ 1B 4^, Tp if - even), I } 

The probability of the nuclear .spins elmnging in.un a symmetric to Jin 
antiflynunrtriu orientation during a radiating transition is extremely 
small because of the vanishing transition value of the electric moment 
connected with a transition between states whose spin functions are 
mutually orthogonal, I titerrtfmhinatimus bdtretn ortho and paw terd# 
art thr.rtjorr fokdddm, and the I wind siwclmtn consists of a Hoparate 


1 W. r,iaut|iu» and II. L. Johnston, Nuturr U£!J, 31 SJJ (1BI!3). 


CHAT, X 


\TU.nir AM) MOLECULAR SPEt TRA 


■m 


ortho spectrum and ft aspirate para spectrum. Similar to the oaae of 
§S2, every second line in the ortho spectrum is missing, and every 
second line in the pam spectrum ia ini*&iiig T hut the line* missing in 
one spectrum are present hi the other. Altogether, there are no Hues 
Misstoig, except near the hand center. However, sinco parallel spins are 
threw time* a* probable a* antiparaho] spins, the ortho linos will be 
three time* as strong as the para lines, This is Hund's' 1 explanation 
of the alternating intensity observed in the H a hand spectrum, t Vm 
versely, the intensity ratio 3 to 1 testifies to the spin ,Ui of the proton. 

83,2, A nUL-leiis of spin Nft is capable of 2.S r -f 1 orientation* in space, 
cli. .racti.-rizcd by spatial quantum numbers >/. 1 he two nuclear spins 

of a diatomic molecule can thus be found in (2 A — I) 53 configurations. 
Among the corresponding (2$ + lj a spin functions of tliu spin oo- 
ordinate* <f* and a* there are —■ S -J- I function* Symmetric ill <r* and 
cr^, namely, the functions of the form hjf ,n r = fi a . 

Ci inside ring the remaining (2<S’ + 1}2S functions for /t f m", one half 
of thou yields symmetric, one half Antisymmetric functions; 

j ± fptitfWA #*) for p* -£ f r - 

Altogether there are (2 A -f U{1 + A") syimuetriG y-functions and 
(2.S' -f I J' v tiuTLsymrnetric ^'-functions; the ratio 

r** _ (aa+ i)(i + s) *hi 

i«* = {2ff + 1)5 3 8 ( ] 

is th 4 ' statistical weight ratio between ortho and para molecules and 
is observed as the intensity ratio of adjacent bjind lines. The intensity 
ratio can thus be used to determine the nuclear spin. 

I i '• huiid sfieetnim tells us also whether the nuclei in the diatomic 
molecule id«*r Bose or Fermi statistics, i_e,, whether the 'IM'ujiet-imi is 
svTnmetric or antisymmetric with respect to a and b. In the 11„-ease 
the T-function is aniisymmetric, as described in eqs, (83a., b) The tirat. 
cmissum line of the positive or violet branch belongs to ji transition 
of j from 1 to o- it is a parabydragen line of i n >:\ak intensity. The lirHt 
band liii" of the negative or red branch belongs to a transition of j 
from ii to ]. producing a strong ortho line, If protons obeyed the 
principle of symmetry,, the intensities of the iirst lines adjoining the 
hand center would lie the reverse. 


83.3. The tact that H s -gus is mixture of two separate modifications, 
ortho-and para gas, rather than a pure gas, explains tfie paradoxical 

4 F. Hunt!, 1. i'hysilc 42. S3 
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variation with temperature of the molal rotational specific heat, ^’rat« 
of TC a -gm The specific heat at constant volume of diatomic gaoes 
comiisty of two parts, the specific heat of translation and that of 
rotation. The former hm the constant value i& per molecule, The 
Iattcr will now be ealeuluted accent! i ng to Den n isnn. 7 

If g, h the statistical weight or n priori probability of a state of 
rotational energy K >, tiie total number of molecules in a gas is given 
by the formula 

N = const EtfjP Kfm \ (®5d) 


The energy of rotation of the gas is 

E nl = const 2 = d( ^ jk fy 

with S, — j(j + I . Tlie rotatium*! energy jut moleeuk in 

K ? log N 

* jr n-ifkT)’ 


(S3»J 


and tii-ftlT is the rotational speciliu heat |H?r molecule. 

The older theory oorisdered H a as a pure para gas without nuclear 
spin. The statistical weight of a rotational state j then would be 
2j ■ E so that 

y = const E,(3j + i )e~ K >t kT . <83FJ 


Actually, para molecules in the ground state have weight ?/, - 2j - t 
for even j only. Odd values of j in the ground state are reserved for 
ortho molecule*, which occur three times us often as yam molecules 
and have statistical weight = 3(2j + 1) fur odd j, The correct 
expression, replacing nq T [rt30, thus b 

X = {W 2 ; + + s,, u s(2j + Ijr-M*} 

- -v„„„ + X MI », {Mg) 

The specific heat of eidciikitcd from this formula agre&a with 

experience. At high temperature cup (83f) yields the chia^icat value I: 
for the specific rotational heat per molecule,* 

A partial Reparation of th* two niodilicftfcionh of H a was first achieved 
by Hon hoe her Harteck ami Eucken. If each mot litigation is left to 
Itself for a long time it turns into a- mixture in teniij^ratureequilibrium 
with concentration ratio A ^ at high temperature, whereas 

at low temperature the para modification with j 11 is predominant. 


T D M /‘jw. ffry. s.T' ( Lmdm | 115. 4flJf (tWSS7K 

* .41 high tomporaluKi largo j-vnluw nm piwln mtnfi L, «i iImlI, j{j j l) uuiy fc# 
raplnctjd by/ 1 , iuni (2/ + 1.1 by 2j-. firrchenuorw, itn‘ h ni SiVCfj may ha nsplaml 

by an Integration over t fj t so (IijlI imj.. |,S3»3 yin]tin e kT. 
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The establishment of the temperature equilibrium takes considerable 
time whenever the temperature is changed, l-'tp {S3g) fliabetiituted in 
tnj. £*;ie} yields a n„-value pertaining to experiments in which the 
o.'ire is varied wry xhnrly so an to allow* sufficient time for the 
hum' lie !' 1 rtiljiist its concentration ratio ki tlie varying tciuptrutiiKi. 


Summary of Chapter X 

T!.ultiplet levels of an atom w ith N electrons are due to mutual 

perturbation* between the mbirals when the latter are combined to 
T-functiems symmetric or antisymmetric with respect to the sp&oe- 
eo-ordinates of the various elactmiiB. The fine structure is due to the 
interaction between spin-magnetic momenta and orbitals. Skier’s 
method J o..l iJ.s to a reduction of the high-order secular determinant to 
small Hubdetertninanbs. 

Mi 1 ocular spectra of diatomic molecules with two tike nuclei show 
an intensity change in their bund lines which is tin- result of symmetry 
principles and can be used for determining the unclear spin momentum. 
The example of the hydrogen molecule show® a division of into 
ortho ..s. I para moles.-uk'S wliioh occur at the a priori ratio of 3 to 1. 


i 


15 


Chapter XI 
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£84 Classics] Distribution ot Particles 

84 . 1 . Cla&totil statistics deals with JV iltethigiushabie elements nr 
particles labeled a, b, e, * ■ - and distributed over ti number of state# 
/I, H. C t * ■ \ A certain cvtifigumtiuti prevails when itj particles 
are in the state A, n It particles in the state B. and So forth. Such 
a configuration («_ (r n s , ■ ■ ■) can be produced Lti many different ways, 
as exemplified by the th rm ways of L^natnicting the configuration 
n mi — 2. -ti r( = 0, -m r — I with two particles tt and b in the following 
scheme: 


»a = 2 * b & r 

n* « 0 - 

*c — i c i 


In general a given cod figuration of occupation numbers {n Af n Jf , * ■ ■} 
can be realized in & different duHtinguinhable wava obtained by permu¬ 
tation of the individual particle# over the states* not counting permu¬ 
tations within nn individual state. The number of these permubitiimw 
or ways is 


The problem is to derive a formula Ibr the most probable occupation 
nnwbtTe n, in the states of energy t r It is solved by maximising 
eq, (SteJ under the supplementary conditions 

Sn, = 5T and Etfa = E (84b) 

when the total number of particles N and the total energy" E are given. 

When N is very large, the n, may also be conoidered as large numbers 
ho that one can approximate login,!) — a,{log n t — I), according to 





K! 


iji l rt v 


n o 


a 
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Sti r ting . The condition for the moat, probable ilistribuLtirm then 
reduce bo 

log & = N log N — Sxi, log n a — maxi mu in, (84c) 

The solution of the variation problem m the well known Maxwell 
Boltzmann distribution 

7i, «* (S4d) 

Eij, tS-Jd) ijisk> be fierivix-d folio viTs. Variation of n, in eqs. {84b, o) yields 

Educing rr, 4- 1,1 = U, -lUjj., — 0, E^n, = 0. 

Mvjtri;di. -uti' n nf tin- hist tmi imnditionB by Lagrnnge factors a and fJ> ami 
4thiitir.il to the firirt, gives 

Eihr t (log a, -|- l -f a -f /ie,) — 0. 

fjfci-s • nilJ(tiiiik hulds for every (hi, only when the brackets vanish, i.e,, when 
ii i = e i’* S'. - £ c . 

S■ ibsthulliig t h r- ml.. R 1 taansju 1 4 entropy formula S k lop & 

S = fr{U log N - N tog C + (B 4 e) 

Applying now the thiTmwIyuiVideal formula ■j’S/'^E t/T at oonatiuiL 
■• 'iluu- is 11 r i inTgy li-vels t , luvc definite values only in u giyen constant 
volume | T | wvarriveat ;■ ]/i T ,remembering n = dBfk - — Ktflog [ + E-J/i 
f. ■ r given E nnd K 

Henceforth we use [i sis a symbol for IfkT, The factor £ Lb i leter- 
m ined by the ronditkm = N 


84 . 2 * Let tis consider a gas uf K free particles in the volume F. The 
number of states in the energy interval <fe or the momentmti interval 
dp [Jeans number) is 

dZ = V ^ dp = V ~ (2i^) 1 >efe (84f) 

if we (icei iit. discrete quantum levela; the continuous distribution uf 
t'ltissh'id inf ehaniea is obtained in the Limit of h - o, The condition 


determining L iiaih 
and yields, with n{e) = 


N = ™ j . u - fn(s}dZ 

* - p <**(*T)\ 


from which* turn wisely 


( 


N^ :l 

FfSir^fF 


For the wo now obtain 

E ft n{e)dZ - 2H*r. 


mg) 
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The last result La independent >jf the parameter A and thus holds 
for discrete an well as for contlniions levels. Essentially new results 
Art* obtained not ao much from the discrete energy levels (which in 
cast- of a large volume form a quam-cunti until in band) but from new 
attttistmal principles of <Jit4rjtuition of the particles over the levels 
(see below). 


84.3. The rlifwfcal distribution yields tlie entropy of the N gas part, ides 
from substitution of eq. (&4g) in oq. (M4o): 

S - *N (log V + s bgT + log + |. (B4h) 

This ifl identical with ike classical forrmdik 

S = AN [Jug T -|-i log T -|- const}. (S4i) 


However, the additional coiiMta.nl in eq. (Mb), which for discrete levels 
Lila a finite value, becomes infinite fur h — d. This constitutes an 
objection to the continuoua energy level* of du^aical kinetics. The 
objection is not serious, however, since only entropy differences have 
s physical significance. 

A second objection may be raised Against S as a function of tlie 
tempera/ane: S tends toward x> ns T approaches absolute zero, 
leading to an infinite difference between the entropies at finite T and 
at T — 0. Thin difficulty is based, however, on jin unwfirranfe'J 
extrapolation of the formula (s.ilij down to very low 'TA. Indeed, 
near 7’ = U all particles crowd together in the lowest* energy level, 
so that the occupation numbers are % — H and all other rij, — 0, 
The Stirling approximation fur log «,! can no longer be applied. The 
correct value of J? rather is 


& = 


N 1 

HOlOh • - 


= 1 at T = U, 


m) 


80 that we obtain S - A’ log— 0 at T — (I. The classical proba 
bility formula (84a) then agrees with the Nertiat theorem: The 
difference of the entropy at T from the entropy at absolute aero of the 
oL&sgic&l g£ia ia finite, and S(T) actually elands for SIV) — SiO). When 
ever the entropy is calculated from the formula $ - Irlog^P, than S 
is normalized to aero at T = 0. Those 8-formulas which contain log 
T must not be applied to very low temperatures. 


* A definit e' Invott energy tovssJ in l exists only when we Acwjvt th<? discrete Lava-la ui" 
LjUiintuiEL theory. 
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§ 85* Entropy and Gibbs Paradox 

85,L A run I and Serious difficulty of classical statistics i- Mu; way in 
which the entropy eq, (K-IIl), depend* on fclie rolumt rather than on the 
temperature, Ixd two different guae* be enclosed in two separate 
’■ uttiaie.', \ tauh emitaiiimg N particle* at temptmitore T. The com¬ 
bined entropy of rite two separate gases then is 

5 — 2 X K7:(|rjg r + f log T constJ, (fci'a) 

W hen the wail is removed, the two gft&ea spread out independently 

into the volume 2T and the entropy of the nurture becomes 

S ' — 2 x NA:(]og 2 r + | lug T -j- const). fftob} 

The increase is 0" — S' = 2 < N£ lug 2. Tin* result is cjuite correct 

for tht- diffusion of two different gases r but the classical theory retains 
it also when the two gases in question. are titiku; indeed, the final state, 
after the wail is removes! is one s*f :;N partiotes in the volume 2l r , 
and the entropy, according to eq, (Hill), now would be 

S - 2N x /.{log (2'1*) + 3 I'tg T r ooilflt}, 
identical with the former S' for flic mixture, with S* — S' = 2i? log 2. 
We know, however, that the entropy does not. mcrcaar when the wall 
betVriT-n two like gas samples is removed. Kq, (H4h) is> wrong; it 
will be replaced in j$m'i by a correct quail turn formula for the entropy. 

Furthermore we have to solve the paradox of Willard (Hhtm who 
cxpi-'-r- S S o for the diffusion of two like gases, and S" — S’ 
-Nd log 2 for t he diffusion of two different gasim even when the* differ¬ 
ence i* indnitcHiinal. The < -ibbs paradox ia resolved by show ing i hat 
the Hccond purr > f tht expectation is wrong. 

A gas may lx; considered as a mixture of two "quite different" gases 
when it can be I'uuipli-tely divided, at least in principle, in two separate 
ga#s by the application of semi permeable walls or by other means of 
separation. As an example, consider two silver-vapor samples in two 
volume* I", the one containing N atoms oriented parallel to the 
-j- i-direction i, r s-ga»), the other with atoms of — t-direction. Two 
sunk ga.se* could be produced from ordinary silver vapor hy means of 
SterteGerla&h polarifccrH. and their mixture could ba separated again 
by an analyzer pitting f z and blocking — ; atoms (F%. +1.3, p. J II)., 
Diffubiun of the two gases would lend tu an increase 2h log 2 of the 
entropy per nude of each gas. The two gases are M quite different/' 
Suppose now that we have one mole of pure + s-gaw in the volume 
T on the left, and one mule of + 3*-gae on the right. The angle 
between the s- ainJ the redirection may be 0, For 0 n. the two 
gase* are alike, and diffusion does not increase the entropy. The 
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elius&ical theory rxpcet.’i nti enti-upy increa^a of value '2R log 2 as toon 
tis there is an angle ^ between 2 rind howevwr small, Actually, 
however, the difference S S' is §i continuous function t>f 6. Indeed, 
with respect to an analyser of 2 -direction the 4- 2 * -ga* 6 k a mixture of 
oos ! (0/£) mrdcH of j 2 gaa, and motes of — 2-gas, Therefore, 

when the wall in removed then \ sin 2 £0/2) mok^ i>J Lite — s-gas will 
diffuse from right to left, and an equal number of molne id’ the -f 3 -J£us 
will diffuse Iran left to right until right and left contain the Hams 
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mixture; the two schemes give the number of moles before- and after 
diffusion in the left and right compartment. The entropy increase is 

S’ - S' = 2 tin* £*) ■ H log 3, 

and has its largest value for 0 — IhiT (quite different gases), and 
gradually approaches raro when 0 -> <1 {exactly like gaaes), The 
classical discontinuity of £T S is leveled out due to the fact that 
the state z* contains the two states -|- 2 acid — z m compoWtn h with 
respect to analysers used in place of semi permeable wall?;. 


s?9y. -Quantum Statistics 

06,1* Quantum iutlstice is dependent on the principles of symmetry 
or anttsytmsictry diseuesed in Uhapter 1 X. With*>trt symmetry 
principles, a distribution of N parti vice a, h. c ( - - - over Z states 
A , B 7 C, - - ■ would belong not only to the product 

V = y/a) y H {h) ■ * - 

but also to aE those products, which arc obtained by the permuta¬ 
tions of tho argumonta u, ft, c f ■ ■ - as well m to all linear combinations 
of thrive products. .According to the symmetry principle®, however, 
only emu linear combination, is admitted, namely, either 
'J"V“ _ 0r l] w ^ v ± pq« 

ko that the statistical weight oi'a configuration (n. 4 , »g. - - -)is reduced 
from of eq. (84a) to w nUy. Esample i The six possible distributions 
of two particles a and b over three levels A r B, and C described in the 
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table below, TLi> last throe lines contain the statistical weighty nf 
ilit six configurations. The classical statistic of Maxwell“Boltzmann 



1 


it 


ft 

(M-B) counts 

1 

us hm different coses, naundv, 


and 

d 


u 


- 


- 


other hand quantum =qtntistir^ arierjbfA to the same configuration (lie 
weight unity, The difference between Bose-Einstein 1 (B-E) atatteticH 
and FtTini-L^iraL'- (F-L>) Htatisiiott is that the latter give® weight zero 
hi iIiu-m cofiSgwnitiojH in wlucb mure than one partied 1 m assigned to 
“iib state, in Agreement with the Pauli exclusion principle and the 
principle of sj 11 isyrnmetry, 
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0 
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Double occupancy is found in 3 out of y M B distributions (39^%J 
and in 3 out of ii B-E distributions (50%). 13 E statistics favors 

ci 'os ding together of particles, F-T) statistics has the opposite effect:. 


B6.2i Quantum statistics deals with -V miiiistiiiguistiable particles 
distributed over Z states distinguished by labels i, J, * 1 • The 
states may receive particles of nearly the same energy i. They are 
divided into subgroups of r u empty states. ^ oncc-occupied states, etc. 
The ,:hon number / - Xr„ allows many different “oonfi.gui«tioiiB, JI 
4 ii 4 - ■ and each particular configuration can be realized in many 
different distinguishable ways. As an example, consider the con¬ 
figuration 4 2, = 4. 4 = 3 for lu particles in 5) levcle; two dis- 

tingitisbuhie tvoys are shown in the following scheme: 


** “ 2* ^1 ■ t ™ 3 

I 

li 

Ji 

II 

JL. 

pt* 

A C - 0 - - 

/J 1 Ft J? ■ - 

if £1 H ■ - 

B A * D * ■ 

* J - ■ 

ff ♦ i - ■ 

F ■ 

£7 ■ 

Kir tit way 

Second way 


1 S. N. Dow, X Pftytik S 8 , ITS (hl£ 4 J, Emstohi, litrl. &r?, jilj fiflgi-, 

1 E 1 ••mil- X- !1G SHJi V. A. At. Dime. JW. fiW, ate. ^m) L12. 

HI 1 1 U tiO-1. 
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The various mtytt are obtained by permut-ation of the Z states j4, 
B, ■ * \ not counting permutations within, subgroups {A mid B are 
empty is the mini 1 as B and A ure empty), The tutul nuuiU-r of ways 
producing one and tlit’ Rame con figuration fa, i v z^, - ♦ ■) is 

186 a.) 


[compare with eq. (S tal | Mur prehtani is to find those nuuibeni 
2^, !!,,■■■ which maximize U' under the supph-nientarj' conditions; 

Z and £h=* — X. Supposing t hat the Z states receive particle# 
Csf the same energy t . the total energy is necessarily $ — t JV H 

in practice we have to do with part-ides of different energies *, e\ 
E, - ■ ■ However, we may divide ah states in groups of Z states of 
energy t, Z‘ states of energy e\ etc,. subdivided into subgroups so that 
Z = Z' = E<, etc. 


H r - 


Z! 


-U ! -| *"5I 


This relation Judds particularly tor gas particles in large volumes with 
a •continuous distribution of discrete energy levels which may be 
divided into groups of tiZ levels with practically the same energy. 
The numbers Z (or *tZ), us well the =„. *JV large numbers wo that one 
can apply Stirling's formula, Ing (-„?)■ r„(tog — l). This formula 
cun also be applied ill newe of z a — n, which certainly is not a large 
number; yd Stirling yields correctly log (u!j = II * (lug U — J) = n, 

A formula aurrespuurling fro rip (tffki) also holds for the configuration 
bt,, z\> * ■ ff with "ZZ',, — Z f in another group of levels, I he total 
number of ways realizing all these configuration^ aimultaneously in the 
2 4-Z' + r‘ ■ ■ levels i$ the product W = H" IV H T * * \ ho that 
bg W - log ir - Z f \Z log Z - log sj, (8flb} 
where Z* Indicates a sum malign over the various level groups. The 
most probable eonJlguru Lion is obtained by maadniteing eq. (ftSb) 
under the conditions 

2.=* = 3. SX - Z\ etc. 

^ SW = N (SGo) 

X’leZjtzJ = S^Vj=E. ) 

The sum mat ion over v is from u to so in case of B-E, and from n = b 


to * = 1 in case of F-U statistics. 


ifW. Bose and Fermi Gas 

87,1, Variation of the numbers f. " ■ t yields the maximum 
condition 

d log W = S'{S,(bgs* + Ife] = u 
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and from ftp (Sftcj 


= d, E n &£ — 0 , etCL 

E^E^nte*} = 0 , = <h 


Mu’f iptujatian r>f the first equations with Lagrange facto ns «, s\ ■ - ■* 
and >4 the w-coud and third with $ and. y t respec Li vHy. and addition to 
the main condition gives 

Epilogs* -r i + x' + Mefi 4- «/)&!,} " o. 

This relation holds h lent i cully for id I fc B . ietc,, only when every 
bracket vanishes separately. We thtus obtain the following set of 
equations: 

log =* -f- fJ + «) + mp + ny = <h | 
log i,, f f I -f a'I +- f’-rt/J - 1 - ?(.y = 0 , etc* 

hence, with B = t 1 * T ft* = r. v etc,. 


z H =- v \ z n — B*f.~ Mi ' r v \ etc; 

With the abbreviations 

£ — e" r , w — w* — ^e" ^ 

etc,, the lust result reads 

— fjf(£e _i5e ) tt — Bw n j - B\c\ etc. 
ft and il are common oonstants far tin* gas an a whole. 
The eoustwnl B is determined bv the couditkm 


(87a) 

{87b) 


(MTri) 


Z = E:* = B * E M u' n ; <67(5) 

hence. with n running from n to X' P or a = 0, I only: 

li = Z{1 — ic) | Lio.se-Einstein gnfi)| 

B - Z/fi 4 «’) (hermi Uinie gas). 1 1 
Of iitifMHiii.fteei for physical applications is the nmrafjp nttmhtr of par¬ 
ticles per .state of energy t. namely* 

1 jj •*■ JftfE*. 4 Ji | 

- t (87e) 


z n BXmi'* 
* “ %z n ~ BZur 


i q= it? ] 

i 




T * 


in id eonvc-rHcfy, 


FI- = 


1 x ** 


{Hit’) 


'I le upper sign applies to B-K statistics with summation from 0 to 
X. the lower sign holds for F-.D statistics with summation over n = i 1 
and ?t = 1 only. 

* Sw fiMtniJtb. ps^e 27, for mtimmatktfi nujtljoU. 
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The constant ft is determined by the entropy relation S l tog W 
i n., in the present case, 

S = AE'fZ log Z - 35**(bg E np* + « log £)] 

= l*r{2 log £ - Z log E} -f k}7E - ffl log l {St ^ 

au that kp — ifS/r/E. hence, 

f t - 1/vtT, 

The constant £ — <T ia determined by the condition 

In general. tills equation leads to a very complicated mathematical 
problem which can be solved only by approximation methods in certain 
limiting eases (see below). 

When Hose-Einstein statistic® is applied to photon# ii] a volume 
with heat-eoiidu<3ting walls of temperature T, the total energy is 
determined by T. but the total number 1 of photons within !' is not 
restricted by an additional condition. The Lagrange factor y ' n the 
foregoing derivation therefore is zero, and t = t~ is unity* The 
average number of photons per state thus becomes 

n{e) = jp— ^ (photons), (871) 

leading to the Planck radiation law. 


(87h) 


N =Al i Zh{ ( ) 


rz{ 


[87.2. It. is significant that the future results may also be di'rived in a 
different fashion, showing the principles of quantum statistics) in a new 
light, According to Maxwell-Boltzmann, the probability of a particles 
rising to the energy level r h proportional to t ' t# , so that the average 
number of particles in hoc It a level in 

n{e) = C$~ * (M B gas), (87j) 

with £ depending on t he total number of particles. Quantum statistics 
on the other hand, subjects the state*, rather than the particles, to a 
kind of M B statistics [compare eq. (84a) with cq, (88a)J t and assumes 
briefly that the probability for a state to be occupied by mu particle 
ijq proportional to 

u t =s w » 4C _/< ( (S7k) 


and that the probability for the same state to receive n particles is 
proportional to 




( 871 ) 


VtLAV JCI 


QVAPTf \t ST, I TisrtCti 


±2® 


irr&spf’ctire ofpermntalk/jj< of I which play Slieli im im purtunt 

part in classical statistics.* Thus, quantum theory gives the stunt) 


probability to the 1w configuration^ 


of the table on jj&ge 


*1 

m an d 

oj ^ fi>| 

—L?I namely, tx^jx-V 1 ® and rdwhc 0 , respectively, both being id. Tho 
average number of \ irtides in a state then Iwcomf.x 

2ft w.'. 2mw n tri f 1 %_1 


ft = J ~ 


w 


=(^') 


(87111) 


lii', i«j** I =F 
aa a short cut to etp ( @ 7c). 

We are now prepared to apply tho general results of quantum 
statistics to various limiting ctoes in which tho mathematical calcula¬ 
tion Can be carried through easily. Both quttUtum distributions 


*H*1 = (jr" Tl) ' 


(a?n) 


approach the M B distribution [eq. (871)j for small f. Tho larger £, 
tho more pronounced ttcoomas the deviation from a classical gas, that 
is. the qmittum degeneration 

Strong degen oration prevails in F-D statistics! when £-» so r and in 
13-E statistics «lion C -- I since a i-• i is to remain positive at all 
temperatures T - \ / k{L | 


§88. Fluctuations 


88.L Ai "turfling to quantum statistics, if w is the probability that a 
stale or level b occupied by one pruticle. then >s‘ is the probability 
that the same state is UMupieil by n particles, The average number 
of particles per state, therefore, is given by 


a = 


Ex r" 



hence, w =- 

l + u 


(SSa) 


vrlien summing n from o to qd (B-E statistics.). The mean square of the 
occupation number is 


■ft 1 




ft'd + xx 1 } 

7i «')" 


- re( 1 + 2$l 


(88b) 


Tile mean fluctuation d — ii — a is 

= {ft — x7) — r7 — n — 0. 


■ Irn.’Bprctivo (duo of fwirttcio* which L'Suoartu to fjceufiy ollieff nUUm, pruvirfad ihxil 
iV - > oo. 

t M ttoKioiwraei.oii" in coutrnai. to " ififlonBCMywhiuh Uaiiotoa Mtndnnirjiico ufcnerjjy 
Itvok. 
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However* the mean scjuaro fhictiiatitm, also known as the dispersion, is 
a* = fa sja .= fa 4 + w- 4 - 2ftij = i* 4 - ?7 a £8 «o} 

ami in (.ho present case, with the help of etgg. faHu, bj, 

0* = W{1 + 2«) — it 1 = ft* Q + 1 j. fafeki) 

The mean square relati ve HucLuation or the relative di&per-rion is 

3 s l 

— s=—f- l (Bose statistics), {83e) 

7i 2 n 

Approaching the classical value I/d For it I. 


38.2. The corresponding results in case of Fermi statistics are 


it — 


Ou 10 + I tC 


u: 


I + u 


■ hence, in — 


iS* -j- in 1 

n* — n, rS 4 = a 1 — n 1 = — ijh 


1 — fi 


m?) 

(HHgJ 


eh> that the relative dlfoperHinti becomes 

\ = - — 1 (Fermi statistics), (S8hJ 

w* a 

which is always positive since f cannot exceed unity. 

Instead of one, state containing n particles. consider a group of 
Z ii ah able states with X Zil particles. The dispersion ie? inl¬ 

and the rektive dispersion then becomes 


ZN 1 

N* 



m) 


approaching the cListica) 1/A For N fZ <C L 


§89. Weak Degeneration; the Chemical Constant 

89.1. YYc now discuss the limiting case of small £ {weak degeneration, 
similarity to the classical distribution) where 

Mpr)i = w = £ e~** (WUaJ 

with the classical value [eq. (Big)]: 

^ W^‘ fOT{< '' <89bJ 
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which in M-B statistics obtained for nil values of The condition 
€ '-'4 J i* nat idled because nj email density N/f down to t,]io temperature 
"I t’orirk'n^ition [excepting hctlium, which condenses at only 4,2'). 
The ga- «y{ r_ j i.nduetion electrons in metals, however. hag such a large 
density N/] and itteh small tuiuuuw u that it, lead? to strong degenera¬ 
tion I’VL'n at room temperature. A temperature of 300 absolute is 
‘low for electrons 

In the approximation of small 4 the total energy of the gas is 

E = [! NAT. <S9c) 

I ne tniropy 01 lb. 1 gad, ewn in caso of weak degeneration, deviates 
essentially from the M-li value- With 

id — = fs(s) < l, 

both expression!? l$7d) reduce to the Comnion value 
tog H — lug Z — w = log Z — 

The entropy, pq. {H7g). therefore becomes 

S - iXZHfi) + HE - N log 0 — i Jn + ®,- K log {); 

hence, because of eqs, (8&b, c), 

S = i-N j I + ■■ 4- log ( fl.) + * lo 8 T + log — 1T ^-j- (8&d) 

Tin;* result lor a quantum gas of weak degeneration differs from the 

entropy eq. (-S-ib), ufu .VI B gas. 11 Wo non have the term AN ‘ log 

in place of r,ho former IK - tog F, This modification lenders the 
quantum result physically acceptable, in contrast to the paradoxical 
-M-U en(ropy Indeed, f lu- total entropy of two like gas samples of N 
atoms ui two separate volumes 1’, actor ding to eq. (b9d), is 

S'= 28 = 2 xiN (• • •+ l0 «(s) + - ■ •}■ 

After diffusion. For a ga*s of _N part ides in the volume 2 V the 
entropy is 

S' = I x ss {* • ■ + I°e~ + * ■ | 

I’ho two entropies agree, Mutual diffusion of like gases in tike states 
does not ifif reuse the entropy. On the other hand, when two different 

* Tb'- ,-U- iim.1 $ l- .. i. I ruin Jim ciuwntwu £ -nf n ciUutinJ yan by iMJclitEwa cif 

IN log N luff N ■vibicb nriii>unts Jo mu]t i pyinj> the quiuititm prtthiitulity by 
n jKTTiuitAJion factor H ! 
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gasea diff use from the- scpurale volumes V into the common volume 

2Y, the entropy increase iw 

S" - S' = 2 x JfcN [ log ! yj - log (JJj = its log -i. 
Quantum Htatint-iog thus solves the difficulty of §K. r p. I. 


89.2. The g&a prentuw f originates from moefaatitoftl impulse trazis- 

niiflaiuiiH to the walls, and in 

N •!„» = 2E wh(|reB = ntT . (Mo) 

6 1 31 

W r o thus have the usufU equation of state p) — NA’7 . or — BT per 
mole, for the diluted quantum gas* The entropy per mote, eq* (Bfld), 
may then be rewritten in the form 

S = ft j* log T - log p + log — ~\- lj- 

^Suppose, new, that the gas is in totit-ftct with its condensate so r.liat. I 
and p are the vapamation temperature and pressure, The entropy 
of the vapor b defined as S = fdQfT. with heat supplies dQ beginning 
at T It in the coxidonaed state mid ending with the heat of vaporim 
lion at. 7’, which gives by far the largest contribution tv the integral, 
1 hat we may approximate S — QfT on the lefts ul eq. (8flf), Solving 
for p we obtain, with It ~ c t , — laolal heat, the following vapor 
preMUre formula of a monatomic gas: 

= i^J 1 ) ‘ * ■ r „/n e eJH g . QfRT (8flg) 

k a 


This important result, first obtaintwi by .Suekur und Tetrode/' spedfiew 
the constant factor In the vFipor-preaatin’ formula ah the lesuH of 
the quantum theory, whereas in preqtmntucn days the constant factor 
could be found only by an actual measurement of the vapor pressure 
p at one temperature T . The additional constant in eq i'HIM ), namely, 

Jlo t*#* 


h* 


(89b) 


in known as the rheniiml anitfaut of the monatomic gas, Similar 
oonstimts may be calculated theoretically for diatomic, etc,. ffiMs** 
The chemical gaa constants determine the equilibrium between dia 
rodatinu and aasociation in gas reactions, according to the mass action 
Jaw of Guldberg am] Waagr. 

' fl Riudcux, .4an. I’kymi 36, HAS i Ittll'i. ll< l 'IphId, ifcAl. 38. 434 i 39. ~M (lUIJh 
* O- Stem. t*f\t/fik. ft 14. 029 (1913)1 Ann,, Phy*th 44, 4BJS (IflHl. P. Khwn&rt 
*od V. Tiieal, ibid. fls. m* (1021). 
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Although quantum gases of weak degeneration do not differ from 
oliiasiml M-B piwcs, quantum statistic appears to go beyond the 
oIsshvh! entropy deform in stunt «vm in tbo M-B limit, insofar as it 
seems to lead to a definite absolute txdur. of tfa. miropy. Actually, 
however, the 1,1 absolute" entropies ofeqs. (S&d) and (&Bf) are entropies 
in exce&p of the entropy at T = U where 8 — k log IF =- 0, since 


-90. Strong Degeneration of a Fermi Gas 


00,1* Atomic and molecular gases of low temperature and high densitv 
usually ci mdense under van der Wa&ta forces. Gas degeneration occurs, 
0)3 i he one band, in InMum near ak-ir.diaU- zero (li-K tf iitistiw] and, i>n 
the other, in the gu> of conduct urn electrons in metals (F-D statistics). 
The following discussion of the degenerate electron gas rests on the 
simplifying assumption (.hut Coulomb forces an 1 negligible, so that, wo 
have a gas of free electrons. Ever}' quantum state uf motion can bo 
occupied by two electrons nf opposite spin. The average number of 
electrons of one spin direction per quantum state m 



(00*) 


where we have introduced the abbreviation 


e 0 = &T log f. or t = 


(90b) 


Low 7 belongs to large £. 

/. C «>■ When 4 is very largo, n{?.} changes rather abruptly 
from near unity to near zero when £ passes through r fl . as Kiinwn hi 
Fig. 11 da, [ he dotted line represents the raise of complete degenera¬ 
tion occurring at T — 0 ; all the electrons are crowded together in the 
Z = I N lowest, energy states, two electrons of opposite spin per level. 
The largest- momentum value occurring at T —- 0 is determined as t he 
radius p 0 of a sphere in momentum space (Fermi sphere) by tbo equation 



(90c) 


from which follows, na the maximum momentum and the maximum 
energy. 


'WAV'' 


h* / 3U 
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for an election r>n (.lie surface of the Fermi sphere. The kinetic energy 
of the whole electron goa at T = ii. with tlZ from eq. he cornea 

{** * Htt F 

# 0 - ii I ‘ k ( 1 > 0 e> 

ami finally 

E a = ^ Hf„. (SWf) 

u 

EfJ N i-H bJie mean energy per electron at 7’ 0 ; it depends only on 
the density N/l‘, ap.iri from universal At T 3UU the 

product f&Q iw still of the order* of itP so a- to yield a large dearie ration 




Fra. 11.1. ja} Tbe dJiLfLljittkm of n Fermi vj & tiver tbc ermrgy ^pretmm Tl» 
Uottefl ijjh* ii i I;> ■ ir ■ ■■- i hn 4i-'i1 nliutiou at abirollltfl ieero^ (ft) Tile dwtrfbutiefi S t ft it 1 " 1 
over tins energy fjh'H min iii caso of h MiiS‘^'e]l j I3i)[t7jni.vrei; Ll. IJcwB-Sflifteiil i HI, 
I'V-tiaJ. IJjr«f? st lit ist arn. 


parameter £. Room temperature thus is a 'low” temperature for t he 
electron gan f with otily a small percentage of the electrons outside uf 
the Fertdi sphere. 

//. 1 . In ease of strong degeneracy the distribution curve 

■ m {4 of Fig. It, la him a con rid ei-uhle slope dnfdt only where it i a close 
1,0 tilt' pinint i =■ i This fad. con he used, according to Rominerffeld, 
to obtain LL.il approximate evaluation of integrals of the product of 
with any function $(y) tinfdr. Indeed, when one expands ^ near 
£ — % hh a Taylor series one obtains 


J>> 1 1 * - HT f df+ SI 1 ta - ,o) £ * + 

i SIi [ * _%,t S‘ fc+ .■ ms) 

m f a \m Of tills ordnsr of 2 X I0' jl prg whftTOW It2* at T ^ 3C<I is <1 X. 15“ 13 effl< 
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The first integral on the right la «('c 3 ) — n( 0 ) = 0 — 1 =— 1 . The 
ATcontl integral vanishes since dnfdr nt'ar how the same value for 
positive oh for negative values of '$ — p frr The third Integral can be 
evaluated by an Fixpansikm of dfifth near r, and has the value — ^>jfc7 T } s . 
?o that one arrives at the approximation 

[%W *- M - H*m' (~) ..+ *■•■ (MID 

Integrals such as etp (OOh) occur in the folio wing derivation of various 
physical properties of a strongly degenerate Fermi gas. 


00 . 2 . S/wifii: Hmt. 
gas aw 


E = 


The energy and the specific boat of the electron 

* f/E ehi dZ t 

2jV mdZ t c w - — - 2jp — dt:. (!hii) 


From ti'.| (00a) we have, with J- = pte— q>), 

on Bn Bx _ Bn tJfj |~ e — f 1} I Be^ 

BT = BxBT~ Be L kT* “ £T Bf] ; 


hence. 



v dZ Bn J 


r/q, , dZ cTjr 
dT J r/i Be 




When the first mrejrdl ift n .iomIj pd vuh tin* help ■ -t i■■ j (OtigJ ^ 
vaiiishf -i, In the second integral, which lia? the small factor diJdT. 
we may neglect t In * second term of oq. (OoJi), We thus obtain 


2 {nkTf d ( dZ\ , fat dZ\ 
f " “ T S ‘ ie l ' rfi /,. + ' dT V if I.' 


(&0k) 


To find d,- J4T we list* the fact that N in eon stank h and, 
dN _ CB n __ . dZ 


d N J on J Bn dZ 

0 = — — 2 I — dZ — 'A I — Q&, 

dT JBT } BT dt 


When one substitutes ei|. ( 3 >i>jj the integral can be evaluated with the 
help of eq, (90h) and yields 


2 {whTftl(dZ\ , „d*t(dZ\ 

' T 3 de\deh^~ “ dT Ur A/ 


(&01) 


The value of deJdT resulting from this equation substituted in eq. 
(00k J yields for the specific heat at ’Tow” temperatures 



k*T = —. 

2 £’(i 


(90 m) 


1* 
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The specific heat is pro portion fi I bc> T but is small oven at T 9KJ0 
so that the electronic heat- is negligible compared to the specific heat 
of the lattice. 

90»3< Tkt magnetic tu&teptibility per mole is defined as the ratio 
X — JtfH where <Jt is the resulting magnetic moment per mole parallel 
to the field K. is composed of the positive and negative OOntribu 
lions of various electrons. Electrons bound in atoms have negative y 
(diuiniignetism). According to the quantum calculation of Landau,* 
however, free point electrons have positive quantized magnetic energies, 
\Ve are concerned here only with the % produced by the magnetic 
moment of the npin which is 


wi 0 = one magneton = —- 
2 /ic 


(ttOn) 


ami is oriented either parallel or antiparallel to the held H- The 
orientation with negative magnetic energy. - w,H is the niort' stable 
one. The resulting moment.-#' depends on the numbers a- and «+. in 
the two orientations, namely, with t. — kinetic energy. 


I 


n i = 


exp/?0 f m <t H — q,} — 1 


dw 

The execs* number of w_ over v T for small H is ■* - so that 

wf 

fdn ti% 

J(«_ — If a. )tlZ = — 2ttlgH | ——— dz. 

J B£ Iff 

C dZ\ 
—) * 

Multiplication by Nm v gives the magnetic moment per took ; 

.# - X imsH = X2mfr ^ (*!*•)* (Mo) 

and the enaocptibility ]ier mole % - ,#yH with from eq, fund), 
toettmea 


'V .... s /tel V- 

*^5?- w "Uy ) ■ 


(imp) 


X ia positive (paramagnetism) and its magnitude is nf the order of 


1 L. Lemiiau, Z. Fhy^k 64. 0L'O \ JUtL'ii 
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I" -5 rtou dye tath.fi spm, The di&magrietio contribution to % owing 
t-» the orbit a of bound electrons is only of order lo -T emu. 

All the foregoing conclusions we? re based on the assumption that the 
conduction electrons represent a gas of free electrons in space. Actu¬ 
ally. they more in the periodic force held produced by the crystal 
lattice, Thin has a Far-reaching influence on the energy spectrum of 
tha electrons. Whereas the free gas has a tpmsi’continuity of Jevols 
whi'r^r denrsity is described by Jeans number, the lattice splits the 
energy spectrum into +l energy bands" separated by gups, Those 
substances in which the highest energy band occurring at T = 0 is 
completely occupied are itwit Inters,. since any ohangoof the dist-ribii 
tian of the electrons over the energy levels would require a finite 
energy supply for bridging the gap. In the opposite ease one has a 
conductor, 

There is t-ji> room here to discuss Wonamerfeld's* general theory of 
therm--electric phenomena in conductors, and the lattice theories of 
Bniiouin. Bloch, rind others concerning the dissipation of electron 
waves r 


§91, Themuonic Emission 


91.1. Direct evidence of the degenerate electron gas inside metal* can 
be draw ■ from the therwinu ■ ■ emissitm* of electrons from heated metals 
' R k ! i ■ 1 : ■ 3 ■ i, eft ci • t) > m ppi isc t hut t !i e elect rt ms have p< >tcnt in I energy 

— i inside the metal, Duly those can escape through a surface it— 
fiimst whose kinetic energy in I he ,r-direction, l /jrp is larger than £ e „ 
ifrtartf The number of electrons in a velocity interval 
per nziiE of volume in classical statistics [of. eqs, {t", g)] Is 


£e '" ir T “ vd^Ftr. e '*'»***-' 


(01a) 


when- 1 1 -.’ • v Integrating over dcjlr : and using 



we obtain for the number of electrons in 1 he intomd JV r per unit of 
volume 


dtt r 



ir a . 


(Bib) 


' A. Sittnmej-feid. Z. Ftyitik 47. I I Ini'* l. 

* L. HnEliHiio. fo-s rii\irnjiiitt i ttffit Ftartm {3W3I). 

' J. A. Paskw, ‘ TthsnrUnnk Ivnumiim," tiev, f 'hy* 7- S& (liMMj), 
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Only those electrons penetrate the surface whoa® Ik larger than the 
critical Telocity, t\ — The charge escaping per unit time 

and unit area thus in 


j = 





(flic) 


(f_ roproRcntfl the cleokouic charge, distinguished from the energies 
f 0 , etc,), Integration yields 

j (oid) 

Quanlmn Theory , The number of electrons per unit of volume in 
a velocity interval, according to oq. (SK)a), is 

S *W y = ^.% + , ({‘ )'w*. <oa) 


The thermionic current density then becomes 


3 =*- 


2 p a 
*■ . 




ill:. 


exp + J 


The hisE integral in ease of strong degeneration rnav be simplified lay 
omitting unity Ijetrido exp, Tiie integral then reduces to 

i=*.I'^w , y**')** f > 

and finally 

Ajrfi 


J = 


A« 


.[kT)* = AThr M'. 


(ftlf) 


f„ — r c is a negative constant. Indeed, if were larger than s r 
then there would he an enormous number of electrons, near the arnface 
of the Fermi sphere in momentum space, capable of leaving the motel. 
Actually, the thermionic current is due to a deviation from (Tie 
degenerate Fermi distribution, so that some electrons have l«t” > y, 
in spite of q, < f„. 

Experiments decide in fnvor of the quantum result., eq. (sHf) r and 
against the ol-iisidcjd formula, cq. (Old). Although 1 iio gas inside the 
tnetal is strongly degenerated„ the velocity distribution of the escaping 
electrons conforms essentially with the M ]!■ distribution. 


§ 9a, Strong Degeneration of a Bose-Emslem Gas 

92,1, Helium at very low temperature® is a liquid tiuit shows Heveral 
features of ft strongly degenerate Dose Einstein gas. f^et iih discuss 
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the extreme case of tomptete tiegrturirtion of a B-K gimp The general 
ocoupation formuIn 

n(F) = Qe*- i] (93a) 

rvJuoes, for £ =1, bn 

>, — |> ,Jr — I ]-• [complete degeneration), (fi2b) 

-::i'sr,:ri jil stands for M <swnptate, ” The total mirnHrtr of par lrbib ia 
in this cate Lh 

N, - j '„4Z = fWwte'MT)- JJ-* + ”' pVp 

or with the help of the expansion 

M * 

I 1 1 ■ vp i ra, lj-t x*di = t*''[I £-■- + r 1 '* + ■ ’ ■] = 

Jo 

N _ (SSjrjuIrT 7 ^ 

T ~ 

iVunplerr rte^enofabiuti at a given temperature jvskti for a definite 
density N/1 N, / I' On the other hand, a given number of particles 
m .i giv.-n vessel *.■• h given density N/1 , will lead to complete degen¬ 
eration when the temperature h 

„ / H V* A 1 

’ “U.81217 2^*' (92<1, 

■ - ■ iii 1.1 ion wiLh N < N r occura whoa T < 7\. Whan 
1 he temperature in Imw-ii I in T • : T, the gas peon* into & state 
of tinniiotl with N< N,-. lu he* disgnjSBExJ below, In ail 

times, except for T — T e with £ = l t the petnmieter f will be lews than 
unity and will 1>c detent lined by the eoiidttn.ni N — }n[t:)t}Z on a, very 
complicated function of N/I and ft = I jkl\ It is much simpler, 
hem i-ver, tii express- £ in terms of the number i\ 0 of particle® in the very 
lowrit level, which wo suppose to be a mthdegenemte level of energy 
at ru. n lt is Jt certain fractiim of aB particles, — yN, where g u Jeon than 
unity With the help ofrep (S>2e) and with e a = 0 we thus may write 


lienee, 


»„ = </N=(‘-l) ‘j 


I 1 1 

- = 1 + - - 1 + —. 


(Ll2e) 


i " «* ’ ' r/N 

With this value of C the general distribution formula. { 92 a) beetimea 

*M = [(1 + 4) (HSf) 
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9ii.£. We nnw have to distinguish between two cases: 

/. T > T r huttOB N < N and l/</N not negligible produces a fnirly 
* mouth '.iimnbsrtion of the particles among the levels, and «(e)gradually 
deercA&CH with increasing r: r Yet every individual level carries only 
llii bifinitcsima] frantiou of till purtioleu, J4 1r as well ns the other /4(*■). 
ant- of smaller order of magnitude than H itself. The result is a normal 
non degenerate gas in which no level plays ati exceptional rote. 



Fia. 3 t.S. Spedlin hrintM. (oalfg Jkigj of liquid helium. 

& il^mnnatnu nf April £1, IH3£ 

[Z MiSL-iirumnirit.h. at April iH. I&32 
Kl'I'MUII Mill I' I'ILHI 11 :! 

II. T T hence M N, iViiiietdegeneration) oecura only at very 
low temperatures where the number % =-/N of particles occupying 
t he very lOwSfffc level is a considerable fraction ul id I |iiiriaclf» ol the 
same order of magnitude its N. ao that not only H but also K a = ?K 
is a large number, Under these ciroumsUnePB wo may neglect /or the 
higher tevcU* the fraction iftjS Ijcstde 3 hi eq. (Ihif), so that the occu¬ 
pation number i»(e) of the higher leveLa reduces to the value which wp 
form o rly ft u uvl ft ft the .'■i ate of cam j > Ft U ilfyf* *■- ■ *mt to n , i l| j (1* - 1 * ) . We 
thus have a distribution w her e NY particles are allotted to the higher 

p It- ertn Ijf rttfnMi UiuL c]io umisbcr ru oi‘ partlclea in (he ncxl higher Inv-ol c t rjf 
smnlli'r <irrli*r tlimn H wlwui ie of order Iff. Fnr mj csnvt- theory im c-ii-w- «r ft 

failure of tbs fitLrlinj? fontiulrt. nyfiir to (J. Sctiuberi, “Zur Bonn ril.iil im ilc." Z. Xultir 
fvr*rhun0 1. 113 (IIUO); A, Somiu^rfrld, tie. 
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Inwls ill ft State of comply degeneration, and the remaining N - N. 
particles settle in the vory bwoat IpvpI, ^ — ft. with occup&tbii number 

7h = ffN = N - H e 

in a sort of condensate pervading the whole volume, When the 
rr-rjijM-ri.il im- is raised, the number N.. will increase, according to eq. 
(liLh'i-, rii the expense of, and by evaporation “ from,, the condensate. 
I’li*’ is comparable to fi.he evaporation of a condensed anb- 

skmec appended in its saturated vapor—the? vapor, in this -cftse, being 
reprinted by the degenerate 
gn«. w hich alars completely 
degenerate until all "'con¬ 
denser! " gjLs, particles are re¬ 
moved from f(j except, for the 
Eiiiinilr-.dmal fract ion normally 
remaining in f(1 , This is Lon¬ 
don’s 15 theory of a B-E gns at 
low temperatures, 

Below ft helium freezes tit 
pressures p > 2ft at m. At 
lower press tire and below 1.2 
absolute it is a liquid. When 
it i.s cooled below 2 . 18°, ordi¬ 
nary liquid helium (He I) 
turns into a modifhjat ion (He 
ri) w hich behave as though 
it were a mixture of two 
sid-stances, one with ordinary viscosity if — 10— 5 r the other a wper- 
practically without viscidity (jj < hi 11 , Kapitsa) and capable of 
leaking through narrow channel* uf width lP“-» to ]i>-* cm independent 
' d l hi' pressure lien I and the lengtli. Apparently the siiperfhud consists 
of ' condensed “ jwirtioteB of aero energy- The euperflow, according to 
LSj 11111 1 and Meudelswilm, 11 is analogous to the electric surface current 
in 'tHprnctmdactor* near absolute Kero, 

Liunion's theory Ls confirmed also by the strange behav ior of the 
sjHwifie heat ( of liquid helium found by Kcranni. Whereas f ' vanishes 
near T — l> in agreement, with the Xernst theorem, the f-ourvo show's 
» rise- up 1.0 the temperature of 2.18' only m fall suddenly to ft 

tower value, vilhikr to a Miw-k lambda {Fig, 11.2): 2,IS Q is denoted 

LIJ V Tension, JO-chij 141, fi.CI I'hj/,*. flrr 54, 'HI i llUMi. K, K. Durjviwr, 

’Ketium lln- Stiparfluhb" jFfcrr. Mml. IS, 257 l IdPU- 

11 Ji C. I >nunt and K, ikyulul^foKn^ A 'Mure 150, fiCU 



Fire I 9, Tlw qjsciSQ.tiuiit eiiTino rjt iin 
Bh ins--R i rwilrin ucctirdlttg: Us I^ndan’i 
njiruiy, 
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oa the lb point, Qualitatively* tho same result is obtained from the 
London theory ('Fig. I J.3) t hil«] is explained by the extraordinary hoot 
supply per degree of tern pGrature esquired for the ‘"e vop^rnt tmi” process. 
We have here one of the most spectacular confirmations of quantum 
rneeh anirs, in spite of the fact that the present thorny applies to a 
perfect gas, and the experiments are carried out wit It a liquid. 


Summary of Chapter XI 

When N particJcsa are distributed in groups of n i]t a,, etc., over 
energy lev ids f 0 . i-fc.. the classical statistical weight of such a disfcri- 
hufcirm h = N'/(w n ! 3 ■* ■ ■), whereas the quant tun theory gives 

statistical weight 11 — Z S/l^ 1 - r ’ ■) i,e., Dose-Einstein statedir:a, 

corresponding In l F ftmotion# fljftum* trie w itfi respect to tlie eo-ordinates 
of like particles. Fermi-Dirac statistics, which crniea ponds to anti¬ 
symmetric T-funetions and to the exclusion principle, counts only ^ 
and r c ns different from norm The average occupation mini her of 

a state of energy e is v*(ir) - ^e lT * f : l J with minus or plus sign for 

H-E nr I' D statistics, respectively, with fi = 1/AT. and with the 
parameter £ depending on the number of yuirtiok* fier unit of volume 
and on the temperature, £ - 11 gives cilusfiiciLl Maxwell-Bo Itimann 
distribution, v.'.fr) = £e" flr : nevertheless, the entropy of tIII? diluted, 
quantum gaa, S = A log 11'. difftorv from the entropy S - A log i? of 
ii M ll tins, Whereas the classical entropy leads to physically miftc 
ceptahle results (Gibbs paradox), quantum theory admits the existence 
of intermediate coses between exactly like gases and completely 
different gns-&&. It. also yields the correct constant factor In the 
vnpor-proatittre formula of diluted gases and thereby determines the 
chemical constant. 

Whereas, atomic and molecular gases at ordinary temperatures are 
only slightly degenerate, the conduction electrons within a metal 
represent a Fermi gas of strong degeneration. At T — 11 all electrons 
settle in pairs with opposite' spins in the LV lowest energy levels, and 
even at room temperature the degeneration in still very strong. Tliis 
explains fche small contribution of the conduction electrons to the 
paramagnetic and thermal properties of the metal, and the deviation 
of the the rm ionic current from the classical expectation. Liquid 
ludiuui shows several traits of a degenerate Bcjse-Einstein gus. A 
given volume at a given temperature can accommodate not more than 

■ QwinUiiuivp ngnHOUBbi would pniviul if the 2'V»-lftv* oq. nj$c), Veirr> mjiliu-ml hj 

ft 
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fi certain mas in tu tn numbei uf atoms in the normal B ft distribution* 
The atoms in excess of this number stifle In the lowest energy level in 
n sort of condensed state, whose “evaporation" with Increased temper¬ 
ature explains the abnormal increase of the specific heat to a sharp 
maximum i./-point l. marking the completion of the evaporation 
process* 

(Jf particular significance are the fluctuations of the density distribu¬ 
tion m a quantum gas. The square of the relative llucliiation, 
/|l _ ^5 \ s j 

I ’> lias average value - T I in case of E-li or F-D stEttiflliciH, 

re.-jM'i^ivt-Jy, in contrast to the clasaicuJ value 
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^93. The Special Theory oi Relativity 

93.1, Tfa Lorcntz Tmnsfarmatiun. We begin with a short review of 
I he classical theory of relativity, A co -ordinate system $yz with zero 
point O \nay contain clocks indicating the time /, Another system 
x‘t\fz’ containing clocks /' may move with conatfllil velocity •*' with 
respect to the fiwt system. »o that O and O' coincide when their 
clocks show t — t‘ - 0. At this time and place a light signal may be 
tlaahed. The experiment of Miohelson and Morloy then shown that 
the space ami time co-ordinates "f the emitted photons satisfy the 
relations 

x 2 -f Sf 2 + £ 4 — os well as x"* • fi'~ Hh - ' l =■ 

i.e., they form an expanding sphere nrmmd ft as well as* Around t)‘ 
as center. When the notation 

= x ,)/- s, ief and — -r', y\ z% icf (93a) 

is introduced, the same light spheres are characterized by t he equation 

24 = = 0 

with sum mat ion over k and k' from I to L Eq. (93a) introduces 
Minkowski b 4-dimensional geometry in which Clio world distance hs 
between any two events is the same in both systems of wfeMice, 
O and 0\ namely, 

d#* - £&j - 2*4, (0$b) 

where Ar A and dr^, are the co-ordinate differs now between the two 
events in thr- co-ordinate systems O amt O f respectively The space- 
time nr world distance between two events connected by a light, 
signal (straight path of a photon) is zero, The tnuiftfonnaticm 
(93&) leaving Av an invariant i.s granted by a timfary MHwitwtfr 
transformation : 

&r* = 2 t si ti: .(5j' J ,r and conversely, Aafy — 2(93c) 
240 



CHAP, Sit 


Tin: mu At jeist rtioy 


241 


with transfurmation coefficients plireetiorud coHincs] satisfying tho 
following rules i.»f narixmbwWion and ort hogonality: 

v — 1 for k = l \ 

Vi*^i- = 0fni . Jfc9t/ J (® M > 

There u no difference between n L . L , Jim! although we prefer to 
write k an the first and k' a second Index. l.>n the other hand, t}]e 
hvc ei 'i-ffieients o.jand te, , 2 , t etc*, are net interrelated. The unit ary 
transfcinujitipn, eq. (93d), froiu the system 0 to O' becomes a LorenU 
fraitxforuuitioTi in spuce-time when quantities with ewe suffix -i are 
purely im aginary. and those with an even number nf 4*s are real, in 
iiddilkin to 

o j4 . — ii h .i and it iV — real and positive. 


Ai* an example of* Lnrentz transformation consider two systems 0 
and O , the latter moving relative to the former with velocity r in the 
j' direction. When the abbreviation ft = i*ft in iifiSfl, Che transform!!- 
ttuii coefficients are 


“j, v = fl i, v — «uHh 0) 

_ j’d 

4' = ^ _ pfh = ~ a i.r f= - 0) 


f03e) 


and all other coefficients .q. , 0 and 1 , respectively. Rule (Ibid) is 

satin tied. Owing to wp (Ibic), the co-onliiiat.es £ k and of one and 
the same event are connected hi the tr&nsformatiott formulas 




+ rt f „ , , , (' + 


fi rid, conversely 


X — vt , , , 

{ t _ y -y** ***** - 


t - {xfi/c) 

\t—ftp 


(mi) 


toagi 


supposing that O and O' oomciide at t — f — 0 F Eqs. and (03g) 
satisfy (he rule of in var! an do , eq. (03 b), 


03.S. h'<ei Length find Proper Thne. A rod parallel to the ^-direction, 
ami hated in (-he system 0‘ shows its rti&i hwjih dr when the two ends 
are rdhservud militant m-dy, for dt f i= p, Its length rise relative to the 
system O, with dt — «>, is obtained from eq. (93g) tvs 

dx = dx'(l - {fl3h} 

dr is smaller than the rest length dLe* (Loront/ contraction). 

A clock fixes! in the system 0" shows tho proper Hmr interval di r . It 
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differs from thy thrm dt read by the various docks fixed in thn system 
O. The relation between dt' and dt fur dx' — 0. according to eq. (fllif), is 


dt = 


dt' 

ii-W 


(93i) 


The proper tame intervals di\ often denoted by dr, re nborter than dt. 
The traveling rtoek ages more slowly than the cloaks at rest, which 
it passes. 


93-.S, !h(hnm tf*. Wo pustulate < I nit tt», itx, ''re., together with 
— ftid — pic, are the components of a t-vector of invariant value, 
namely r 

— c a ) — invariant. (D3j) 

This expression must have the some common value in various systems 
of reference. Henoo, p must, be a function of n. In particular, when 
//„ is the rest mms, the last ''quation yields 

^ - c>) - - (03k) 


from which follows 

_ Pa 


mi) 


These results hold for free particles us well l*s for particles in fields. 

In rase of free, partxchjt the physical meaning of the lirsi three com¬ 
ponents of ux is that of moment urn. p<r= J4 is canonically 

conjugate to the co-ordinate x — and p x itx t — Air is l-ou jugate 
to kL Howe vet t since t is known to be canonically conjugate to 
the negative energy, it follows that j? t = ict is also conjugate to iEfc. 
Hence. p 4 must bt identical with iEfc. We arrive at the following 
identities: 


M - P* = Pi — P* 


iE 

= P fC = P* = — 

C J 


for free particles. 


(H3m) 


The last row contains the famous Einstein rehitiun between mass and 
energy, 

E = pc 2 , for free partides. (93n) 


Owing to eq. we also h&v*\, for free particles 

(A + rf + pi) - $A E = ± c Lp* + fftfff 1 '- (»3o) 


Negative energies are important in the quantum theory of the elect run. 
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£94. A Point Chaise m a Field, 

94.1. For partiok-y in an ekotronmgmiLb field it, \a natural that the 
energy i-r the sum of tile field less energy = kinctio plus rest energy, 
ond potential energy eV. where is the scalar potential, 

C — jic- -j- t \ Is the total energy, or in Minkowski notation: 

Pi = v - ” (pc* 4 eF) — p& 4 + ^ <t>, (94a) 

C C C 

when i T is introduced as the fourth component of a 4 vector potential 
* whose first three oomjjonenfcg are defined as the components of the 
vector potential A of eleottodynamios. We therefore supplement 
eq. (94a) by 

£ £ 

Pi = P* = ftv t + - A t = fix j + - dq. (04b) 

E G 

etc. Just as the energy is the sum of rest H- kinetic 4- potential 
energy -• 1 the momentum p id the sum of kinetic momentum, fix, and 

€ 

potential momentum, -A, There is no rest'momentum, 
c 

Vice versa, the kinetic momentum is- the difference between, the total 
and the potential momentum. J'hj, (93m) has to be genera lized in the 
presence of a field to 


(04 ft) 


may be 
(04d) 

(64e) 

Jiiin expression .W , of in variant* 1 value sscro, is introduced as the 


* _ *- . 
P*i = P* = Pi - , = P* - A 

! C 


= Pi - ; (A t - e F), 

c r 


The invariant equation (Tklk) holds &a before, but it now 
written as 

or also, os n generalization of eq. (93o): 

/- (j>. -;♦*) + W - u = it. 


* p nsiiiAEiifl jl -i■ vflfiLtir i lSiui in quantum mpelisnkts, p y *tMidfi for — tA3/3®|. 

Indeed, the lrmidYimiutir,ni fcw tln» ir~ <-{3x f to n ui'w Lumiil*. nytton reads: 


3 

a**- 
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/nwc/tW of a point electron in » field. The definition, 
<■■11 i mej, ivf W is j iist iiiHH 1 because the eurresponding canonical equat i. tzus 

dx t 5.3T dp k DJ? ... ,. _ 

~r — V - ’ " 7 " = - T~ Tt = Jff i W a / e ^ " = proppr t]nkp l 

ttT i?p t rfr 

lead to the well-known Ijorentz equation# of motion: 

I<'* = ‘( e + [?h]) 

i (/«") = Mo E>. 

The proof mate on the relation between the t-vector potential ruid 
the field cximponeuts E and H (see below), 

tn the appro situation of small field# and momenta, eq. (94e] reduces to 

£ = /v * + B r + -1 -(p-'aV (inn) 

\ C / 

which is linear in /v, whereas the general relativistic Hamiltonian, 
eq. (94fl), i.- quadratic in E — 

94.2. The Field Equation*. An electre magnetic field in vacuo \> 
determined by the component# of the i ■vector d» 

— A.A.A; iV 

which is supposed to satisfy the Lorentz condition 


[Jit — f), or (y ■ A} - 1 = o. 

c 

The field components 

Ti 1 1 ? P E 1 1 ? I? I? U 1 

l 23*31 I 12 r ll JJ « r ^ r -*M — 

mw t . -u 

are derivatives of <i». namely, 

u ,H = y X A 

av A i 

— ^r;- 1 


(N4h) 

(1441) 


3*. L \t, <H \ E= - y f r — A, 


fWj) 


(94k j 


F in an antisymmetric) tensor, also denoted a# a fi>vector. The corn 
ponente E and H of F depend on the co-ordinate system, so that in one 
system the field inav ha purely electne„ whereas in another system 
the same field F also yields magnetic components. However, the 
expressions 

Sj , 'ZFi: = H- - E» and (E • H) 

* L)Lv Ea t.b» 4 -tiimpcwltiJiiiJ dlv, junl □ * tb» - 1 -tUmeinicnLi.U yr J , 
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(lH]j 


are invariants. As a cnnsaquMiOs of eq. (94k) one obtains 

ip ip ip I (V *H) = fl) 

«*I| l'P.j l’P m | 

a** at. &7“ ,or liv xei+ ■ e = <>, 

V c 

which L4 Maxwell's tirat quadruple. The yeaond Maxwell quadruple 
is ’hit a definition of the 4-vector 

W«Mi = ---«> 

C P P 


by virtue of the equations 

Ai v F -- 4-irJ, or ■ 


(v *£) = 

[VXfl] - ^ 




when (Aiv F: =■ I. \ defines the 4-vector AivF. Eq, (B4nJ also muds 

4tt-J _ Aiv F = Aiv i in) <E» = Grad Div =— 

because of the Loreut/, condition, so that 


. -& 4- 4-J = 0, or 


— !- A -j- 4 tt - = U 

t E fl 

|V“T' - \ V + ^ «i. 


pi4o) 


$95. The Wave Equation of the Point Electron 

95.1. The relativistic wave equation of a point charge in an dectro- 

belli ■ -r j- i ari.iJ n obtained innu i In-. lu^ic.il I hi .. . n 

— 1 ■ of eq. (03c) by replacing 

(*-$*.) »sr(-*5~;*.) 

and operating m a function : 


s ‘ (“ w -; *») V + i‘ir 3 r = o. 


1 95ft; 


.Because of Div 4 O, this equation may tie w ritten in the form 

□**' + §>(*• ««<! V) - ~ {'~ + 4»*) V - 0, (f»b, 

known i\n the F(k t - A tc.xn- Gu/tkm. /ypuation 1 for L lie scalar function ’'F. 

1 \\ liordnn* £, Phytik 40, 117 (19SG). V. F<.*>k, ifoid. 38. 24S (lOifli ti KUn 
tbitl 41. 407 (10-17). 
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We 3i 1 on write the complex conjugate equation, obtained when one 
replans 4" by T r 1 and by ifi. but does not replace = id by — x,; 

□*¥ - ~ k |«• Orad'?)- i + /4*) T i(. (ttfiej 

In case of a stationary Rolf] which Ira da to ji cnnrtfcant. energy nf the 
electron one tuay substitute 

T(ir^ri) = ^(se^z) uyfi (flJjel) 

into the relativihfric equation (i)f5e). Suppling that I,be nmEti share of 
the energy E — r< 1( f 2 + K n is 1 he rest energy, f> 1 1 e in left with the 
nonrelativiatie eq. (65e) when I 3 ami d a an 1 neglected. 


95,3* A hydruihjttmt* \-c At terpw.faticm of the function T frefer to gG2) is 
obtained when w-e multiply eq. (95 b) by T and eq. (flOcf by "1 und 
subtract: 

q>D^_ v\y-Y Grad(W)] = 0, 

(dn 


which, because of Div & — 0, is the same as 

Div [ tl (? G rad 4‘ - T Grad T) - *TT 

l SAP* W* 

[’lie expression in braces is ti 1 • vector J with ooiuponents 

&-*- * (,*_»»)_ * *.*T 

r V ett tW jUbC* 

A 


)-«■ 


2^ 


ip ~3,^ ■-—■■■ (4^ - W) - iPW, 


so that. eq. (WJVe) reads 


?p 


3 J a v J — o, or div j -j—— = U. 


(95c) 


(»*n 


(9J5g) 


_ j li 150 

In the stationary ccuse, eq. (&5d). one obtains p — 4^b - —- 

rest energy 

Negative E in eq. (95d) leads to negative p. Thub p cannot be the 
probability density. 


(: 98. The Dirac Equation 

96.1. Let ue introduce the kinetic = total — potential momentum: 
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Tin 1 cEusdcuJ IljimiJfn.niiAn of tin' pmnt electron, l* 4 . then reads 

O = JT = J- lZ t F- + ft 5 c 1 ) = 4- (P* + «/] (98a) 

md quadratic in P. It may be split; into two linear factors 

to—Jt = 7T ( p + w)(^ — W-) (OflbJ 

each of which, equated to toro, would satisfy W — i>. P in eq, (1M lb) 
tlie va!tie of the J-vector P without rcfcTOiioe to its direction. P 
Hi ■;1 1 L r represented In teimn of it» four DomponeniU with (y*jpj 
when y‘ is the directional cosine twjtween the vector P and 
the j-asis. satisfying 

E*(rt r — i (toto) 

Eq. [!+ 0 i>) may then be written in the form 

" = ■* = ~ (S,j' l A + w)(Syr, - w) toad) 

or also . 

0 = Jf = [ZJy’fPl + + 

Z . U * 

d* z , ; UyYW + v'r'i\P& <nno 

-do 

which is only & implicated way of writing the sample equation 
In the absence of a Hold the operators P>,- and P t are identical with 
the momentum operators. Without Held eq. (title} may thus be 
written in the form 

" = * = P- pw>*)*j* + fC'i + ^s t +yy‘)ptp,. i«i.fj 

-P\i -/ ; o 


Dirac remarked that this fialdlnss Hamiltonian becomes identical with 
eq (tfflm without field not only by virtue of <*q, (H6c) but nU» when 
eq '''"(.m is replaced by now conditions., namely. 


(y*)* — 1 for every single k) 

(QGg) 

yfryl —- — y>y* f f>T £ f, | 

w Ini'ii may bo written in the condensed form 


fct/V + y*y*l = *** 

(imvj) 


This assumption changes the meaning of the y's from directional 
coniines tci four mut ually incompatible observables which unticoimmite. 
Their physical significative will heroine clear below. 

The change from eq. (®0c) to nqs. (IMlg, h) ia of no consequence in 




248 QUANTUM MECHANICS 

the absence of a field, Jn t-hr presence of a field. however. eq. (tftej 
now becomes, by virtue of eq, (9 fig), 

0 = JT = ~ <s*^ + ffc) + - 1 X,. s,yy<jy>, iy\) (Mi) 

£ f*Q 

ns f.be new DirLte* Humiltoniim. Jf — 0, eq. (IKJd}, it* satin fief.! w Elfin 

— iitrf = 0 (96j) 

(or + f instead of — i) t since the product of c?q (95jJ with its own 
complex conjugate yields eq. (iMij) again VV. • have arrived n.r the 
Dirac operator equation which is linear in the The Dime 11 ami] 
toman, eq. (flfii), in quadratic in the P k ; it differs from the Hamiltonian 
of the point electron by the double which vanishes without field* 
but in tEie presence of a field gives an additional energy to the electron 
as though the electron hnd a magnetic moment (§ 97), 

The hist two equations represent relations between observables. 
Quantum mechanics subjects them, after multiplication from the right 
by I — Tj", to the usual la I .ding proceed r wbicli is based on 1 lie folio wing 
quantum considerations. A state of the Dirac electron is defined by 
four numbers such as the quadruple tiimr : the first t hree are the ttaml 
orbital quantum numbers; t, the '"spin state number,' 1 is capable of 
four values (there are four spiii states numbered r = E, 2„ 3, 4, reaper 
ti vely). A bo, t here art' fou r oo-ord mates of tl id Di me t-li -etm n, nan inly, 
xifza or rfipflr; the first three indicate the location of tho electron in 
epace; a, capable of four values, I, 2, ii, +. is known as the “spin 
co-ordinate. 11 The probability amplitude of the Dirac electron is 
indicated by the symbols 

7 J wi>h ryw or yj&yz). 

Only the first notation Ls consistent with the labeling rules of matrix 
mechanics. The? second notation implies that a certain choice Fias 
been made for nlm and t. Vice vi'im, at a given place xgz in a given 
orbital state nbr there can be 10 different values of y, depending on 
the choice of the four values of * and of r. Example* of the IB 
^-functions all he longing to the same orbital state are Hated in the 
tables of gtlS, Then* one finds that the four *Vpin states’' t tire 
chmucton/od by positive rent! negative values of both the energy 
d= | A’] and of the spin momentum component i P : the ’ spin cn 
ordinate" (t, on the other hand, appears jus a Dime index number. 

* P. A, M. Dime, Fret, S&. {Lm&m) 117. 0U) {103*}+ 
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A particular choice of ir t& indicated by n' or tr", and is it summation 
ovj r :tLI four values. ?yz nifty be abbreviated to x, The observables 
; L oj^Titte on n on I y according to tint? expansion rule 

r*w — fr 

Tin f\_ operate on the space oo-orilinates only. After these prepara- 
' ion* Viv tjp«w cim rewrite the opemtor equation (9t.5i) in the following 
explicit form: 

■* V, = " = T- &IV + t&toM + 

T z, z t ,s,(yVW^< - 'V'Jv„C*) 

and eq. i !nij i: 

S.-S.(*.Prf.(»l - WT» = o. (Ml) 

Each of these relations represents four equations with index a’ =■ 1, 
w, li, or f. respectively. When eq, (961) is satisfied, then cq. (&flk) is 
brained by operating on • q. (001) with its conjugate operator. 

Tins first part of eq, (96k) is identical with the Fuck-Klein-Gordon 
■ v ;li 111 ih.Ab applied to the four functions vb separately. The 
double eifil in eq (96k) may thus be considered its a perturbation of 
th" Fnek-KIein-Gordon equation, resulting hi a perturbation of its 
eij:r-nvalue.s in the presence of a field. We investigate the double sum 
ish.'rt -h-ly fhe Iiperator P defined in eq (95a) leads to 

'TV' - P : P k \y r “ \PkPx— PiPt) t ^--\p + ♦tPi-’- &iPijv a 

c 

ti ft (fa, eiH t-:t% ^ 

= 7 ( ^~ 3 ^) * “ T (Curl = T (, " in ” 

so that the double sum in i*q, (99k) reduces to 

^S l< E I P M S.(yyV.V.. (Mn) 

where F are the field components. The first, term in ecp (SHik), in 
tin- Approximation of xmuU wlocitiw, read* 

\~ (p - 1a)' + - e[ v „, (n«k>) 

as found in eq, (Si-lg), If the double sum in eq. (pfin) could be 
funhi-r reduced to the form of a product-., E* - fg,,-, with constant factor 
A". the latter would represent an additional energy of the electron, 
at least for small velocities. Such a reduction will 1 m carried out in 
j97 As ii preparation we now turn to the yV. 
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96 . 3 * Irrevjiectire of the physical meaning of the four observables y\ 
their matrix pJemraate have to wall xfy the mk& pirig). Ttwse relations 
are satisfied by t lie following four Hermit inn matrices: 


>'W = 

>'r r <r' " 


' 0 

0 

0 - 

- i 


0 

0 

0 - 

- 1 

0 

0 - 

— V 

0 

. t 

0 

0 

1 

0 

Q 

i 

0 

0 

?W — 

0 

1 

0 

0 

i 

G 

0 

0 


— i 

0 

0 

0 

! o 

0 - 

“ i 

0 


i 

0 

0 

0 

0 

(1 

0 

t 

j 

0 

1 

0 

0 

• 

i 

0 

<1 

0 

= 

0 

0 - 

- 1 

0 

0 

— i 

0 

0 


0 

0 

0 - 

- 1 


( 9fl P) 


They give a certain preference to the redirection. Other matrices' 
y ,r ■ ■ - y*' sHliefi'ing the same relations ((Hig) could be obtained by 


a unitary transformation ‘ 


/ - -L y*a u 


with coefficients naiisfyiug erp { 113 d). However, the Dirac theory 
admits on!) such new y* matrices which are obtained from the 
original y s by Lortniz tratuifarmatiom, so that l he original y l ■ - ■ y* 
a* well asi 11n- new y 1 ' ■ ' ■ y * 1 appear as the eouijmiients of ai 4 -vcctor y. 
Apuoniing to the tXjWinsifjn rule mcntiiUied above one may confirm 


A ij i = — *> 4 . > 4 y a — - «>*. etc* 


Jn the literature on 1 brae’s electron one also find*) the following 
matrices defined in terms of the y’s: Pauli a span mat trices n >;i» In 
dtetingijhhiil from tire a pm statca i7 J ) 

o 1 — - cr* = — i^y 1 , tJ* = — fy^K (@ 5 q) 

and their counterparts 


henoo 


k 1 = — iy l y 4 p ** fe — tyV 4 ! ** = — fjAy 4 i 
fj 1 = — i<x*g?, fj‘ J — — is 3 :* 1 , <r* = — ix ] aK 


(OGr) 


Explicitly, thear matrices are 


o 1 — 


X 


i _ 


0 

1 

0 

0 


0 - 

i 

1 

CJ 

0 

II 

D 1 * = 

f 

0 

0 

0 

0 

1 

II 

U 

0 

0 

1 

t> 


0 

l! 

0 

u 

£> 

1 


a 

41 

0 

0 

1 

0 


0 

.1 

0 

1 

a 

0 

s' — 

0 — 

f 

1 

0 

0 

0 


i 

II 


0 

(1 


3 

11 

0 

0 

13 

0 

a* = 

0 — 

t 

0 

0 

0 - 

i 


0 

u 

1 

0 

i 

13 


o 

u 

0 - 

I 

II - 

t 


l> 

El 

1 

0 

i 

0 


0 

Cl 

0 — 

1 

0 

0 

H* =r 

1 

El 

0 

u 

0 

0 


u - 

i 

0 

1) 


fjilit) 


(Mu) 
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The observables i, y, a are Hermitiftn with real eigen vain pm — 1 
and l JJW multiplication Ity iy* from the left the Dirac equation 
reads 

{ e *iP t »A + /vr*j v = o* t 0Ov ) 

Pf r/p as well >irot play tlie* part of the velocity. 


$97. The Magnetic Moment of the Electron 


97 . 1 , 1 nnsider i cnpatant magnetic Held of SKlireetton so that H = P ti 
i> the only non vanishing field component. Kip (t(0n) then reduces to 

" !: F.AfrV).,, *-„!*) «= - £z F la o»w I9'»l 

-/V *fyP 

<r has diagonal elements -+ I and — 1. respectively, K(|, (97a) tlms 
reduces t<i rk simple product E' t, .,. where? 

JE' = ± ( “ v H ■»'.-(*) (97bj 


with phis sign f ir y, ami ^ a , and minus sign for y., and y 4 . According 
to ill*' rrmin-k nr the end nf JJHhi, idle mil stunt factor E i> the adcli- 
Et-.h.d - h.■!■£> fljf tin- I'li.-eLriiii in the ninput-tie field E' Inis the form 
M.H. -- though the electron po^t-aBed a magnetic moment with 


;-component 


M 


= one magneton 


(97e) 


parallel or uiitiparailel to H,. in ogrcfiiuMit with the result of (loudiMit 
and Uldeabe^kj aa a direct raault of I brae's re'interpretation of the 
factoid p* from directional coaines to mutually incompatible ubeerv- 
nhle.'. satisfying the exchange rules (HHtg. h). 


97 , 2 . When there is :i purely rtectrir field of a direction, say, then only 
F n — ■£, is different from Kent 'Hie double Simp eip (96n), n»w 

reduces to 

~ HA(vy) rt «. - E^p... (Bid) 

^i*a n £ fhf' 

In order to represent a rvaf electric energy ii would lie neoess-ury that. 
iV be diagonal and have real diagonal rlem«■nts. However, the 
are not real uWrvftbley, that is. there ant* no states in the presence 
of an electric field E where ihc electron displays a real electric 
moment H 
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£98* Free and Bound Dirac Electrons 


98 . 1 . When one uses the matrices y k of eq, (flfip), the Dirac equation 
(96j) reads 


- if\Yi ~ P%Vi ~ iP iWa 4- P iV J i = Wi \ 

~ 4- + vP a ^ 4 = VVV-'J J 

1^1 r B + P iiV-'i! + i p A V] p i<A = ' : tWVs I 

lP i^j — P a'A — » :p aVa — Av'i = WFi-l 


(MSA) 

( 98 b) 


These four equations for the v„ are analogous U> the Maxwell equations 
for the field components F ti insofar as time derivatives of uiip com 
ponont are coupled with spaces derivatives of the other*. 


98 . 2 , Free. Electrons. 1*1 m first consider the special case of fra 
ekcirtmA with vanishing potentials so that- P C: — p y — f/^/cbr*, 

Et|S. (iJSa, h) in this oanc are solved by idam tmvc-* 

% |r, i) = n a exp f dp * r - Etm, 

with constant. parameters p and E. tiuhstitution into eqs. (SfHa, h\ 
with Pjf = p. M yields the following rekt-iuUK between the complex wave 
amplitudes r?^: 


t- E + + 0 ‘ a s + + t'( I 1 *— ip^h = " 1 

t) * Oj + (— E + 4 “ C (P* + 1 >*K “ 

f < 4 p* - *>>3 4 - {— E - + u - o t o 

+ ip Jo, - r/Mi a + 0 ■ a 3 4 (— jS — ,<y 3 )ra* = 

These linear homogeneous equations for the a„ have a solution only 
when tile dettirtnmftnt vanishes leading to the fed lowing fourth-order 
equation for E i 

rrVH rf + rf)I s = n 

with two roots, each of them occurring twice: 


= e\/(jy} a 4 - p 2 and AL — — r \ { ii 0 r) i 4 /j 1 ( 9 Sd) 

IteLonginp to four possible quadruple* r/.r listed in the four row * of the 
table on the opposite page. 

In case of small velocities, p ■£ 3 . the r/ ff ’s with p in the numerator 

are negligible, yielding the no cine Inti viatic spin theory of only two 
poinraed wave functions. namely, 


i/j, and ^ i ij when E U|. 
^r a and V]. when E < uj 


and p <?: /y. 
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“i 

“a 

«1 


Spin 


1 

0 

- Cf, 

e(3>* + ^*1 

f 

E > rj 

A + /V* 

A’ +■ w* 



1 

~ *Pj 

- CP* 




K + jiv* 

A -L fljf* 

1 


tip? - i> r ) 

- cp. 

0 

I 

t 

K < ft 


PI 


<P' 

dl-> + T*> 

1 

G 



PI + w* 

l £ 1 + W 3 ' 

4 


98,3. Another important case is that uf A conservative d&tT&ttatk 
potential 1 ': 





Ctcl c 


( 98 e) 


When B m the constant energy of the electron in the electrostatics field, 
every is periodic in the form 

• * * Jj = * m £BBf) 


and eqs. iij reduce to the following equation* for the jf„: 






These equations reduce further in the nonrelali viatic approximation of 
■titiaU ivlitcitfe#; Ag&in we have to distinguish between two cases. 
When E is positive, acid slightly larger than w^r 1 . the factors of jf, and 
in eq. (hNg) are much smaller than the factors of and in eq, ( 8 flh) r 
hence y wl IL[| d z-j are large compared with y s and %, for E > U and 
P “% PjE- I ' 1 this approximation we may replace the brackets on the 
left of eq. { 98 h) by — 2 /(</&, divide by 2 ^ ,a t and substitute tlte values 
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of £ :| and y % in oq. ftMsg) on the' right. Thin IpikIh 1m th® following 
secnndnrrier equation h for y rl and : 

J" 2 

<A f — ftif* - eF)x 4- — V a * = lf f° r E > u (Wl) 

correspo nd mg to the classical equation A' = ptf? 3 4- e1 4* jj 2 /3/j 0 for 
An electron in IIil- field of potential V &fld waived by scalar fnnet.train % 
for eigenvalues of (if — ^ a ), he., the energy in cxdbss of the rest 
energy. When one substitute? y A from « , i.|. (J}*i) arid %» — ih or y A from 
cq T (ilfci) and y x — U, in eq, (ffflh) ode obtain* the following two 
^■[juarimploH lifted in the Hrat part of the following table. 

DIRAC ELECTRO' TN AN ELECTROSTATIC FJRUL 
NOVIUDLATtVlSTIC 


Xx 

Xi 

Xi 


Xt 

rip In 

lx 

(X 

ft ‘hfi 

V' 

A 

C r + ' k) *' 

t 

n 

Xt 

a „ A\ 

Wj * 3jf/ ^ 


- ft fyi 

U/( u n 3s 

i 


X\ 

--- 

tx 

— 

Xx 

XX 

Spin 

i 

*= 

* 

~ t frfj 
ips> >>£ 

n 

Xi 


— ft cur. 

-a /? , a ■\ 

\Ar 1 ?! /J 

Xx 

0 

4 


Similarly, when E < u then / 5 and Xi t>l>oy 

(i T 4- ?i(f u + f-V)x 4- V*z ~ 11 far P < ,f - ( 08 i) 

■*} { n 


yielding two quadruple* given in the second part of the t-Eible, Kqft. 

{'i>Hj \ correspond to the ulassiaal equation E = /v-' t \ -j- jrfZit 0 . 
The negative rest energy is aeeompamed by ft potential V multiplied 
by r rather than by 4- n This seems to signify that electrons, of 
negative energy are pD&itroMt. However, we shall .see later that them 
are reasons fur the view that positrons am missing electrons of negative 
energy (Dirac'* hole theory). General dotation* are obtained by linear 
combinations of solutions belonging to the same A. 
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§90. The Spin 

99.1. Suppose Hie electron moves in rtn electric field of risdial symmetry 
with itiwlrie potent hi L f(r) no that- it b not- subject Lo any torque. 

I\ Pt -»( <■“) irt the only P : . itfffermg from p k . Minoe the i-qom 
c 

I -nent "f the orbital angular moment uni commutes with 1 (rj [refer 
? *7] a* \vi‘|| rts hv n h p (l Z cum mutes with the I lamiltoninn M of the 
point i’leftion oe|. i'Hiii ). indicating that there are state* of a point 
electron imiI itieri* of — o) in which % has definite eigenvalues. 

\ ddh-i.-nt -mini. preeii-tls lot the Dime electron con trolled by 

eq y.ujl i wriung thi^ equation in the* form Ly 0, Z does not com¬ 
mute with L. since 

ZL LZ = {.fjp,- Ei’/Pi— w) - (■ - dd * d- 


The only P * differing from p t in P t p, — i I’fr), but F(rJ commutes 

r 

with Z Only the summands k- l and fc — m 2 give contributions to 
11 j- product difference, which thus reduces bn 

ZL - LZ - + y*Pi) - (y [ Pi + } A P-i)i x ‘u*i 

Because of r, p, — p t jr t — iti — — p&: t . this further reduces to 

ZL — LZ — ifif y l j0| — yVi.) =P 0 * (& 0 ii) 

Z doc* not commute with L lienee the orbital angular momentum 
component Z not diagonal in the states where Ly — 0. Z does not 
hurt- deiinite eigenvalues in quant-urn states of the Dirac electron. 

99 . 2 . We may ask, however, whether a quantity £ could be added to 
Z so that the sum Z 4- C commutes with L i 

(Z 4 - £)£ — L{Zj + £) = 0. ( 99 b) 

Because of ecp (09a) the quantity ( would have to satisfy t he condition 

££■ — LC = iMy*pt — y W- ( ff0e ) 

Since the right*hand side as well as the factor L on the left is linear 
in the jt k , the quantity £ ought to be an operator of the same kind as 
the y's, arm uniting with the p fr , L being the operator of eq. the 
last equation may bo rearranged m the form 

(fy 1 — y l l- %*)Jh +■ (Ey 1 - yH + 

+ <.£>*- ftypt + tty 1 — /£)*** = 
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This equation holds identically only when the four brackets vanish 
separately. They vanish when Z is the operator 

J= i*( r y), = lSo> (9»d) 

f 

89 may he confirmed with the help of ccp {06 k). f reduce* tn an 
ordinary factor namely, + when { is operating on Vi a»d Vh- IH ^ 
- \h when it la operating on y? a and y* 4 . These ate the same cases in 
which the magnetic moment M, appeared with pills or minus sign, 
respectively* The conqiatibil.il y of L and Z — l implies i hat there 
are states of the electron in the centra] electric field in which Ly — 0 
and {Z \- = Cy hold simultaneous!}' , where f' — constant, In the 

approximation of renj amatl tvJoeitirs, L£ 0 baa solutions belong¬ 
ing to a definite eigenvalue K • o of the energy when either y v — 0 
or y. ± n and the other yfs Y&iush; the QOHHipaiflding values id 
the constant G art {m -f |)fi and (m |)A, retjieetivHy. 'The same 
(.'-values belong to y 3 and ^.respectively when E < o, The constant 
of t.hu motion in the cv'iitraJ field lues value (?« ± that k t il 
consists of the usual eigenvalue of the orbital angular momentum 
component, tnh, augmented by ± Hj. It is natural, therefore, that 
± Ifi is interpreted as an additional inherent ‘-spin momentum of 
the electron. This interpretation holdfl, however, only in the approxi¬ 
mation of mttifiU velocities. 

In ft similar fashion one shows that them are simultaneous Solution h 
y, of the throe equations Ly = 0, (Z +■ £)v r ~ C^i and J-y — By, 
where B is a constant and J" ie the sum of t he squares of the operators 

J* = X -f* f = (yp,— zp M ) + -JArr 1 {SJikd 

etc. In caso of 9 matt p <■/' p /, there arc solutions with only 

one # (l and belonging to simultaneous eigenvalues of E, -/ 3 . and 
Z -f £. namely, 

B = J(J -j- 1)A S , € « J. J J, (flflf) 

with J — jf, h ■ - ■ representing the quantum numbers of the angular 
momentum comjioHed of orbit and spin contributions. 

[99,3. Classical Derivation of Ihr. M/S Batin The nxiomalutia ratio 
between the magnet ic moment M and the spin momentum S obtained 
from the Dime theory, namely, 

^ = — — U S“ ' ff 3 ^ (MfiJ 

S pc 2pc 
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can be derived classical!;. from wjnsiderftt ions of relativiatic invariance.* 
1 'n-i'.3ei M 'ti, I S as -(-vectors, proportional to each other and both 
with vanishing fourth component in the system 0 hi which the electron 
rests .Sj = 0 am! — 0. II' the motion takes place only with a run 11 
velocity rtr m the.i'-dircclion one obtains by virtue of the tru [information 
eq. (ft3f) 

v _ B[ — ifoS'Jc ^ H- itirS'je 

' 1 “ (1 - fte/ej*F ' “ " P W# 

from which one derives, with X' — v and elimination - f S\, the relation 
S t — i >Sr >'i/r an u am nit quantity to bo written, again because 
of >■; = ij 

*», = «,- = iy^. (USh) 


Turning now from kinematics to dynamics, rise change of the spin vector 
S unde r a in tq \n £up plied b \ a magnet it ticlti Hon the magnetic moment 
m. is h scribed bv the noni/eluti visile equation in three dimensions^ 
tlZ/di I'M ' H| wluch ' ihviuiiiily into be generalifcaxl relativist] cally to 


dSf 

dr 


iU/Jy,. 


< u|'l- -*■ turn-, than the vi-Jocity bv id the elect run has boast acquired 
during .i time interval At by an electric field E x in the ab&ence of all 
other rifl'.l component'- The fourth component of the last equation 
[hen reduces to Uir — tit for -V r) 

ftS 4 =* (BSi) 

Elirntrial inn >-i AS t fnun cq, (Pith) wilti cq, (99 i} yields 


dr 

tit 



m) 


Wlii-n thin is tuiiripjiiod with the equation of motion, fi&vIAt — 

•» I it's may also be considered as h definition of the ratio p//i), the 
result o MJS l r./ur q.c.d II was to be expected that this ratio, 
* liich doe* not contain Planck's constant could be obtained from purely 
classical considerations. The same result can also be derived starting 
from t he assumption t hat M and X are the real components of ft-vectors 
whose imaginary cornponeiit-p vanish in the iffit system of the electron ] 


99d< The PCnt-fitruriHre Uoruttftnf. One of the great triumphs of the 
older quantum theory was Houitnerfeld's explanation of the fine 
structure of the H- and He -1 '-lines observed by Pasuhen, from the 
1 H, A. Kramera, Phftiaa. 1, Nifi [1SKJ4).. 
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relativistic ruriut ion of the mass id the electron in its orbit. Whereas 
a constant mass would lead to closed elliptic orbits in the (.'oliloiub 
Geld of the nucleus Zf . relativity leads to a precession of the ellipse 
with angular frequency m and a corresponding pretest imal energy 
E* = to ft. Sommerfrid arrived at the following formula for the 
quantized energy of the electron, depending on the principal quantum 
number n and the azimuthal quantum number k\ equal to our I — 1; 


E{n. k) — E„ j 1 -J- ^ 


1 -Z 1 


fit - 1-) + a* - **&)'*' 


-h‘, 


(iitlkj 


where A' is the nonraJatiristici orbital energy and i. is the dimensionless 
Constant 


it ~ 


r 2 

he 


1 

137 


(Scmmcrfdd fine structure constant). 


(ftftl) 


The Dime wave equation tends to exactly the same rcsnli [rq, (Utile)], 
jis shown by thudon and Darwin, 1 whereas the scalar relativistic wave 
equation failed to yield the correct tnio-atructure formula. fins is 
surprising in view of I In- fact that SnmituTfold obtained his reHu]t 
without knowledge of t.lie ^pin of the electron. However, we must 
remember that the Dime equation yields wlmt correspond,^ to the 
classical 11 icfcure "f a spin :mtl magnetic moment of the elec trail only 
in (he approximation of snjnll veliRuties, Experimental deviations 
from iJje Soiumeffeld formula have 1 found a theoretical explanation 
through pew development!* In quantum electrodynamics (§ 1 If ) 


£1(KL Relativistic Invariance; Spinors 

100.X* Ltd iih write Dirac^ equation without subscripts! a and without 
indices k referring to the four co-ordinate axes: 

Pyy^ l UjfCi^ = 0 (lOOa) 

as an abbreviated form of etj, (tMlj) which referred to a definite Lofentx 
•set of axes, If Dirac's theory is to have any phy-dual signifie»TtQC. a 
corresponding equation ought to hold also with respect tn other 
Lurentz uy stems in the form 

PVV— fpoTyf = 0. (IGfJh) 

The relation between /’ and P is given by the I vector tmnsfonuntilui 
P = P'a (he., P k = HfPf.af^), (100c) 

where the are the coHlicienta introduced in p3 + a is the vector 

* W, <trirr|iiii, Ph-ff/nk 4 G. | i llttitHi C, O. Hurwm, / J w. lint,. S'**'. [Lfifulfinf 1 LB, 

654 (I 9 S»). E. J- Hill «ml R. Landslip Rw. Med. thy*. 10 , 87 i IVSm. 
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fniHsJvrmnlwn matrix of the Loretite transformation, We nnw xiftk 
for {he 11 httion between y and y* and between y and y~ which trans¬ 
forms eq. (itiUa) into eq. f 100b), Substitution of mj. (KWe) in eq., 
[ Inna) yields 

P'ayy — ip 0 cy = 0, (UMld) 

which i >L"i ' in icy identical witli eq. (Joqb} when we postulate 

either y - y and y' - fly (i.e., yy ■= y, f and y*' — ■*)'*). 

that is, if we trimafonii the y* aa the components of a 4-vector hut 
poruddsr the four ^„ T s a* scalars; 

or y = y and y — Ty (he*, w = (1 i.Hto) 

that is when we always use the y'fl as defined in eq, (®Gp) but subject 
ilir yS to a transformation with a matrix *v. to be determined now. 
Substitution of eq. ( 100e} in eq, (HrfJb) jjiveiH 
P’yTy - ifttfTf — 0, 

Multiply-tug from the left by 7 r_] where T~'T = TT 1 = I. one obtains 
P'T-'yTy - ijitfy — <>. 


which agrn> willi rq (ll'Hin) when we lei 7 1_l yT =■ ay and remember 
P'ti _ p. T thus i> defined by the identity 


y = tty - T~ l yT . that, is, 

j&r = 


tltlQf) 


In W(>]- U: The trm-.r-fornml ion T together with T~ x is equivalent to 
tlie vector transformation matrix a. T is denoted as a sjnnor tnms- 
formaiion mulrijc*] the i/v which transform according to eq. (100a), 
are the components of rt trpifior 


100.2. Th< -jii-etid vrator transformation matrix rt n of eq, (U3e) belongs 
to the following spinor r ran-format son matrix T■ 

T - I cosh| j 0) r iy 1 ^ ainh (10 J .) 

T-i - I could44) - iyV ftmh(i0)j 

This T-matrix indeed satisfies cq. (HlOf) for every l\ a\ and 
iran&fbr i nation y — Ty of eq, (lO(Se) now becomBu: 

y r = ^i’| eoah 4/2 -\- y^ sinli 4/2 i 

y*. — cosh 4/2 ■+ y t &mh 4/2 

<^ g . — cosh 4/2 - v s rsirtli 4/2 

y A . = *v’i oosh 4/2 -*- y\ shill 4/2.7 




The 


(Haiti) 


* fi. L. van Wwili!». .Virif. Iff/ti. iMH ifipcn-, Ufa {h)3iq. 
un-.J U, Ljqwrtu, Phyr, H>. v. 3?. HSn (JUfSlf. 


*;, K. miLKiLecJi 
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glDl, Dirac Current and Positron 

101.1. The solutions T,J n of Diratrs equation in the presence of n Held 
satisfy a hydrodynamic continuity relation of the form 

Div J = 0. nr div j 4- = 0 (10la) 

of 

when the components of the 4-vector J a re defined as follows: 

J* = *{#rVv) = (io ib) 

With the y's of eq, (SI f5 |i) the four components i In lining the current 
density j and t he density p are j/r •= fxy? and p or 

\ J< JT t = - - ft*, - Wj- v*V f i ' 

jjc “ J, = -h fiV*— Wj+ faVr Wt , (|(f|c) 

y/r = J a = - H- y,y 4 - ^{tVi + Vi¥ r a 

p = - M* + W a + M* + W a - 

The components of the 4-vector J art quadratic in the Components of 
the spinor i/l 

The Dirac currant is different from the current, of the scalar theory 
of the electron„ eq. (l+of). This is important- since the two express ions 
for J lead to different radiation phenomena derived-from J as source. 
For example, Dirac's J leads to the correct angular distribution of the 
scattered Intensity in the Compton effect of hard y-mys, given by the 
formula uf Klein and Nishina, whereas the scalar themy of the electron 
leads ki wrong results, 

A state of gi ven momentum vector p of a fret electron has a four¬ 
fold degeneracy. Its ^-function in a linear combination of fmir 
functions a n ■ exp [i(p ■ r - Ei)fh\ with ooeftickmts u a described in 
(he fable on page 253, 

y- - e* ,f '*{C a - +r 4- -f {a- ' + «.;±F ' A*™ 1 }, 

The four a,, 1 ! {*? from t to 4) have the same ratio a* the four », in 
the first tine of the table, and *<> Forth. Hie density' J derived from 
y.j, according to eq. (101b) contains products of and f„-. J thus 
LsonKists of four terms, two w ith factor jexp = ]. constant 

in time, and two with factors exp [ + respective!}', periodic 

ivith frequency 2| A,/A. The constant part of J c*vrrespond* to the 
inertial flow of particles of momentum p, The periodic part is known 
the Ziikrbemegttagi, it is due to interference between the ^-com¬ 
ponents of |K>sitive and of negative energy belonging to the same p 
Similar considerations hold for wave packets oomjx>sed of ^t-ftmetioiui 
belonging to a momentum range &p ami representing a wave packet 
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ill n-f width hr <*- hjt}p. Ith center travel fnrwurri with group 

velocity tUUftlp and, in general, vihrat.es. The Zitterbewegung is 
ah*cnt only in slates of positive (»>r negative) energy alone. Such 
yf.itei- nr.- |K>sBib|e for a free electron. In a force field, however, the 
y-fimvtinn is a sujM-rpositinn of Jill tuiperturljed y-funotions including 
those nf negative energy; interference \virtual trantuliohs) Iret-weeu 
1 hi drive and negative energies then produces a vibrational port of J. 

101,3. The Tver-fur J representing current and density in the state y 
vivid- h due to the physical interpretation of the two signs in the 
ebc-siral energy expression 

E = d= c(j>* -1- pic*} 1 '* for free particle*. 

f'hi’-'i ■ il feint ix'ity knows only of a punitive energy of n frte partide, 
E — fie*. In wave translation, n slate of constant energy Corresponds 
t< i ii nw't'Loehrrjmatic wave function with |>eriodio factor e lui or f- - 
h'or the point electron both exponential factors represent states of 
ftosifirr t'ttertfi/i whereas the charge density expression of the point 
electron 

yields opposite signs dejn-nding on whether the periodic factor of ap is 
or »“ ' h It moans that the scalar relativistic theory admits 
i la 11 v *: as we 11 a* pi- it I v c c It ■ c 1 rolls. both of jicsitive energy. Fu rther - 
more, since p t together u ith j, satisfies a continuity equation, the apace 
integral of p t is conservative in time, anti the total charge in sjm.ee is 
conserved. Thk corresponds to the experience that only pairs of 
opposite charge can \w produced and annihilated, tin the other hand, 
in tlie scalar theory there is no continuily equation for the intensity 
V;and t he integral of j is not conserved in time . If one interprets 
Jivp/T Ed the total amount of mailer in space, thin quantity is not 
conserved, again pointing to processes of production and annihilation 
of matter. In spite of these promising results the scalar theory Is 
unacceptable because it does not explain the spin and .magnetic 
properties of the electron. 

The Dirac eq. (101c) yields a different result.* The quantity whose 
space integral is conservative is the intensity [yf 1 - Sjy a | 1 T indicating 
that the loud amount of matter h conserved; acts of production and 
annihilation one excluded. Furthermore, p t = f|yj* has the name sign 

“ W. Pauli 11 ml V, W«*deopf ( Hr tv, Phy,, Aria 7. 71C (lUM). V. Wamkc^f. 
A'::.-j i [£ i pi jEJ, aai I I'lH.jj, i.l. Iklpttfn, Pi r p». Rr i 1 . 44, fiSS (J 1(3-4>- It. Peiflria, 
Pm. Hoy. Hoc. \Lontfnn) 14H, 42U MUM). 


tjrAsrrM mnchafics 


m 


$3(.U 


for both <t + ™ a and v ' so that there ought to be only one sign to 
the charge. The two -igns of the exponential fatifcor rather belong to 
different signs of the energy-. Iri & state of negative enemy which 
eiIrj may In- considered in one of negative maiw* the electron behaves 
tin though it were a position of positive energy insofar as it accelerates 
in the direction npjiosite to an electron of positive enemy when sub¬ 
jected to an external lie-id. Positrons then are to lie considered as 
negative electrons of negative energy. This result is problematic 
beenunr ii would permit uJi rleelmna in the course of time to fall from 
positive energy to purer and lower negative energy states, with more 
and more emmy transformed into rmIi.il ion. 

101+3* To overcome this difficulty, Dirac? assumes that all negative 
energy states are already occupied m that further transit ions to 
negative slates are barred by the exclusion principle. Still, an electron 
might be lifted from a negative to a positive state by the absorption 
of a photon (or of two photons). The “hole'' left in the negative 
damain then would appear as a positron. JF Dirac's hole theory is 
correct—that pusitrons are elect re tL* of negative energy niE&dng (rather 
than present, see above) from the negative domain—them it might be 
asked why the many occupied negative levels do not give rise to an 
enormous index of refraction Ln light, waves in vacuo, in particular 
when it is assumed that light waves ocean ion ally can lift an electron 
from negative to positive energy. The answer may be found m the 
remark that only those frequencies re*,., nerve us resonance frequencies in 
the refractive index which belong to transitions from an occupied naga 
live-energy slate n to an unoccupied positive-energy state m (cf. §72,3)+ 

In favor uf the hole theory ii should also he mentioned that the 
same Dirac electron which has spill Ift and therefore obeys the exclusion 
principle, nv>d-* an exclusion principle to keep if from falling to lower 
and lower energies. A particle without spin, such as the Klein-1.1 onion 
electron, neither obeys nor needs an exclusion principle since the 
calamity of the negative energies does not exist in the scalar theory. 

Pauli 13 has shown that relativistic invariants? require?* all particles 
with Fermi statistics to jxiHaONH half integral spin. 


Summary of Chapter XII 

The Hamiltonian function of the relativistic electron ia quadratic in 
the energy, Translation into wave mechanics leads to a wcoud-order 

T P, M. ] /'HlK, Ri/H> >'fW. | F^ridf^] 126, Hllu 

* W. Pmili. F! Ig*. Rtv< 5$, 7 Hi (1 WO}, 
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i.liffrrential equation fur the function y known us the Fock-Klein- 
(hutiIqh equation. The hydrodynamic density p which aatiafiea a 
eoiilinLiity equation differs from the hi tensity |^| a . and p may lw 
f-iTti vv i -r negui itc tie | m ■ 11. t f n g n 11 the si gn of the energy. This signifies 
"lit- jrf'^ibQilv of production ami annihilation of |ulipm with conserva¬ 
tion of charge, but noucoDsefvatinn of mutter, shico jy]* doeft not 
have u eiiritiervative space integral. The scalar y funotiort cannot, 
liowevw, explain the spin. 

The Dirac theory' introduces a function \p with four spinor coin- 
i menis ^ . The direct hum I uodnes y 4 of the impulse -energy vector 
1 1 1>■ ii-huin'-l ii.h ohicommuting observables, satisfying the rule 
Uy*y' — y'y*] =5 A.-. The resulting ayrntem of linear equations for the 
fi 1 u r 1. b j 1 -1 > hi an additional energy ins magnetic Held corresponding 
i-1 a t-comjMUH'nl i;-f magnetic moment of ^ one magneton. The 
.l - _ .1,1- momentum mu Held of cut it ml symmetry is conserved only 
when Uh? orbital angular momentum m supplemented by a span 
momentum with components ± AA; both results apply only in the 
iLp]ih.i\ima!if>n of small velocities. Dime’s theory leads to the .Soin 
tuerfbld formula for the tine structure of the E£- and He + -spcctruni. 
The hydrodynamic density p of Dirac is identical with the intensity 
l ; tliat tin- total amount of matter is conserved, and the charge 
1- alwuv- 1 X the same sign, The energy may be positive as well us 
negative so that a particle may have positive and negative mass., 
i ■ rtiuctinn and annihilation of pairs may be explained by the "hole 
;Il- m. " iiHHtTdin^ ti< which jl positron is an electron missing from a 
negative energy level. 


Chapter XIII 

THE QUANTUM THEORY OF RADIATION 


jl02. The Field as a Mechanical System 

102.1, The classical Maswell-I^omitz theory of radiation boa throe 

objectives: liret, denying the variation of the field under u given 
charge distribution in space and time; second* deriving the motion 
of the charge in a given Held; third, finding the future field and charge 
distribution when the present field and charge distribution are given. 
The first problem is solved by the method nf the retarded potentials 
emerging from the given charge distribution. I’he second problem is 

■irr 1 ■*■ 

solved by the Maxwell equations, -t^p ^ div D and j -= cur] H —■ ~D 

c c 

The third problem, however, cannot be solved by electrodynamics 
alone: it requires additional hypotheses concerning the inertia of the 
charge. For example, ft volume-charged hall must explode under ite 
own Coulomb force of ropufoioii; yet, without knowing the inertia 
of the charged volume elements one cannot predict whether the 
explosion will take place within a very small time interval or within 
a geologic a L age. Forth errs none, when a volume charge is accelerated 
one does not know how the field in distant volume dements can pro* 
due© an instantaneous force on the pnrtkb as a unit, in t iew of retarda¬ 
tion. if, on the other hand, one assumes point charges, hnth self field 
energy and mass become infinite, and higher "Order infinities up f war hi 
case of accelerated motion, r l‘lic;s« difficulties are amplified, in the 
quantum theory of radiation and they have until' recently blocked a 
rigoruuu solution of the radiation problem. 

102.2, The quantum theory of radiation, first, developed by Dimed is 
concerned with transition probabilities of free or hound electrons from 
one quantum state to another in reaction to the surrounding radiation, 
This ia a typical perturbation problem : in zero approximation one 
has an unperturbed electron or electronic system and a pure radiation 

» P. A. fti. Dirac. /Ye*. Hoy. Soc. iLotidet,) 114, 243, 710 (1927). 
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field. The first approximation intraducea 0- mutual perturbation 
MTVTiiy h. -t ttwii fluid and electrons, Hie pure field in vaciuo lE — D 
mv\ H = B) e-ifc-tJ In' considered ns n mechanical syNreiq whojw Hamil- 
■ mii'ui is a fund ion of certain field px co-ordinates 1 ' and "momenta," 
q, and p,. The field may be cun fined to a finite to tame (vol), jm that 
(be number of independrut oscillnj inns within a frequency interval Jy, is 





— Juana' number. 


{1 LP2tt> 


The Mihsfcnpl ■' always refers to the radiation. For 1 * given direction 
.I" : lv7.lt mil dc-iincd by the unit vector p there ah' two directions 

■ f ^ 1 1 > 1 : a 1 i ■: ; characterized by the unit vectors a,, and a,* of the 
-1 ri> vector, —pi and p, together form a standing 


wave, 

Th- e tJiatii 'Ek field E and H may be derived from a. vector jKrtential 
A wn^id. red li< a sujjeiqiositiuii of standing waves: 

A = ilrA, sin F #1 where . 


to. 


r. »-r'£, + *. 

c 


(102b) 


Th* : 1 't ■ t Aj is a vector parallel to a transverse unit vector a, X p, T 
e 1 A U periodic with circular frequency w, — 2-n-r,. hi very summand 
separately iii-fii - the w;m. e equation [_j s A - 0 and the condition 
div A " The Lorentz condition Div # = U is satisfied for A alone 
wLf -11 u t- .<■ Ll.ir TjH.iU-j.iial V .rf the wjivn field is constant- in time. The 
field component* E and H derived from eq. (102b) are 


H = earl A = E J ^ p* X A., cos V t , 

E = — - A = — - £*A*em fV 

C C i 


(102o) 


The cie 1 'magnetic energy in the vol depends on the mean values of 
E- and H 2 which are obtained by omitting products cos F, cos V lr etc., 
for j - f, mid writing A for cos 11 and sin 3 . The energy of the pure 
field then becomes 

*7 - T (E 1 + K=) ■ Vol - rt, S,{4Aj + KA;j. <10M) 


Vi llen one introduces* as* oo-Fjrdjnatw arid momenta of the radiation 
the quantities 






V’. 


VS-m"*/ 


p. 


= A 


/ vol Y'' 1 

UvTv ’ 


(102c) 
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the field energy reads 

■>#7 = S.UK + l®W}. (H>2f) 

J? 'j is the energy of a set of linear uHciltators of unit, nieiae vibrating in 
the transverse directions of line a,, E*uh uHeiJJator reprc^wnits a Jeans 
standing wave in voL The vector potential, eq„ (lM3b), in terras of 
the vectors q, now reitd* 

A — y —j J th mx t\. (11}%) 

All this pertains to the pure radiation field. 

£103. Hie Point Electron in a Radiation Field 

103.1. Tht’ Maroitfonian of a point flcrlrm in the field ui potential <f» 
was given in eq. (04c). We here denote by p only the 1 hree dimensianal 
momentum, and tv plate.* p^ by iE/c. The energy of the electron 
then is 

E = frl + c [(p —^ A j + . (103a) 

Let us consider art electron of miull wlodiy^ with p^r/i 01 o.g., an 
electron in jl wave field of vector potential A bound by an electro¬ 
static potential I' to a position of equilibrium, In nnnrcjuti viatic 
approximation E then reduces to 

E = I 1 + y V 2 + J_ ps _ — p * A + * - A a + ’ ’ ■ . (103b) 

We disregard the term with A- at. first, .Substituting eq. (lO’ih) for 
A and (h'-et for q... and adding t3ie energy of the pure radiation liehl, 
the total energy nf the field and the electron becomes a hihii of 
electronic energy -j- field energy ■[ mutual perturb®lion energy : 

■* = [fV 1 + *v + 2 ^J + 2, < jp; 4 - KC) 

— - (^j) S <» ' 1 - sin r. = Jf., + + JT ( 103 c) 

in nomvl&tivigtic approximation and for weak radiation, is a 
function of the radiation co-ordinate* q and of the electronic q and p ; 
q is contained in sin T r Eq, (t(tfc) controls the reaction of a bound 
electron to visible light and to soft x-rays. In this approximation 
both point and spin electrons give the same transition probabilities. 


m ir sin 


THEnH J' OF RAlHATiuS 


^67 


103.2, ktuHativ + The perturbation energy between Held 

find according to eq. (103b), Is 

= —- [ —:) s r (P ■ Or) ain r B , (load) 

jUq \VOl/ 

'].Vin-jti «[ii take place from an initial state t». « t , ■ ■ ‘J pallet! Estate 

X in which tlie electron has energy X and the radiation oscillators 
have energies E a , etc., to a lined state (m. m x , ■ * -) = M. 
hbi irensition probability depends on the matrix element of the 
pert urhution energy r eq, (h>3d): 

* v 'r " J' h ' - ■ (tVfi 9i 

In the integrand jj in replaced by — rft\7; the component of p in the 
direction « f q which occurs in the scalar product p^q is, therefore, 
tv I Mr replaced by - .h Union the A.-eomjHinent of V- However, y, 
operating cm (r*|J f ) in T, gives ecru. Therefore (p" tU commute* 
with r in eq.) to 3d] The y n (yd are llie eigenfunctions of a harmonic 
irt-i-dlmor of unit muss and of energy (w, H- A)Ar,, They are real and 
fli kit n illy «<n h Qg( >na l . so t h fit 


jVn.Vw.dff. — 

Wi- kImj u*e the oscillator transition values (.£ fit): 

(** + 1 )J ife ™ r = »* + 11 

^LX' i ']' for '“' = '‘ , “ *• I 


(I08e) 


All other matrix elements vanish, like Jff", is a sum 2-.. For 

given ■ ■ • ami given * * * all summands vanish unless one 
m, is either n, T I or n, - l, and all other = Jr ( . Thus, all matrix 
elements of w ’ vanish except 


JT 


'>•1 


i T"«i 1 ± 1 ■ 


* . n , , 4 . . h Y 1 ' 1 fV»j.+ l 

"- * (™i/ SvM "" 1 ^.)VU<?KP (**) 


ft (w, volj 
with the abbreviation 


v n, + I 

V ;i. 


\ fi, 

(103f) 


(QJw™ = sin V M {— iff Vi)V«(ff)dF. (103g) 

V. is the gradient in the direction of the vector potential A,, 

We thus have obtained the ttelt-cfimt rule for radiative tnanwE ■ 

»’ » . 

tions Only those transitions take place with a probability amplitude 
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proportional to :W ' in which im? radiation oscillator changes from 
n M to n § 4- • ot a, — L, Flist-Ortter perturbations between light 
and matter consist in the wniasion nr absorption of u p Watt, 

Thoao processes in, which two nr raort* photons arc involved, e.g,, the 
CJompton effect, where the incident photon disappears and a new photon 
of different ninnumtnm appears,, are processes of second or higher order 
In $T> involving transition* through intermediate states 

Front the general theory of indirect transitions ($72) we know that 
the one-stop transition probability #.v„ is finite i mly when E Xl — E lS . 

then is proportional to the absolute square tff the matrix element 
■tf'xM according to the formula (72d): 

2tt * 

— — |Jr ViW | a p yf (direct transitions), (103h) 

A 

where p A ts the density ' m the energy scale near the initial or final 
energy for e- ty v/ According to &q, (7-fh indirect transitions 
have probabilities 

M, 

pyt (in-direct transitions}, (lU3i) 

n J I 

These general results will now bo applied to varionp examples. 


'^ rr v * .v/y^ J.jif 


,-j> _ ZZ IV ~ « v t‘" 

' r S .M ~ ~T ~>L j. 


§104. K: alia Lion of Bound Electi ons 


104.1, First we calculate the emission and absorption prulmbild k* of 
an electron or electrons, bound to a fixed center; the electron hi 
fun ct- ions ry„(r/j then are appreciable only within the range of atom in 
dimensions Let uh further consider light whose wave length ip large 
compared with the atoms so aa to yield a practically constant phase 
over the range of the functions p n (f) and ; the factor sin F f can 
then be moved in front of the integral of orp (lU3g), with t now 
referring to the center of the atom, Eq, (Ui3g) then reduce® to 

fQi)M* = Bin (~ Pr * * + <*I) JVUtf) (- ^ J- j r Vmfa M V - 11 04 *) 

The integral on the right is the matrix element of the j-componont of 
the electronic m omen turn, which may he denoted by (P.) „ ™ - ftiiire it 
haa a time factor e^*"^ we obtain 


henoe, 


Pntw ,‘ l( ^npj ^ m 1 " 

{Q<)ti m tpXH mm {T, ) n pi^ill I f . 


FurthnnBCm&T WO introduce the ^component of the electric moment, 
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P, = r r,, substitute iQ t }„ m in eq. (103F) mud the latter in eq, (lU3h)„ 
and use the density of the radiation levels 

= 7J Wt (104b) 


/iC 6 

Remembering that there must be r&wwmcr, r, 
the final result Ifar the transition jirmijabiliiy 


|j , 1w1 | oq, (I03h) yields 


^.vai 1 — 


3hr> 


P 

!* 


H, 


1< 


[ 1040) 


•’• here *in ; V has been replaced by 1, find Pf by the average, J^P", over 
all dfrrotJnUB of polarization. P h the electric moment. The factor 
in - is n . when the atom a&.wr&ffom> photon /being uhttorbetl during 
the proco— from a Jeans level, originally carrying n, photons* The 
factor n, 4- i applies fcu the emission of u photon into ji level which 
originally carried n t photons; it represents the mum. of an induced 
*mi$rion probability psttpottional tu u .onI it ^jtontartfon* 
prnbubtLity proportional to the factor — J, Einw tern's assumptions 
mv tluif derived From the quantum theory of rail i at ion. Spun- 
taneou* emission might be understood aH emission induced by the 
zero point radiation field. 

In the absence id nn externa] radiation Held (i, — 0) tho spontaneous 
transition probability becomes 

= yt } with y = !P, (fll |* (L04d) 

! f i here lire A , at on ■ in the upper state at / — (I, thfa number decreases 
during dt according E-n — d.N — Nydt and, integrated, A ? - AV e , ,V is 
the number of fttonm still “living' 1 in the upper state. The mean life in 
the upper state is 


1 


(IGieJ 


. — r%rjr =- — mean life, 

JA & y 

with integrals from 0 to oc. The haifrlife, on the other hand, is the 
time interval during which A* decreases to AA r fll so that AA‘ fl — S Q p~' f 
which is satisfied for 


1 

fan - - log 2 

y 


0.093 - half life. 


(1040 


104.2. OseiikUor. Let iis apply these general results to the apon 
raucous emission by a harmonic oecill&t-or uf charge t and natural 
frequency o^, initially in the state n . Substituting the result of §54 


for ~ 


- in eq. {104,1) wo obtain 

damping constant. 


Y = 


3 fie* 


(104gJ 
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Let iiB oompare thi* result with the damping const ant of ft nlosflicai 
uscillat' -r. For thin purpose we rewrite the equation y — — dXf\ Xdt) 
in terms of the energy of X electronic osoiltaton; of qminto in number % 
namely, E — N - and their energy low, dE = - i^JuiN, yielding 

_ « _ _ _ i. "f _ 2* _ S5j a pmi 

E ftejjJLV n N w 3/iC 3 

This is identical, indeed, with the energy loss by radiation damping of 
an electronic oscillator according to the elassicnl Maiwelh Loren t as 
theory. The agreement holds only for large e, where the energy 
E = (a 4 ijfar^ can he repiaecd by i&u. 

$105* Radiation ot a Free Point Electron 

105,1. The pro Inability of transition from the state A T to M dequend* 
ou the matrix element iQ defined in eq. (Ib%)„ Let ns first 
consider a free electron whose momentum changes from to p„, with 
emission or absorption of u. photon. The normalized eigenfunctions 
of the free electron in the volume are plane waves 

y*(?> = v j l T , 1 [*(P * 4 D/*l- ( lu5ft ) 

The exponential factors appear under the integral, eq. (10%), even 
after being subjected to the gradient, 1 he factor sin F, represents a 
standing light wave and consists, of two progressive tight wares with 
periodic Factors 

exp °j i± * r)]. 

The integrand in eq. (10%) thus contains th> - product of the three 
exponential functions! and the integral vanish e* unless the resulting 
exponential function lifts vanishing exponent, that is, unless 

P.. = P.±°f P- ('OB*') 

u ^ finite only when the momt uiain in cwvutnxd during thewmatrian 
ot‘ tihsorjif-imt- of tl photon btf thf: fn'*' t'letfrov However, roonervation of 
momentum is incompatible with energy conservation, since the Iasi 
vector equation contradicts the scalar equation 

£ £ 

%u ti/t 

On the other hand, a finite transition probability requires re&oflanoe, 
that is, conservation of energy, Therefore, a fret rhrlwm mn ntutr 
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end* of <t sin'/fo p/ioM The reaction hcl wwt! » free electron 

«rnl radiation involves two (or more) pbntons. 


105,3. Single photons can be emitted nr absorbed only by bnimd 
electrons. However, a free olHctmil rimy omit two photons at a time 
or emit one photon and absorb another one Kiniultaneou.Hly. Indeed „ 
there is no contradiction between the two oonijen^atinn lawn involving 
two photons. 


■I* + 4 A =■■ <»J< + 4 A 

o 


w, A 

1“ 


Wr ^ 

4- p = & -I- p„. 


(105b) 

(iOto) 


In rufr-haniaa! interpretation >uch a pmwj», A r > M. takes plate In 
!'■> >« •■ f r * through an interim dinte state L m the direct process having 
vanishing probability because of .Jf4v iW = 0 for F v — E v , refer to 
Fig . i*.l >T 1 jmge 162„ For both -K V /, and ,# j Vf to be Hnite. the 
iNAfn>'uttrm must { » rattwwd in either utep separately, that is, 

— h 4- p m — Pi awl Pr = — ft Hr P*. t*05d; 

e c 

which iL r r’->-' with eip (lU5e) ami is not in contradiction to eq. (105b), 
Final energy and momentmu balance thus are granted. The states 
_V, L, M are: 

(m m 

ft , n v Wjj / . B|, itj 1 

or r ; if j 4- 1, « s 

w hen <.iJr L' absorbed and rs emitted. When tjoth photons art' 
emitted the corresponding states are: 


tit ; w, 4- l, n 2 — I 


im 

h ] it v n s 


{&} 

I'l Uy -i~ 1, H fl 
or l m *, it,, ti.k 4- 1 


*h ; rh 4- F « 2 4- t 


Eq. l o:ii | gi ves the pm liability of the two-step process. 


Ji 106. Thomson Scattering by a Free Point Electron 


106.1. The scattering of light hy a free point electron 3 h due to the 
-o Tar-neglected quadratic i.prm in cq, (103b): 







iA* A). 
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Using the expansion, oq, (102b), and Introducing the co-ordinates q, 
rather than A„ we obtain 

4wg* 

.if * — — E^q,* q,) sin r, sin F*, (KHJa) 

ft vo] 

The initial state of the free electron may have momentum p„ energy 
and ^function (Idea). One radiation oscillator,. v J1 ruuy be in an 
excited state v it and all others, in the ground state. The quantum 
numbers in the initial and final state then are 


a ; 0 + 0 * * ■ a, * ‘ 1 {), - ■ ■ and m ; 0, 0 ■ - * (ra g — Ij, - * * I* 


with energy difference 

~ " ^ ? d H~ i^l — / JV () 

and matrix element of,#™ 


„YJ| 


,W 


", »i lr lF f 


", B, I. ] r " 


(ioab) 


Tiie matrix element may bt- ealmilated with the unperturbed eigen- 
functions: 


W — — «' lp " t)ls % (7,) ‘ 

V vol 

l ■ ■ * 

■ ■ ' 

Wjs - ^ *** " m Wtfii ■ 

‘ * 1 

■ * * 


(lOGo) 


106.2. The integration of > M tending to $ \ u may be carried out 
under the assumption that the icttt*e Uto&thx K t and ). s are large so that 
both T, and Fj have constant phases 6 t and r5, in the range* of y. The 
integration over vol practically i Finishes unless p m = p*, hence 
= E n \ the integral over vol than becomes uniiy. Using (lie 
nflcillator formulas (i03ol we arrive at 


Jf 


w e a A . .sirn^smd, L , , 

,Y,tf = «.*«l —7 - , 1 


(IQtid) 


where aj and eu are unit vectors parallel to the transverse electric 
vector, q, and q C!l respectively. 

The probability of a photon leaving the radiation oscillator v, and a 
new photon fippeinring on the oscillator r ( ia Brute only in the case of 
energy conservation, which in the present case of E n = E n requires 
v f = jq; only the photon direction changes. The probability of 
the process is obtained from the general formula (10Sh) d in which 


* U'o thus consuiier ti*a jrtr *]fH’iron rtcmfiruftd! Ui n FftFigfl ■mail compand with f 
jmkL A f rather tliaa vol: Llua is {nooniHARit, 
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% M is now green by eq (I llftd) and p E is defined in eq, (104b). In 
til-/ absolute square of u we drop all products sin F< ain F r and 
write ain 5 T. = atn a F, — L The square of (w, * a.) may be replaced 
by its average. J. In this way we arrive at: the transition probability 

& = -- (WfteJ 

The number .>f photon* scattered per unit of time becomes. &fr and 

the -sc attered energy per unit of time in 


( ^ b* *' 

"'’7 "TJB'*’ 


(umf) 


where u\ = n Jn-,fvul l* the energy density of the incident wave r,. 
Since the incident wave travels with velocity c, the energy incident 
J.K-: Unit ett^*-section area and }jer second is ■ c. The tfOtsUGring 
a - - ’■ riion of the electron is defined as tlie ratio of the total energy 
scattered. and the energy incident per unit area: 

h v <p §^/ jjS y 

scattering cross section = —- — = — ( —; ) . (I Otic) 

wj t 3 V 

Tki’ is the formula of Thomson for the scattering of tang light, f mves by 
t free electron, derived here from the quantum theory of radiation. 

The intensity of scattering into the solid angle dU U obtained when 
we replace the factor | bv its original («_, 1 tt { ) — eoer E (s t t) T and the 
Factor s- !,■>■ dii For scattering with 1 polarization wc then obtain the 


differential crows ruction = dQ cos^f* 


■-CST- 


lOti h) 


which Humes with the classical formula. Ml thine m^ulta arc npproxi 
matfons for long waves. 


^ 107n Compton Scattering; Bremsstrahlimg 
107.1, Tn apply the non relativistic eq, (IU:)b) in shorter ligliL waves. we 

have to use the full value of the factors sin !' - suip^(p*r) + 


It is convenient to replace ain V by — (r ;j£ c iV ). When the matrix 




element of " is calculated, the integral over vol consists of four 
terms with [++),(+—),£■ - f). £--). respectively; 

ffb(*■»- -»J ± r* ±7 3 -)] rfr - 
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Tlit integral is different from item only when the e* | lumen t vanishes, 
be,, under the vector condition 

P„- J, ± hy ' P>. ± P, = 0 (I07a) 

e fi 

together with the scalar condition of resonance 

— A# # — A»v== 0, (J07b) 

Eqa, (107a, b) dewerilx the corifiervfttinn of in omentum and energy 
known from the corpuscular theory of the Compton effect. The 
signs in oi|. (Hi7a) are double beeaiita- the radial inn OKnllsIors re present 
standing wave* produced by the impevpufdUon «>f two traveling waves 
of directions ± 

Thomson and Cumplon scattering by free electron# is opposed tu 
"Rayleigh and Raman scattering by bound electrons, 

107,2, Brtm&ttrahlnng* When the electrons of a cathode ray ore 
stopped in rt hu lid body , ( hey emit a continuous spectrum of x-rays 
known m Brem^strahlung (radiation by deceleration ), from the 
quantum point of view wi have to do wills transitions of a free electron 
from the kinetic energy E„ to E m , with emission of a single phut mu 
hm = E u — E m . Such a process can happen only under u perturbation 
energy F($) caused, my, by a nucleus, in addition to the perturbation 
between electron and radiation, The total perturbation energy is 

Jr n -JT (?;?,)+ V{q), (107c) 

The unperturbed functions yiy ; q t ) are the products defined in eq. 
(10Gc)„ Energy balance between initial and: final state is required. 
However, all matrix elements for iff A — E yf mnhh. 

Indeed,. F.v.v ™ > '^ s for all transitions in which i fe y factors of the 
radiation are different in the initial ami final state* i,c. T for all wliatitir 
pracmnat. .SF'yjj vanishes under conservation uf energy, uh wh In SflOn.L 

Transitions via intermediate states L can take place so that the separate 
processes N - L and L > M conserve momentum rather than energy. 
The following two step proccKses through mter-medmie states / and 
II can satisfy these conditions with final energy balance: 

/. First p„-± p, A- ^ P then p, -* p m + P r 

* J. It. tiy.pciihuimL'T, &. I‘kif»ik 55, 7£& (JU*:u J. A, G*mit. ifwi. 5®. adft IlflSO), 
,t iffcunninrfir'ld, .-I t/ o . I'by^lf 11, JaT i hUllJ. 
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w here P is the recoil momentum of the- nucleus, whose recoil kinetic 
en< ig\ is negligible because of the large mass. Or 

//. First p„ -v p ;/ + P, then p n -*■ p m + — j3, 

«P 

The camwpondmg products, and */, substituted 

in eq (lo3i), yield the probability of a Bremsst rah lung proconw. 


QCHJ, The Dirac Electron in a Radiation Field 

10SX t li'- radiation of the ! %tw electron in a light field depends 
on the perturbation term JH r between hold and electron- In order to 
li 11 i ■' wc go back to the Dirac equation, which in the presence of an 
de4-tri'magnetic \ potentinl ^ = A- '"I reads 

- ( Y P. — *- A, 1 — (JyT y — f - ■ I ) - i'jMflC = 0, 

Multiplication by y*, remain boring (y*J* = I r yield#, with introduction 
of th^ nmi ri. i— fy*v* — i 1 at component* of a vector mat rix x, 

E — i i I f(* ‘ p) t * A), (IOSr) 

Thu I >iou . N r!i‘nt] in the field ofeq. (J02g), augmented by the pure hold 
t-nergy, yields the Hamiltonian 

>■ = iF-j- m* p: -h y*>w* -h E,C*P: t Wjto*) 


/ HiT V'■ 

— jj * <L) sin r,, (108b) 


dtffi-i- thoroughly from eq. (103c), It is linear in the momentum 
p -f the "-lectr.ipi acid the operator r* plays the part, of the velocity 
■ tor [i/■.-,, The last term of «q. (108b) is the perturbation poten¬ 
tial I net weet) electron and radiation: 


* q,) «n t\ 


(108c) 


n> contrasted to the former expression, eq, (lu3d) + The trandtion 
value ..f > ' m obtained by calculations s imilar to those of §103, and 
leads to u result similar to tq, (I03f), namely: 

J 

" A'.V j ; (mini, — *1, ± 1 ■ “ 

— -if ‘ 


V, it'll 


(QJmm =* Vo,{ff)»n V t **r f „ it (q)dV. (108e) 
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Tito subscript n indicates the orbital and apin state, i,e. r it refers to 
07 m rtf the four rows in the tabic of page 2S4. a* is the .*■ component 
of the vector matrix x l g;-x T {in contrast to a t which is a vector parallel 
to the ^direction and parallel to A,}. The smrmriat.ion is carried over 
the four spin indices o, i.e.. over the four function? in the chosen row 
of the table. 


103.2. Tn the approximation of long light icavw the factor win \\ mu 
be moved in front of the integral in sq. {I "Me-), so that 

(Q,Km — ~ /V »m F ,(*')* * T where (a - ),,* - (IsJHf) 

The factor (»■)„„, will Iw calculated in the nqftrolfttivistio approxima¬ 
tion, We feat amurnc the spin to be jMiratiel to - x in both states 
n and m ; according to the table of page 251. with ^ fJ and 4> nt as orbital 
factors, we then have {notice the conjugate sign): 

_ t ^ n _ Sr _ _ hi (d$ m 

v,| i *** V"* ~ °> v * 3 ~ &' V ' M ” 2/w \ a* ?# r 

and furtiiermore, with x M ip n ^ = <■„ f nit 

, f'^ + »' = n -—-■ -tr* ^Ymii = *V*4 = tmi 

* 2,%C1 V Ac dy / dz 

so that 

■£>-(£•-*tW‘ r 

= —. |" d+ .J- - f 

2/i^etJ Ase 1 i Ac ^ 

The first and third integrals may be transformed into surface integrals 
which vanish for eigenfunctions* ho that) 




and, in general, v, for 3/Ar in ease of ot* T 
Substitution in eq. (IGfif) gives 

IQJ**, = sin T. J $ H {- ihyMJ l’* 

This. however, is identical with the former (Q,) nn of eq, (i03g). For 
long light waves and small electron velocities the Dirac electron leads 
to the same radiation effects as the point electron. 

The same results hold for spin parallel to — z in both initial and final 
state, if wb should assume opposite spin direct,ions in the two states 
n and m, the result iQ,) nm would l>€ icro. Hence, radio tin- transitions 
from n to in occur only mih conservation of thv /spin dir&iion t fit least 
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m the present first Approximation, that b, for weak coupling between 
the magnetic moment of the spin and the magnetic field produced 
by the orbit, the latter bring small due to tbs supposed email velocity 
of : he electron* 


£109. Scattering by a Dirac Electron; Pair Production 

109J. When we derived the scattering of light by a Free point 
electron, eq* (iQrig), wo had to resort to the second -enter perturbation 

L ■ 


originating from the quadratic term 


( P_ ; A ) 


of the mutual energy 


iJiraHamiltonian contains only a term linear 


ta {* *!*)■ 


allow ing 4i two-photon process of scattering to take place only in 
two ifiepsi through an intermediate state I*. Although both energy 
and momentum must be conserved between initial state N ami filial 
state M, the two steps XL and LM require conservation of momentum 
■ 1 illy Denoting by p, fr the thud momentum rector of the electron, 
with initial p. k = ii, by k, and k. the momentum vectors of the two 
photon* involved, ami by 0 the single of scattering, we have 

E n = ftq/c? and E n — c Vj^ 4 (109a) 

The conservation laws between N And J/ become 

k, = p*. 4 k, and frf* 4- dc, = ?V& 4 0v v ) a 4 r *<, (lORb) 

from which follows*, because of /j” =» + Af — *1 Jc t k t cos ("I, the rela¬ 

tivistic Compton relation 


k, = k r 


iUL 


flOOoJ 


-f A:,{1 — cos 0) 

i he transition through an intermediate state L can bake place in 
two Ways: 

t.L i The electron first absorbs the incident photon, then emits the 
scattered photon, in both instances with momentum conserved; 

— k (1 tlion y m = pr — k r . (109d) 

\L'\ It first emits the scattered photon, then absorbs the incident 
photon r 

p r — — k*. then p m = k, 4 p r — k, — k.. (109eJ 

I he Unutdtioii probability, eq. (lG3i), contains the absolute square of 


v 


jcv JP 
,vy ^ j;h 

E v- — E tr 


4 


s i/ X , r ,-.uj 

Eg — Ew- J 


(109f) 
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with summation fiver u]l in termed iittc' L‘ and L" compatible with 
momentum conservation, In the denominator E s equals E # 

The matrix elements -^ y/^ etc.. ape*^ WHWs of cqs. ( lUtkJ, e)„ 
with \ w, -r t anil X u, both replaced by unity (niuisskm into an empty 
radiation oscillator r ( , absorption from an nacillator carrying one 
photon ht M ) \ stn T is replaced by - a fv - ^ tirogroaaive waves wit.it 
the denominator \ - so as to have t he -sauna nurmaliaation a# t he 
former sin V. The integrand of J^[ S L' then contains the product of 
the three factors 

f t Jr) = V« '* ^ r)/ *. Vr- tO “ ft. ' a ^ KW - e± ” ' 
and the volume integral vanishes unless the sain of the three exponents 
vanishes yielding ft -} p„ + i’, - ■ ", iSuntlM 1 raulta hokl for the 
other matrix elements of // - Altogether, tine obtains 


* S U = 1 

(_J£ 1 

\ r). 

V2tt 3^ vol/ 

-**'* = 1 

f hi 3 > 


ViTfj'j voI> 

H 

tat v 

* 

II 

r Af a > 


\2ttTj VoU 

'<'M = 

f ht* \ 


\ 2ttJ' , vol ) 


(io»hJ 


where sc* and ad are the component of the vector matrix & in the 
direction of the elacttfie met or of the incident rind scattered light. 


10&.2* Thamsfm Sattl- rin:/, The evaluation of eq. {109h) arid of the 
sum (KK)f) in cunlparatfrely simple in the approximation of long light 
waves. The electron then receives practically no momentum, m that 
ji wj a* = <1; hence, k t ^ k r The four states to which the Z L 
applies are those of positive and negative spin component, belonging 
to positive or negative energy. In the present. approximation, the 
table of reduces to 


ft %i 

(1 11 y a c 

o c o 

E ** — figt* 

y, « U 0 

a tj‘ t i.i 0 


Each Z„ iu eq. (JGflh) consists of a single term only. By summation 
over the two polarizations of the incident as well as the scattered 
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photon* one arrive* at the same ThomHon-sc&Mering formula which. 
wa> obtained in eq, (IDGh) from the theory of tins point electron, It 
k noticeable, however, that this result-, when derived from the Dirac 
theory, depends cm transitions through intermediate states of positive 
dr* Wflll r nrjlttil't en<?r(fi/. 


109.3, CoiHpittit Scatter in#. In case of short light, waves the factei p# 
a. the transition probability -A xu w the density on the energy scale 
of The final ~tates f w liieh iti ease of I’homsan scattering was simply the 
density p, of the Jeans proper vibrations near v = r r , In the present 
ga~ where j > t itself varies with ®* one lias 


m 


that 


Pm^E if p/Hfu 'd = pitdkt, 

"* = pfi (ikl 


ft » etitiit 

Remembering 

B m = E,., 4- ek t = c(pl + /-Jc*} 1 '- + ck f 

= eik-; + Af - 2kjb( cos 0 + + dt ( (ioei) 

and nt-shti! r h+- iV'iiiplcu formula | iOliu). one obtains (JA r /c 
= E^L\J ami with E = 

tfda 

A V s 

The e . -i hi i l i ■ ■ c i of tin mu iris elements,if [y^, etc., and the summation, 
(■ ij (Inufi with the ■ vuel Dirac function* y,, of rip (9Sf) is a rather 
involved affair m-Ei-r to W, L lei tier, Tike Qua t* tit tn Throry of Radiation , 
pp, 149 HI). It leads dually to the well-turn firmed fcaiBWh for the 
lifff ri'Titi •! 'i-.itfering criiss section derived by Kirin and Mishina and 
hv 1 Waller. 51 


Pm *= 


(ioej> 


ds 


{* Y*T. 

tad rfK w+ -■ 


{lO&k) 


- 

•_ llo tin- -tuito of negative energy of the electron prove to represent 
ii phy-irid reality rather than a mathematical abstraction. 


109,4, Aanihilntitfh pj Eleclmn ‘Positron Pairs. Unoccupied states of 
nee itivc energy, or rimhs” in the negative don niii. arc interpreted, 
•l- ■ ■ !■ Ijo- i ■ Dirac, a> positrons, When an electron falls into a hob t 
both the eta-1 run and the hole (- positron) disappear Such an 
ikdriihihilmii jmices* may take place whenever a ray of positrons is 
ted through matter containing loosely bound or free electrons 
• i, Klein juid V. Kid-jinn, Z, PAy.it SB, A.H |1»2K|. 1 W nll-r, -W 81, MflT 11030). 

■t 
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{aluminium foil, 'Thibnud and Orane), The process, theoretically con¬ 
sisting in the energy change of a free electron From more thflri /^r 2 to 
loss than — /j,/-. can take plane only with the simultaneous emission 
of fww photons, each of energy hv > — G.ol Mev, in opposite 

directions* This has been confirmed by comoidenws in (ledger counters, 
Tbo theory cuf Annihilation* is analogous to Lho Compton scattering 1>y 
a free electron which also involves two photons and the energy change 
of a fr<^ electron. The probability of the annihilation during <it of a 
positron traveling with velocity o «, >■ through a giihst&nco containing 
N free or almost free electrons per unit of volume has been calculated 
first by Dirac i 



(r 0 ia the ^electrostatic radius'' of the electron,) This load* to a life* 
time of order I0 -113 see of a slow positron in lead. 

109,5, Pair product Pm, i.c,, the lifting of an electron from a nega¬ 
tive tu a positive energy level leaving a hole f positron), could take 
place in free space only by the simultaneous arrival on a small 
cross section of two photons hv >- fttfr fruiu opposite di recti oris, an 
extremely improbable event when two /-ray* arc Bent against each 
other. Near a heavy nucleus, production of a pair can take place by 
the absorption of a single photon of onorgy hv > — 1,02 Mev, 

Pairs were produced by sending rid.'" /-ray? [hi - i!.62 Alev) through 
lead foil fJ. Curio and F. Joliot, Chadwick, and others)* The process 
is analogous to, and the reverse of, Bremssfcahlung which involves the 
emission of a single photon due to energy loss of an electron near a 
forte center. The cross section 8 of a heavy nucleus Ze for pair 
production by incident photons hv has been calculated by OppOttheiliicT, 
Plesset, Bet-he. and Ileitler, 5 with the result 



where r 0 Ls again the ojeotioatatic radius of the electron, and f*/Ac has 
the numerical value 1/137. 

Even in the? absence of any force centers pair production can take 
place as a two-step process in vacuo, and the pairs may be annihilated 
again after having lived for some time. Thi* implies, however, that 
the el RctTonmgneti o field theory in vacuo without charges ami at- be 
replaced by a theory in which the pure Hold ami the held of matter 

1 P. A. M. Dirni', pftr, Cninttri<i^> Phil. $OC- 2$, 30't £1930. 

* U. Ifc-tli* MUl w, Hintler, Pmllo}/. &oc. (LcFuiwiI 14H, Si \ L&S4), J, Ft. Oppan. 
hrimr-T nad M, S. Efewct, Phy*. Rev. 44. 5* (I1f33). 
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wave,- ropn'oeutizig virtu a! positrons and electrons are iid-erconnected 
80 that neittier of them any lunger haw an independent existence. 
For further ntudy the reader may refer to the standjinj work of 
VV Heitk-r Tht Quantum Theory of Badittlion. 


U10. Quantum Electrodynamics 

110.1. 1 .ii-' rt^eijgtiiiwtl by the surrounding fielda which, in their 

turn, nrr mensured by means uf tent charges. The question ariaea, 
what i- the margin of exactness of tuenaumig a field) The answer 
wan • nj:Mt in $ U\ from the principle of uncertainty for tho teat 
charges. The field uncertainty may alnu be derived by considering 
the bel l itself m n mechanical aystemin termBof “radiation.agcilUtoni/* 
with the cuinouical co-ordinates and momenta defined in eq. (102e). 
Houvv.r. tle-w- radiation osctllatom pervade the whole volume. A 
mfdiitnizjitton ni'tl.t- field in wlitoh the ''oo-ordlnatea" And “momenta" 
IDt characteristic of the field in the various individual volume clc 
mecits -if MfMi.f time wm first established by <i. Mkd and will now 
be described. 

The Maxwell field depends on two 4-vectors, namely, the patentiai 
♦ iftd tin- eunrnt density J. with ihcir components 

= A, > I and J — j ft'., ip. 

They have different values in different apace-timo points r l a^r a ,r 4 == icL 
The field itself i> defined by two IT Vectors F and G w ith components 


F- ijl tj^nP^Fia - £ B .B r i’E,.(E, i Ej I 
“* H.H: i'Dj .I 


B '.n-: E -in.* derived from the potential 4> by virtue of 


F = 


1 kirl or m 

|E 


y XA 

= - V F- 



(1lUu} 


(110b) 


mu-1 alto aAlialy the Loren las condition l)iv^ = Q, 
It' l.I s to the Maxwell relations 


vF r * .'F.| | T'F d ,■ 

tV, &JC, 2% t 



X E 4 B 0| 

c 

V ■ B = oj 


Eq. (U£)b) 


(I 10(3) 


‘ ij. Ulli. -Hf*n. f*h$A i k So. ill LtSWij. P. JordiLii a.nrJ E. Wjpur, Z. h'Uijiik. 47. 
lfll I tDzJS] W I JnirfCnlK’iys niwl W Pauli. ibid. Gfi. 1 {1EI2S1. L. ftoaenfuld, ibid. 70. 
454 {lB3|i 
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ns a mathematical identity. With Aiv explained on page 249, the 
current ih defined in term* of tint field by 

Aiv G = teJ. Or| V X H - - D = 4id j (llUd) 

y * D = 4upJ 

110,2. Equations (110c!) will now bo derived as the Lagnm^ian equa- 
iiimm which minimise the variation problem 

dv di = j' ' efr = extremum, (HOe) 

with the Lagraughm L defined as 

L= i(a.F)-4tJ.*) UlOfj 

Hit 

= 1 (G-< iirl *) i(J> ®) - !lirI * *) 

Hit 

, ib ji Inn n I ion of * and itn derivatives, eon tern in j G arid jrdl Aiv G 
as quantities- iudependetu "F d* and furl & Hence, 

<5£ — — (G. curl d*fr) — i(J, d#) 

Htt 

and owing to the identity Div {*. G) l4h Aiv G) (G, Curl *): 

M, - A (,>*. Aiv Gi - 1(4*. J) - -r l)iv (4*. G). 

8st Hw 

The variation of oq- (I If to) thus become* 

0jj7, dr dt = fAiv G — tnj) - ^ J/l dv (W, G)dr dt. 

The second integral rimy be transformed into A surface integral which 
vanishes if the variations of A* vanish al the hounchirv The 
hwt equation then is s»twli.-d only if the Factor of >o*» under the 
integral, namely, AivG—^ ttJ, Is :era, Eq, $11 fid) thus solves the 
variation problem {HOh). 

The Lagrangian function y — JZ, dv determines the '‘momenta " of 
the field if we consider an “ccmrtlidater+' the three' spatial components 
of ^ in the >, ire ms volume element- dv: with *E t A, A A. as co¬ 
ordinates the canonically conjugate momenta U* are defined as 

dJLdv SjLdv 

u * = ~ kW' <57« *) “ a3f«’ 

Since G,, itself is proportional to F H , eq, {1101) now yield h 
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H | — t Gjj <h’. In eon elusion, ns canonical variables in the various 

i c Hit 

v i'i lamp elements dv wo obtain ; 


A , A t A = cut urdinDitPH 




D j = momenta 11 

47IC 


Ulilg) 


Quantum electrodynamics luaytulat-os that these co-urdinates and 
momenta are mutually incompatible; they have to satisfy the un- 
certainty relations; 

dv 

r^Dj^Aj ■ — ~zh, fits, fHbhj 

4 ttC 


I-- .in B ^curljA it follow* further time, an uncertainty 4A along 
■iv involves on uncertainty AB 3 — &A,fdy, He net 1 . 

„ h 4nr 

AD, 2£y T (1 K>i) 

d$ dy 

is t. ’iv uncertainty relation for the simultaneous mens Lire men t of B, 
i-tn'l D in the same volume 1 element dv of length dy. The last result 
was derived in from the uncertainty of measuring the Held com- 
i- ii 1 'its w ith the help of A test charge. 

After having found canonical co ordinates and momenta which 
ihvo.-riI*e the field as a mechanical system, fine may try to establish a 
quantum theory of the field by introducing a iSohrodinger ci|ii;n ion j'. li¬ 
ft function 'i' of tEui eo ordinatea < fr, , There is an infinite number of 
sn< h coordinates, each of them pertaining to a sejiaratu volume 
ctcifir in dr. and 'E (♦*) symbolizes a function of all these co-ordinates. 
Is v * ll.i is the classical Hamiltonian of the field in terms of 
rhe en-orrliu-ites and momenta, then the oanwponding Schrodinper 
equation reads 

* A 1 

Unfortunately f however, such a oIahhidiiI Hamiltonian is not known. 
Ii. hint we do nut possess any ctu-irtral theory of tEie field including 
charge dchsit \ which could lie represented Ivy Hamiltonian equations 
■ i emi«t ion n> i that the present, lield and charge distribution determine* 
the field aufl the charge distribution at a later time, Trur. Maxwell’s 
i‘ipiat-intin determine, by mean* of retarded ^mteniials, the field when 
‘ i I’hfuge dmlnbution ru space-time is given. However, we do not 
know- of any equations of motion for the charge distiltuition itaelf 
sinoe the inertia uf a charged volume element is not. defined. 
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Thpftf 1 difficulties disappear in theories which a-^ume the charge 
either to in:- condensed in mathematical points, or determined by Line 
past (and future) motion -of mathematical points, the latter being 
surrounded by a finite charge density of a certain effective radius. 
Such theories Consider the held only its an auxiliary m&tl&matical 
scheme without a dynamics of its own, and restrict dynamics to the 
retarded and advanced interaction at a distance between the particle 
points (unitary particle theories)/ 2 


$111- Problems of Self-energy 

1111, Energy twtmtn Point Charge, If there are several point 
charges at rest in the volume, their potential energy is 

fr|Kit = ^ 


when" n>d is the potential at the place of the jth charge. We know 
that V[r,) is ’L i r i fr u ; our aim m to derive the Coulomb law from 
radiation theory. Max well's theory locates the energy in the sur¬ 
rounding electric field: 

fipoi = V< v i'<) = ^ (''«!). (Ul») 

where E = — V F, T may he considered ns a superposition of 
standing waves similar to eq, (JQ2bf with coefficients V , constant in 
apnnn and time, in the Form 


F(rd — l\ jF where 

r„ = '-•(!,- ?.i + 

C / 


nub) 


hence, with E = — V ' V) 1 — —» P . Fi tin P, 

c 

E> - (s.^p.F.fiin [0 ( s, P, V t *in T,). 

When ive substitute into eq. (Ilia) and average over the phases, 
sin F„ Hid P s — 0 for a ?= t and — i(vol) for & = t, then 

= Zfifi.V, <K» r w = 2, ("'jV.* (1! 1e) 


1 F^r tL i»m{nriwD«jve review refer to C\ ,1 ElicnW, **The IntrrMi inn "f ElnotroiM 
^nd tic ElrtsLejiiirinttfiji!. Fkikri," Ittv - Mod, PhrfM r 19, (1947^ 
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Differentiation with respect tu a particular Y, \iekLfl 

v r vol /w.V 

***" r -~* ItJ f - 

Substitution of the resulting value nf V. in terms of Ej on the riglu- 
hand side of eq. (11lc) gives 

= ,li 008 r " )S ' 

and averaging over the pluses 

cos r H cos r., 


*1»| = ^ XAvA 


to* 


(llldj 


\\> now carry out the lust summation over s H Le.. over all directions 

«p ■ ’ 

p-, and all frequencies tu t with 


cos r„ cos T, — 1 : eos 


— (r, — r ■ |3,) 


- cos y (i, +- r, ■ p,) 4 - 26 , Jj. 


The phiise average cancels the second cosine. When we average 
vtr ftU ilirectiona of the unit vector p, P the right-hand side becomes 

//(fyJfcos b) * | cob r,j cob flj = -—— /cos y dy 

tv, 

and after integration between y — 4; — f it : 

c 

= sin (ivst jc) 

Tin' summation in cq T (Hid) is ait integration with Jeans' number 
a* factor iremember I" is unpolurized J ‘longitudinal; 

^ oqflTriWftrjj I 1 mn(w t rijc} 4-m^dr t (vol) 
to* to* 2 *v fi /e c 1 


2 tt (vol) 

-S7rVr tjl 


sin x _ vol 
- dr = 




HttcV,/ 


since tlu? integral is Finally, from eq r (lild) 

- iE,E, —, 

r ii 


(IIlc) 




. ir c i 




for which we may write 
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The flrsl sum the Coulomb energy, derived hero from the 
Fourier linulyHtK of the electrostatic field. The second sum. with 
rlcu animators r lt = f), is infinite* however. Infinite terms petti? when¬ 
ever field Kijumrhl nrv« condensed in poinLn The infinity of eq. (I l If) 
ifj purely ehusfiical since in the last calculations we did nut use the 
quantum It. 


111.2. The infinite classical iuuhs of* ] Kiint charge can he u voided by 
rutting <tff us ineffective nil thu.sp frequencies whose wave length in 
smaller than the electrostatic- rad tun of the electron - 

** 

l < r 0 = —: = 2.62 X ltr u cm 

0 /v l nigi 

fa r? > Itrjr 0 Mjfrv, 


Quantum theory, nt leatrt at first sight, has to cut o|f at tus even larger 
wove lengt h. Indeed, in addition to the energy in it* own field (§ I H.I ) 
there ia the fiuat.nation energy of the electron in the surrounding 
radiation whose residual energy is ifau fjer Je-aie-; proper vibration at. 
In a periodic field E E,y a fret 1 electron acquire* u periodic dis¬ 
placement and velocity whew mean square*. according to a classical 
calculation, are 


—: e 


x* = -■> lr i 3 



pinh) 


Substituting tin - value of Em twilling from the relation <jA (Eu/ V it J Vu h 
multiplying by Jem is 1 number dS, and integrating over u frequency 
range from vi m \ n I n une qltlain* for the fluctuatum vm'.rgif of I he 

electron in tI m■ residual field 

lilfi — - |vj dw : 2 ( M nu i II li) 

* TTiUE* nfH * 

This energy is included in the experimental rest energy of the electron 
and should certainly nut be larger than "&*. Hones* supposing 

fart = > ^2tt ;%c s — {2*r* 13“ ) J,I± fJtf? — lo Mov 
a < 0.83 ■ Hr 11 cm. 

Higher IrctpioiMjiRf* are to be cut olT as ineffective. 


(inj) 


111.S. This classical silent I ntkm of the llnetuation energy in the 
quantized field is to be amended h\ the results of ti more con- 
dftient application of quantum theory. First of all. we know that the 






taiAP. mu 


nimm up h \t>nrmx 
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electromagnetic fluid begins to "ftet strangely ” at frequontdeu as low 
ft-s Compton 'h fei f with 



i . i'-eij. two photons of thin magnitude can lift an elwlmn of fiegati ve 
-• r l-• [m- i in i jKiHitiivc level mi j is lo produce an Hi^trou-powtiroii pair. 

The viRnmm Is full of <l latent " pairs. When an aleclron id confined 
p " 4i certain range ill momentum space, ii put+ll&y away other 
elect rood even those of negative energy, fro in a range A.r "^hjdp x 
near it.-, center* thus pro*luring a thimbng-oul of imgativii-eneigy 
electrons producing an apparent spread of the negative charge distribu¬ 
tion of the real electron with n Itwemng of its electrostatic field energy, 
wit bout resorting 1” any si ruct-uml hypothesis concerning its °radius,'' 
i h\- widens the i itige of effective frequencies m without danger of rtn 
excessively large self-energy. 

Auother rvon further pushing-up of the out off frequency id 
obtained from tlw eflrct of the residual Heldy Tho™c field frequencies 
w Licit are larger t han 1 he Compton frequency produce strong 
llurtEial i '-ilh of the udodiy and displacement of the latent pairs which 
interfere with those of ihe real eleclron and reduce the effective tfue- 
tuation energy for e> > a> c to a value obtained from eq, (111J) by 
multi plivatiuin witli i| a . Instead of cq, (I l|i) one now obtains 



dill) 


Lite integral di-.-tgrs only logarithmically; it can In* kept Imdow- the 
•. .du* ■ - Iiv cutting oil ii- ineil'eti i vc tin* Fit quell den 


ej > w t - exp (tf 137), 


(III iti) 


n.« i* uge -•(' the effective frequencies is thus extended very much 
higher than by chi.-isieal computation*! , in spile of Llie absence of ft 
structural hypothesis, X evert hetesa, electruydnamic considerations 
itre vxpvetvd to fail lU the highest frequencies betJUist licw phenomena 
of mesOTi type are superseding electrodynamics. Tile problem of 
removing the infinities lias been solved by new methods owed to 
I’omoiiaga an.J Sell winger. 

Summary of Chapter XH3 

The radiation field in u finite volume can be crmieidomi an a supor 
I s wit ion of independent harmonic vibrations or radiation oscillatora 

' fUifcr iu tlif twport of V. W«iuko|)f, "ftet'ant hevflbpmcats in tlio Theory o f tho 
KLi'itn'm ftrv, ,1M. Fhy*. 21. (11U1I), 
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whose state Ls described by co-ordinates and momenta, proportional 
to the Fourier amplitudes A i and A., of the field vector potential. The 
mechanical system of radiation oscillators interacts with electrons 
through a mutual perturbation energy. In non relativistic approxima¬ 
tion, both scalar and spin theory lead to transition probata I itioa which 
are equivalent to the intensities, given by the classical MaxwvH-Lorcnl'ft 
theory. In higher approximation, however* the point, electron and 
the Dirac electron disagree. The former lead* to a wrong intensity 
distribution of the Compton scattering, whereas the Dirac theory yields 
the correct KMn-Niidbam formula, based on second-order effects and 
depending on two-step transitions through intermediate states, in¬ 
cluding states of negative energy. Negative energy levels are related 
to positrons m Dirac "a theory. 

Instead of dividing the field into radiation oscillators pervading 
the whole volume, Mis considers every single volume element if aa 
an energy-carrying clement. Its energy content is a certain function 
of the vector potential A and the displacement vector D Maxwells 
equations are canonical equations of motion for the A a in the various 
volume elements as co-ordinates, and the {1D/-1 t -c}dY as momenta. 
Fo-ordinates and momenta cannot be observed with exactness in the 
same element at the same time. This lends to an exchange relation 
between A and D. and between B and D, 


Chapter \I\ 

THE MESON THEORY OF 
NUCLEAR FORCES 


HI- Nuclear Particles 

112-1, In this lost chapter wo leave the solid ground of established 
atom it theory and discus-; the controversial topic of nuclear forces, 
In i; i ultra *t t> * t he t 'uuhunb potential 1/r, nuclear }K>fcentiiilft deervcise 
exponeutiaEh wit! r [short range potentials), It will he adequate to 
use iiunrr-Eiitrvistie quant urn mechanics since nuclear particles move 
with -.Tij i.ll veil^itiiort account .it' their large masses. 

-\uclear physics presents us with a striking instability of the very 
particles which were formerly considered as elementary. Protons 
transform into ncutronn. electrons and jjoaitrons emerge from a nucleus 
whirli could not have “contained'’ them since the Compton radius 
r.f the electron is a hundred Limes larger than the nucleus itself. 
New particles *uoii r- the meson and the neutrino make their appear 
am We suddenly tire faced with complications of such magnitude 
that bold uLid artificial hypotheses have to lie Introduced to bring a 
semblance of coherence into the diversity of nuclear phenomena, 
Whereas the particle of paramount interest during the hist fifty years 
has been the electron, the senior of attention at the present time has 
shifted t.. the mc-jon , behoved to hold a compound nucleus together. 

112.2. The accompanying table contain* data 1 on elementary par- 
tides and their simplest compounds, 

The muss numbers are those of the neutral atom and are based 
on 16 for lho isotope 16 of oxygen; 0.601 mass unit corresponds 
to 0.931 Mev, The magnetic moments of the heavy particles are 
given in nuclear magnetons, t.e. r the electronic magneton divided by 
1836. The 2.7£i nuclear magnetons of the proton, determined by 
Stern, Rabi, and their collaborators, when subtracted from the 0,856c 
' 1'iirtly t'rom H. A. Betho. ftefnenlary jVufW Theory, Wiley, Now York (1M7}. 
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Particle 

M.itv) 

ajitfiLbcT 

Spin 

Mu jne l i l: 
rrvomun.t 

Dukrga 

Electron \fi) 

M.OUlUVtH 

HI 

I 

+ 

Ncutmm , 
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? 

0 
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r 

+ T — t 0 

if-Maiwn 
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19 nr A 

t 

Tl — 

1‘rolon 
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ifi r 
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-+ 

Ninstmi! 

1.00093 


- J.9M1 

0 

Dentonm 

lot *71 

ft 

0.054$ 

+ 

i-t'urt Ictti 

4 . 00 m 

u 

a 
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magnetons of the deuteron, yields — I .U3S1 magnetons for the neutron, 
us though the neutron had a negative charge. Proton* and neutrons 
are often considered as positive and neutral states of one and the name 
particle, the nnrtmn* All efforts to find n negative proton (antipruton) 
have failed as yet. 

Two different types of jticmm, with rest, masses m v -- 2 hip and 
■-*- have been observed with reasonable certainty in eosinic- 

ray phenomena, and a third type with probability. The ir-meson 
furnishes the binding material between nucleons; its mass is com¬ 
pensated by a negative potential energy in the nucleon. It decays 
with life time HJ K secs, into a /r-meson. 

In order to explain the broad energy band of ^-emission from a 
nucleus, Pauli introduced the hypothesis that a neutral partide of 
rent mass zero, the uetUfino, is emitted together with the electron, 
and that only the sum rtf the emission energies nf electron and neutrino 
has a definite quantized value, I't is necessary to ascribe the spin Ut 
to the neutrino. in order that the emission takes place with conserve 
t-ion of spin momentum. 

U2-3. The dissociation energy of the nucleus inti. nucleons is obtain¬ 
able from the moss defect, i.e, T the difference between the mass of the 
nucleus arid the sum of all proton and neutron masses. The deutmm 
has a mass defect of tunniS-l mass units (of, the table above), eorn.'- 
sjN'jnriing to a dissociation energy of 2JSMev, or 4 :fi5 Mov for two 
deutorona. The mass defect, of the x-partiule is 2S.I Mov so that 
UH-tH Mov are re^uii'ed to split it. in two deuterium, The flout* roil 
is unsaturated whereas an x-particle is highly saturated. Xuckw 
forces in genera] show similarity tu those of tilt. 1 chemical bond; the) 
are exchange forces. Their nature may best be studied in the exam pie 
of the deuteron,- 


3 H. A- Hflth# and H. 1’. Haalaar. keu. Mai. 8, S3J <1&36). &, t)9a&d 245 ^1987), 
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A (kuiterun may be compared with an If., -ion where two protons a 
and 6 are bound. together by -lo eksetrun \\ hose wave function (h(0 is 

■ L *3111 metric or antisymmetric BuparpooiL ion of the wave Pei notions of 
the partiole in the field of a single proton . : 

®W - ,--{«tW±ftM}- tl 12a] 

V 3 

The flout .’mo may then be uonsidered as two protons held together by 
a negative it its mi, or ua two neutrons held together by a positive 
f"jj» - i i'h n - n proton. and a neutron bound by a neutral meson. Since 
T • ; s*5f force lb iif I he same magnitude an the first two, neutral as well 
- c\ larged melons an? needed. 

I in- wave fund ton of the deutenm is the product of [ !>{r) and 

the wave fount ion of the two nucleons, M^b, &) + W hen »J> (>■) is sym¬ 

metric in a anil fj. then T is antisymmetric,. mid vice versa. At u fixed 
Ustai ce £, r.v wave equation for Iq?') leads to a mutual energy of 
the form 

U = C±D t (112h) 

is. here f' and D depend on R e ^ U(R) then serves us a potential energy 
between the two nacloons i d mass M so that Tpy b) has to satisfy the 
Schitklinger equation 

[- ™ IV,T + V?) + tr ±D -£)] m ft) = 0. (112c) 

fin- twn eus.-i with ■+ f> and —D may be condensed intci one oquAt-iflii 

!“ 2J I (v " + ?»> + ( ( ' ~ £ >\ '•'<<*■ *) = - «). (112d) 

with ’Id,' f<) — Jr l 3 '(«■. A), fta O(r) is antisymmetric or symmetric in 
ibi- orhrtaJ and spin w-ordimte* of the two nucleons, tp(r) may be 
mdi-jnendenl of tho nucleonic spins (Ma jorumi force), or spin-dependent 
• 1 ltrij.enbi.-i -x force), or partly dependant and partly independent 

■ Jiiibinjitiun of Majorat la and Heisenberg force* at a percentage 
A*oimod yi r/ hue ); furthermore, there may be ordinary non-exchange 
f tln-.-i. Eqs* (llde, ([) do not contain a direct- refereuce to the nature 
of the binding particle. Calculations? originally designed for tlie 
elinOron may be applied to the loeeon. 


§113. The Meson Field 

113.1. The binding force between two m id eons lias a range of 
- H 1 11-1:1 cm and is an rxchange force pnxlueed by a thin! jairticle. 
The largo Compton radius (if the electron, US. well as its spin iil, rule 
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out t he elect roii an the bindfaig particle, A particle of Compton range 
hfmc 2,8 ■ 10 -1 ® hence of mass m ~ 14G «, 1b required to yield 
a shori-mntft force. A theory satisfying these requirements ww iirwt- 
p reposed by Yukawa® (HCla). Two years Later, Yukawa's mesons 
were found in cosmic-ray observations; they ait 1 produced in the 
highest strata of the atmosphere by the stoppage of primary protons, 
in much the same way as photons are produced by the stoppage of 
electrons. The mechanics of the meson ought to be similar to 
that of the photon, except that the meson has rest mast? and the photon 
has none. The fr-meson. like the photon, obeys Bose statistics and 
hence has integral spin. 0 or ft. 

U3,2, Scalar Theory. Yufcftwa first developed a scalar wave theory 
of the meson in anal ogy to 1.hr scalar theory of the spin Iras [joint 
electron. The classical energy equation of n free meson of rear mass 
m D is assumed to be 

p*- (Jf/Ot-i-my ^0. (H3a) 

Substitution of p t by — ih^fdjc t . etc., leads to the wave equation 

□*¥ — **V = 0, with, H = hfnyr. (113b) 

An in the Klein'Cordon theory, probability density and current, 
density of the meson are 

?/j rfty - ft), i - — (Tv i r - Tv^)- (113c) 

Sc*M c iwtdT 

A special solution of pq. {113b) is the stationary function of central 
symmetry, namely, the real function 

T* = const - e (113d) 

T 

T has appreciable values only witliiu j — k However, p and j are 
zero for a real H'-ftmction although |T‘| a is finite. Eq. (UM) signifies 
a stationary probability amplitude of neutral meson matter, |Hjsflibly 
composed of positive ami negative mesons, 

Eq. (H3b) also has complex periodic solutions of the form 

T = exp [ihV{Er! — W)] T (1 ISo) 

wherein H and v are related by the dispersion law 

* 11, Yulmwi, Piw. Phyi. Math. Soe. Japat* 17, 4* [IW). 


4- k * = o. 


(iiaf) 
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p anti j now arc differ^ ni from Jtero, with plus or min us ?ign., no fts to 
I ■ v 11 t l ^ rive packets of positive and negative meson matter. Without 
resort Lug t-u a hole theory* production and annihilntion of meson pairs 
would hi- pu»a|b]e in analogy to the point electron. However, the 
theory cannot explain the dependence of nuclear forces on the 
nuclear - pin. We turn. thendwo, to the Vector theory, 

113.3. V'-rtw Field Theory. Whereas the Maxwell vector theory of 
liiilit lead." to the long-range i '<mlamb potential between two electro- 
stilt lo hi'nims, the mutKJii field theory must bo so constructed that 
tiL-- pntvijtirt] of the Held source {namely, a nucleon) is of short range, 
?■£., o:" the form e~ <T fr, Such a theory beta be™ developed by Proea, 
FrnohJkli, Hoitler, Kemmcr, and others, sind in a most generalized 
fashion by Br Unfan to and Pauli, 1 

Let thr former scalar function fie replaced by a vector 

function ij*{jyzt) with four components ^ fc . In the absence of a meson 
field source, each component may satisfy the wave equation 

□V fi — = 0 (frw mourns}, (I.13g) 

similar to the- four Dirac equations of the second order without field. 
HiiWr-vr-r, Dirac s four Y a are spinor component.? oauphxi by linear 
- jUAtionn, whereas the four are supposed to be coupled by the 
L-rente condition 

Div £ = 0 t or ?L k = 0. (113h) 

In i.rdvr to ttlren.- the analogy' with the Maxwell field we dr-note the four 
components as 

<P ■= a F . - - 7 ^* = *», {113i) 

and introduce a 6-vector F Lf with components 

Fn — b„ * - ■, F w — ift E , * 1 *, (Iddj) 

dunned by the equations 

F - Curl or f* — c (113k) 

I b = curl a„ J 

from which follow the aquations 

1 * 

curl e = -- b = 0, dir to =s 0. {J 13!) 

w 

* Vi". Fditi]L, .Venn The&r jy oj ±Vi teU-ar /aniM, lnt£>KU?iiiist>* P New York 
G- Weutml. “Itroent Jtowarch on Slison Thflary. 11 Stv. Mari. /'W, 1ft, 1 {IJM7(.. 
F. J. Batinfiftntop Thesittt Leiden (1B3 SIJi 
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As a eunscquoncc one arrives at 

AlvF = Aiv Uurl 4 = Grad Div ^ = 11 ~ 

that is. 



for tho meson field wit I tout bdutoas. 

If the meson Held potentials are con lines i to real v allies, thru p 
and j muish according to eij i( 1L3k>); utu- then has a field theory 
miresponding to ju ut/rat i/iwn.i 1 of rest rn.uo- m.-,. k!\[c. If complex 

values of a, v e, h. are admitted then there are two sets of equations, 
namely, those adopted above a# well aa their complex conjugates 


□V — rrV — F - I -tirl Div ^ = o. i 1 I3n) 


They load to finite positive and negative densities p„ signifying the 
existence of positive and negative mesons with conservation of charge 
in apu-ce (production and unniliili.ition of pairs]- The total intensity in 
not conserved, permitting production anil annihilation of meson pairs., 


§114. Nucleons as Sources of the Meson Field 


114.1. In analogy to the Maxwell theory tile (j- vector F = e h is 
supplemented bv a 13-vector G — d li which in the absence of sources 
in identical witli F but, in general, i.’ aAsitiiwd to be connected with 
the- density and current density of the field mmrofw by the equation 


Aiv G -f- — —J, 

t 


(U4a) 


supplementing eq. (113m). The snutee of the meson field are nucleons 
of h pin |A. The nucleons in analogy to Dirac'* theory. tuny produce 
u 4 eum*nt density [refer to i?q. (lOlh)J; 



(II lb) 


The coupling constant’ <j replaces tlie electronic charge; both 
neutrons and protons iji a state ‘T may serve sources of the meson 
Held, Maxwell's difference D E uiul B — H is irr times the polariza¬ 
tion; Its analogue in meson theory is usually denoted by. /?}*; 



(114c) 
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Tii> f Milam afciun produced by the michon etnuTces in the- nucleon state 
T is defined an 

jm r 

— = i rwn ( iM ) 

K IK 

for t rio moment density in analogy to dime's expression (OtSn), with 
the |iVi*£Vi.-.-ton fAyS/w replaced by//«r. For the six components of./'' 
we nee the notation 

The t.n'tor/ hits the siune dimension ay g, namely, that of an electric 
■ i.srt Altogether we now can write f»q {1 Ha) in three -dimensional 
fashion: 

div d H- **» ™ 4n-p 
I J * 

onrl h — - d H- ff ,J a = — j. 

f! C 

w :wre t> y-q i114c) rends 

d -jr ^ r -4— k = — et 1 

C 1 <1M« 

h — curl a = —, 

K / 

< om hi nation of the lost two equations gives 
□V — te : h' 

□^a — K*ti 

for thr scalar onrl vector potential of the meson field. The meson field 
. t:_ ■ li< - b imi the nuclear current and momentum density defined in 
renti- uf the nuclear wave fund inn T in rqs, [ I Ub, d), We thus have 
arrived nr w meson field theory, with nucleons as sources. 

114.2. Solution of fh<' FEU Equation*. Because of the small velocity 
of the nneleons we need 1" consider only the nunrelntivEsdiiu approxitm- 
rinn neglecting the nuclear current j and dL i frit The field equations 
(|l4ej thereby reduce in 

— 4 i* — 

r tt 

^ a — k-a 


— - -* up 


= — — curl. ff. 

it 


— tn-p -j—- div I 


mm 


tll 4 p) 


(J Uh) 
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Suppoee, further, that the nucleon La in a Atatimiary Mate with p tan}*# 
constant in time; v and a will also be constant in time eq (114h) then 
reduces to the Poisson equation whoso solution at a point r in space in 




f ourl 


(H4i) 


When the point of observation r id far from the con tor of the nuclear 
probability cloud, the integrals reduce to 


( -«r f / 

»{*) - u — . a( f )=“- cur| \* — y 


(WAD 


with the abbreviations 

ft, = S 4J = - • f¥{ y Ym F\ etc, (114k) 


Eq, (LUk) replaces the ftcala-T potential of eq. (113d) by a vector 
potential. The coupling constant j j plays the same role oa the electric 
charge in elect-rod y muiiies* whereas //*■ re prose til- » quaeimugnetio 
moment of the nucleon, analogous to the magneton. 

The meson field which originates in the nucleon also supplies a 
mutual energy between two nucleons, in the name fashion an the 
electromagnetic; field originating in charges produces the Coulomb 
potential between two charges. To find the mutual energy between 
two nucleons one starts from the tufeMHl Held energy 


V 


= |Lt—l(j-a)+ -(-*■ ID-V 

J L c w k 


d) 


d\\ (1141) 


in whi-oh. -ono may omit } and. I as before, Substituting ecj. (1 Mi) for 
® and a. eq. (M4f) for b, and eq. (114b) for p and j, one obtains the 
denied short,-range potential 


V = Mi 


+ i/i/a (Si ’ ®j) 


(114m) 


between two nucleons of dista(ice r, Terms of order higher than 1/r 
are omitted; they depend on the direction of r with raopect to the 
spin directions s, and a,. When averaged over all directions the higher 
terms cancel, yet for any single direction the higher terms represent a 
serious difficulty for the field theory, Eq. (114m) has a simple 
physical meaning: the first term is Coulomb-like for small ki ; the 
product of the constants corrcspondi Lo the product in the 
interaction potential of two charges. The second term in comparable 
to the magnetic interaction potential Uciween two spins. Both terms 





cHaj*. xiv 


THE MRSOX THEORY 




are prn|H>rttnni| to l/r at small distances. but decrease 

exjK i.vntially al distances forger than * _1 . We thus have arrived at 
short-range forces between nucleons effected by the meson Held, The 
force => a weak force 7 based on the emission and absorption of single 
mesons, A "strong coupling Farce T1 is obtained from multi-meson 
processes, 

Ti- necessity of ‘‘cutting off' the higher-order term a is the chief 
difficulty it] this and in other Held theories of interaction between field 
- •uro^, One may avoid singularities by the refotlviotlcally objection¬ 
able restriction that the integration be carried out only down to a 
pro:*-,--rive sphere of radius if” 1 surrounding a nucleon. With this 
uwnwption and with the further hypothesis that the interaction be 
dependent on spin forces only {$ «= 0}, the observed binding energy of 
th- i-.it. roti would indicate a value near 0,06 for/*/Ac r as contrasted 
t>» tin- value fir = b.G07& for e 1 //^- 

114,3. .V- utml ,1 fe&ttM. Charged mesons are required for the force 
irntnns and neutrons. Thu ooireaponding meson field com- 
:• nent* defined in cq, < 113-k) are complex. Scattering experiments 
prove. h. -iv-.-vcr, that, the force lctween like nucleons [» almost of the 
’ ■■ mag itude ,:]s between unlike nucleons, p—p and n-n forces 

require neutral mesons; the corresponding field components (similar 
■■ tho?» belonging to neutral phutonn} aw real. 


Summary of Chapter XIV 


M'-. n- are analogous to photons except that they have rest mass. \ 
meson vector field t heorv may be constructed in analogy to the Maxwell 
* hi..- ry Tin meson field P = b e is defined by P f’url 4>, where ^ is 
a rector function describing the probability amplitude of a meson with 
spin a* i-fmtrusted to ft scalar Held theory for mesons without spin. 
1 1 addition to the field F there is a fie Ini G = tud related to F by 


4tt 


G = F — .tf. where.is the momentum or polarization per unit 


-i volume. Momentum density and current dearsity J an? produced 
by nuclear viartides, such as protons and neutrons, considered as 
different quantum states of the nucleon, J and : are connected 


JrTT 


with the meson field G by Aiv G K~t}> — J. The constant n stands 

c 

for tttffifti unci determine* the range of the nuclear forces. Nuclear J 
ami j Pft( are expressed in terms of the nuclear T-functioii with four 
spinor ej-juiponentfl. in analogy to Dirac’s theory. 



RETROSPECT 


In the first chapters we derived the principles of quantum mechanics 
from u critical analysis of a few standard experiments, via., the 
diffraction through crystals and tha Doppler ami Compton effects. 
These phenomena wore* and occasionally ill are, believed fco provide 
proof that particles violate the laws of mechanise in favor of those of 
wave interference. and on the other Ii-llih] that waves contain energy 
quanta obeying the conservation laws of medianiusi It. wjie seen, 
however, as a first stop to an understanding of quantum theory, 
that the aforementioned phenomena do not oomprl ns to conclude 
that particles disobey the mechanical laws. On the contrary, particles 
produce maximum and minimum intensity of diffraction through fl 
perfectly normal mechanical process which, however, is formally 
related to the wave explanation. Both wave theory and particle 
theory are self-consistent schemes for the explanation of the standard 
experiments mentioned before. The first object of quantum theory, 
then, is the establishment of ndM of Correlation or of translation 
between if re coticepts and datu of the ifco'c and the jxtrticlc if A eery. The 
simplest rule, E - hr. was found by Planck, But it does not. state, 
as Planck believed, that vibrations are com posed of energy quanta Av, 
which would contradict the very principle of vvitvo interference indeed. 
The rule E *=■ hr rather states that phenomena which may be explained 
a#, due to vibrations *, are capable also of a mechanical explanation 
in terms of particJes of energy E — hr. There are additional 
quantum rules translating wave intensities into particle probebih- 
tics, mechanical transit inns into wave Bui^rpositions. and so forth, 
I'lanck k H h appears only in the roll- of a translation parameter. The 
uncertainty principle is u titmsli'ttion of t be wave rules of harmonic 
resolving power. 

The next object of quantum theory Ls to utilize them translation rafts 
for the predietion or trplamttirn of physical pheticmena that cannot be 
explained by either classical theory separately, Hoth mechanics and 
the w r ave theory are flexible and undetermined iij various details; 
but the frao parameters of one classical theory are dote rxn inn ble by a 
translation of definite parameters of the ether classical theory, bur 
example, waves in general might obey any mathematical relation 

•m 
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h.-t n,^en frequency and wavu length. L<?.. any dispersion taw what 
• Actually the wave* of matter and lijjrlti are subjected (,n a 
very sped#] diapcrcriun formula, dtjdQ ■= P/p, representing a ininn- 
bvrion <jf 1 tit- definite mechanical relation, tlEUdp — pf>t, between 

■ nemy and tin mien turn for partiolea of mans u = h$. On the other 
iri■ i ■! •■- mbit or” an electron in t he field of a proton in free to iiaatime 

_ Lai momentum r. whatsoever according to modi tu ties; how¬ 
ever certain quantized values of p T are selected if orbits are correlated 
?•> wave trains of tvell-donned phase (principle of de Brogtitq. hi 
eonelitgjoDi particle# do not disobey the Iawi of mechanics, yet free 
’>.\r-:4siir-ri- 1 ,,f the mechanical motion are specified, or stabilised, nr 
"quantize I by the pox til late of tran^lat-ability into the wave Entor- 
-ri.-i-n, and vice versa 

i : <-i(.uiviilenet 1 or mutual tmnslatahility of the two eiiLssiml 

' l.< "* i-- .lel j I t heir quality of mutual supplementation fails, however, 
in tlie '-bunaiu uf statistics, when -v\rrnii jitirfirh* ought to occupy rmc 
i- iii i>' nf phase space. Tim thermal behavior of matter anil 
rtduiticm E;- .in essentially statistical feature of micropliytries. Only 
in - .vyrnp to tic instance of low eonderiHution of energy are the 

fluctuations and other statistiejil pnqHTties similar to thc*» which may 
In- expected of individual partidcs, whereas interference’like ftuot-ua 
tion> r-'- . are found only at high concentration. Phmek obtained his 
general r-oiiation form ilia for all energy concentrations (temperatures) 
wiietj h" aacrilied partiL-le statistics to the wave field, and Bose arrived 
nt the s,ime I-.--ult by attributing a kind of wave statistics to a particle 
gas. Planck was compelled to introduce his now const a tit h only when 
rning derive tlie stutiMiwl [imperries 'if nidiatiun, a very significant 
historical fact. 

Une chaplcr <>f the bonk is devoted to trwlri# tueeha-ttks. To the 
I** a inner. matrix mechanics often seems a collection of enigmatic rules 

■ - imriu fientiitimi operators and infinite nonoommutable nmlricea 
which in ho almost magical way are capable of loading to correct 
physical consequences. We have seen that matrix mechanics is but 
a natural generalisation of the theory of polarized light, and matter 
rays The matrix method reveals quantum theory in its complete 
u> lie rali ty, wit h wave mechanic as a special application. 

The nil-- died problem nf present-day quantum theory is the dualism 
of the radiation held an against its sources, the elementary particles. 
Ties', problem# such an the production and annihilation of pairs can 
be reduced to transitions of a single particle between positive and 
negative energy levels by lJirae 3 a preliminary theory of holes, Still,, 
tin: most urgent problem of quantum theory is the explanation 


3D0 


QUA NTUM MUCH A NlCS 


of the different m 0 i=weii of the various perhaps infinite number of, 
nr.tt' particle# eigenvalues of a common equation. It eeeinis that 
now additional principles are needed before one may understand the 
great variety of now phenomena revealed in ntielear and cosmic ray 
experiments, 
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